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ABSTRACT

This study aims to investigate the effectiveness of the lattice Boltzmann method (LBM) in studying the scattering of electromagnetic waves
by curved and complex surfaces. The computation of Maxwell’s equations is done by solving for a pair of distribution functions, which
evolve based on a two-step process of collision and streaming. LBM bypasses the need for expansion via vector spherical harmonics and
thus is amenable to scatterers with complex geometries. We have employed LBM to compute the scattering width and radiation force for
perfect electrically conducting and dielectric cylinders of circular and elliptical cross sections. Both smooth and corrugated surfaces are
studied, and the results are compared against known analytical and numerical solutions from other methods. To ensure the broad applica-
bility of the method, we have explored a wide range of parameter space—the dielectric constant and particle size to the wavelength ratio
spanning Rayleigh, Mie, and geometrical optics regimes. Our simulations have successfully reproduced well-known analytical and numerical
solutions, confirming the accuracy and reliability of the LBM for scattering calculations by complex-shaped objects.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0234413

I. INTRODUCTION

Scattering of electromagnetic (EM) waves is a fundamental
phenomenon in physics and refers to the re-radiation of the inci-
dent wave due to interactions with a particle or object.1 For
example, the blue color of the sky or the red color of the sunset is
due to the scattering of EM waves in the visible range of the
spectrum.2–4 Materials are composed of electric charges, i.e., elec-
trons and protons. When an EM wave illuminates a material, the
charges are set into oscillatory motion by the electric field of the
incident wave. These oscillatory motions of the charges radiate EM
waves in all directions called scattered radiation.5 Scattering of the
EM wave has applications in several fields, such as remote sensing,
weather monitoring, radar-based rainfall rate estimation, medical
science, and material science, to name a few.6–10

The scattering of an EM wave by an object results in the trans-
fer of momentum from the EM field to the scattering object. The
resulting force exerted by the wave on the object is called radiation

force.11 In laser physics, radiation force is utilized in a variety of
applications; for example, in optical trapping and manipulation,
focused laser beams trap and move microscopic particles.12 Such
techniques also have applications in biophysics, nanotechnology,
material science, and in nano-robotics.13,14 To compute the radia-
tion force, detailed information about the scattering fields, namely,
the incident and the scattered electric and magnetic fields at the
surface of the scatterer11 are required.

Scattering by cylindrical geometries is commonly encountered,
for example, in the design of various devices, including antennas15

and optical fibers.16 Many natural structures, such as bacteria17 and
ice crystals,18,19 can be effectively modeled as cylinders. Therefore,
the scattering of EM waves by the cylindrical forms is a significant
topic across multiple fields.

Extensive research has been conducted on EM wave scattering,
with foundational work dating back nearly a century. Lord Rayleigh
derived the exact solution for scattering by a circular dielectric cylin-
der under normal incidence,20 followed by Wait, who addressed

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 136, 193104 (2024); doi: 10.1063/5.0234413 136, 193104-1

© Author(s) 2024

 26 N
ovem

ber 2024 15:56:32

https://doi.org/10.1063/5.0234413
https://doi.org/10.1063/5.0234413
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0234413
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0234413&domain=pdf&date_stamp=2024-11-18
https://orcid.org/0009-0002-2501-9878
https://orcid.org/0000-0002-8486-8653
https://orcid.org/0000-0002-0049-2653
mailto:anubhab@iitm.ac.in
https://home.iitm.ac.in/anubhab/
https://home.iitm.ac.in/anubhab/
https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/
https://doi.org/10.1063/5.0234413
https://pubs.aip.org/aip/jap


oblique incidence for the same geometry.21 Subsequent studies have
expanded on scattering from circular cylinders2,4,19 and other geom-
etries such as hexagonal cylinders.22,23

The study of radiation forces on both circular and non-
circular cylinders has garnered significant attention in recent
research. De Zutter24 analytically calculated the radiation force and
torque on a rotating circular conducting cylinder. Xiao and Chan25

employed the boundary element method to assess the radiation
force on conducting and dielectric cylinders of arbitrary shapes.
The radiation force on elliptical cylinders using diffraction theory
was calculated by Rockstuhl and Herzig.26 Additionally, Mitri27–30

utilized both analytical and semi-analytical methods to compute the
radiation forces and torques on various geometries, including circu-
lar, corrugated circular, elliptical, and corrugated elliptical cylinders.
Further studies with multi-particles, for example, the radiation forces
between a pair of cylinders have also been calculated.31,32 These
studies underscore the significance of determining radiation forces in
applications such as optical manipulation and trapping.

Though different applications, the physics of scattering of radio
waves by artificial satellites, microwave scattering from raindrops,
and light scattering by aerosols,4 are all similar, scattering phenom-
ena depend on the ratio of the particle size to wavelength.33 Based
on a=λ, the ratio of the size of the scatterer (a) to the wavelength
(λ), scattering phenomena can be divided into three regimes:
(i) Rayleigh (a=λ � 1), (ii) Mie (a=λ � 1), and (iii) geometrical
optics (GO) (a=λ � 1) regimes.34 The blue color of the sky, the
white color of the cloud, and the rainbow in the sky are examples of
the scattering in the Rayleigh, Mie, and geometrical optics regimes,
respectively.2,5,34 Approximate analytical solutions are available to
describe the scattering process in Rayleigh and geometrical optics
regimes. In the Mie regime, scattering phenomena from the spheres
and infinite circular cylinders of arbitrary radii made of homoge-
neous materials2,34 can be solved exactly, coined with the term Mie
theory. Although analytical and approximate analytical methods can
handle electrically large objects (the object size much larger than the
wavelength of the incident wave), the applicability of such methods
is limited to only simple geometries. On the other hand, numerical
methods can handle complex-shaped objects.1

Several numerical methods have been proposed in the litera-
ture to solve scattering problems:35 the most common methods are
T-matrix, separation of variables method (SVM), and finite-
difference time-domain method (FDTD).36 Numerical methods
that are particularly useful to determine the scattered field from an
arbitrarily shaped scatterer are the FDTD, finite element method
(FEM), and discrete dipole approximation method (DDA).35,36

FDTD is a flexible, fast, and easy method to implement, but it is
only conditionally stable depending on the space discretization and
time steps.37 FEM is suitable for arbitrary-shaped and inhomoge-
neous scatterers, but the method’s accuracy strongly depends,
again, on spatial discretization.38 DDA can handle objects of arbi-
trary shapes, but its numerical accuracy is low.35 Also, FDTD and
DDA are unsuitable for geometrical optics regime simulations as
the computation time is very high.36 Therefore, it is desirable to
develop a stable numerical method to solve scattering problems by
complex geometries without resorting to large computational
times. This work proposes the lattice Boltzmann method (LBM) as
an alternate numerical method to solve scattering problems.

LBM was originally developed as an efficient and stable alter-
native to conventional numerical methods for fluid dynamics simu-
lations. LBM has been shown to be suitable for simulating flow
through complicated geometries, such as flow through porous
media, as this method does not need to trace the interfaces between
different phases.39 Due to the simplicity of the lattice Boltzmann
equation, LBM is naturally adapted to parallel computing.40

Other than fluid dynamics, LBM has also found applications in
diverse simulating phenomena, including multi-component fluid
flows,41 heat transfer,42 acoustics,43 magnetohydrodynamics,44 and
electrodynamics.45

For the electrodynamics calculations, Mendoza and Muñoz45

first presented an LBM implementation for EM wave propagation
in homogeneous media, an implementation that was found to be
faster than FDTD. They also mentioned that the numerical instabil-
ity of LBM in inhomogeneous media could be avoided by smoothly
transitioning between the two material properties. Hanasoge and
co-authors46 presented a lattice Boltzmann formulation for wave
propagation in heterogeneous media, but their method also shows
instability at a sharp interface between two different media. Liu and
Yan47 presented a different approach of LBM and used two equilib-
rium distribution functions for electric and magnetic fields. Their
method showed improved accuracy for EM wave propagation.
Hauser and Verhey48 used the LBM given by Liu and Yan47 and
further improved the equilibrium distribution function. The
method was found to be stable even at locations of a sharp transi-
tion in material properties, such as the interface between two
media. In a separate study, Hauser and Verhey49 conducted a com-
parison between LBM and FDTD. They discovered that LBM
demands three times more memory and six times longer computa-
tion time than FDTD, given identical grid resolutions. However, to
achieve the same level of error, LBM necessitates only one-third of
the grid points required by FDTD. Consequently, LBM would
consume nine times less memory and 18 times less computation
time for equivalent accuracy.

Since LBM is a relatively new numerical method for electrody-
namics computations, it is essential to verify its applicability for
scattering problems by comparing it with available analytical solu-
tions. Additionally, it is important to evaluate the performance of
the LBM under various scattering regimes: Rayleigh, Mie, and geo-
metrical optics, as they correspond to different length scales (scat-
terer’s size compared to the wavelength). Other important aspects
currently absent in the literature are the validation of LBM as a
method to study scattering by complex objects of dielectric and
conducting materials and the study of the behavior of LBM in
materials with different dielectric materials. We undertake the tasks
mentioned above in this paper and illustrate the validity of LBM in
solving scattering problems by complex-shaped objects.

In Sec. II, we define the problem of scattering of electromag-
netic waves. In Sec. III, we discuss the implementation of LBM,
including the details of the computation domain and the initial
and boundary conditions. Additionally, we explain the methodolo-
gies employed to calculate the scattering widths and radiation
forces. The outcomes of the simulations are presented in Sec. IV.
This section compares the numerical and analytical results for the
scattering widths and radiation forces associated with perfect elec-
trically conducting (PEC) and dielectric cylinders. The method is
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further validated for scattering by complex geometries such as cor-
rugated circular and elliptical cylinders. Finally, in Sec. VII, we
discuss the implications and scope of the findings.

The scattering width is defined as r ! 1.34 However, due to
the finite size of the computational domain, the near-field must be
transformed into the far-field using analytical methods.50 As a
result, the accuracy of the far-field values depends on the calculated
near-field data. Thus, in this work, we focus on the near-field;
therefore, the term “scattering width” should be interpreted as
“near-field scattering width.”

II. FORMULATION AND METHODOLOGY

A. Problem definition

Figure 1 represents the system under consideration. A circular
cylinder of radius a and of infinite length is placed at the center of
the domain with its axis oriented along the z direction. The
medium surrounding the cylinder is vacuum characterized by per-
mittivity ε0 and permeability μ0. A monochromatic plane incident
wave with TMz polarization and wavelength λ propagates in the
þx direction. This incident wave is shown in Fig. 1(a). The incident
wave is a sinusoidal wave, with the electric field along the z direc-
tion and the magnetic field along the y direction. In the figure, we
depict the electric field, using red to denote the positive half of the
electric field and blue to represent the negative half. As the wave
interacts with the cylinder, a portion gets reflected back in the sur-
rounding medium, and the rest transmits through the cylinder.34

Both the reflected and the transmitted (refracted) waves contribute
to scattering.2 The resultant electric field, referred to as the total
electric field (Etotal

z ), arises from the superposition of the incident

FIG. 1. The simulations involve a square computational domain in the xy plane with a circular cylinder of radius a placed at the center of the domain. Panel (a) shows the
electric field of the incident wave (prior to scattering) of wavelength λ moving along the þx direction. Panel (b) shows the total electric field, and panel (c) shows the scat-
tered electric field outside the scatterer. The side length of the square computation domain is 20 times the radius of the cylinder. The red and blue colors represent, respec-
tively, the positive and negative halves of the electric field.

FIG. 2. The schematic illustrates the computational domain for a circular cylin-
der. The domain is a square with a side length of L. The cylinder has a radius
of a. The incident plane wave of wavelength λ is shown in red. Grid spacing is
Δx, equal in the x and y directions. Red dots mark grids within the scatterer,
while black dots represent those outside.
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(EI
z) and scattered (ES

z) electric fields. The total electric field is
shown in Fig. 1(b), and the scattered electric field is shown in
Fig. 1(c). Point P, marked in Fig. 1(c), is situated at a distance r
from the center of the cylinder and at a scattering angle f. The
scattering angle refers to the angle between the position vector of
point P with the origin set at the center of the cylinder and the
direction of propagation of the incident wave. Point P is the loca-
tion used to calculate the scattered electric and magnetic fields in
later sections. The electric fields and magnetic fields in all the
figures, including that depicted in Fig. 1, are real numbers in the
time domain.

B. Numerical scheme

We propose LBM for solving scattering problems due to its
suitability for complex geometries and parallel computing. The fun-
damental quantity of the LBM is the discrete velocity distribution
function, also known as the particle population.45 The grid is
referred to as a lattice, and at each lattice point, the discrete lattice
velocity set is represented by a DdQq lattice model. We use the
D3Q7 lattice model in this work. Here, D represents the space
dimension (¼3), and Q represents the lattice vector set (¼7).51 To
solve Maxwell’s equations, two distribution functions ei(x, t) and
hi(x, t) corresponding to the electric and magnetic fields E and H
are used.48 The distribution functions ei(x, t) and hi(x, t) are at

position x, time t, and have a velocity ci. Subscript i represents the
discrete velocity direction. At each grid point, the macroscopic
fields εrE and μrH are computed by summing the distribution
functions in all the discrete velocity directions,

X
i

ei ¼ εrE, (1a)

X
i

hi ¼ μrH: (1b)

The lattice Boltzmann equations for the electric and magnetic
fields are shown below:

ei(x þ ciΔt, t þ Δt) ¼ 1� Δt
τ

� �
ei(x, t)þ Δt

τ
eeqi (x, t), (2a)

hi(x þ ciΔt, t þ Δt) ¼ 1� Δt
τ

� �
hi(x, t)þ Δt

τ
heqi (x, t): (2b)

Here, Δt is the time step. The relaxation time τ equals 1=2 for
Maxwell’s equations.45 The equilibrium distribution functions for
the electric and magnetic fields are eeqi and heqi , respectively. LBM
proceeds via successive steps of collision and streaming. The right-
hand sides of Eq. (2) are the collision steps, where the distribution
functions collide and redistribute themselves at each grid point.
The new distribution functions subsequently stream to the neigh-
boring grids51 as given by the left-hand sides of Eq. (2).

We use the equilibrium distribution function given by Hauser
and Verhey,48

eeqi ¼
1
6
E� ci �Hð Þ if i = 0,

(εr�1)E if i ¼ 0,

(
(3a)

FIG. 3. An illustration of the simulation domain depicting the unknown distribu-
tion functions at the boundary in red, accompanied by the corresponding distri-
bution function (distribution function with the same velocity) at the adjacent grid
in black. Additionally, five distribution functions are displayed in green to indicate
their directions. f 5 and f 6 along the þz and �z directions, respectively, are
omitted from this depiction.

TABLE I. Grid resolution and domain size for the calculation of the scattering width
on a smooth circular dielectric cylinder of dielectric constant εr ¼ 2.

a/λ

0.05 0.1 0.5 1 2 4

a/Δx 10 10 25 25 200 250
L/a 30 20 15 15 15 15

TABLE II. Grid resolution and domain size for determining the radiation force on a
smooth circular PEC cylinder.

Regime

Rayleigh Mie GO

a/Δx 10 25 75
L/a 25 4 3
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heqi ¼
1
6
Hþ ci � Eð Þ if i = 0,

(μr � 1)H if i ¼ 0:

(
(3b)

Hence, each time step of LBM constitutes (i) computation of the
equilibrium distribution functions from the macroscopic fields, (ii)
using the equilibrium distribution functions of the previous step to
compute new distribution functions in the collision step, and (iii)
streaming these new distribution functions to the neighboring grids
in the streaming step. In Sec. III, we will discuss the simulation
method of the conducting and dielectric cylinders, where we will
also discuss the choice of domain, boundary conditions, and
initialization.

III. SIMULATION METHOD

Numerical computations are conducted within a square domain,
positioning the scatterer at the center. A schematic of the computa-
tional domain is depicted in Fig. 2, featuring a circular cylinder. In the
figure, the grids inside and outside the scatterer are denoted by red
and black dots, respectively. Our simulations encompass all three scat-
tering regimes—Rayleigh, Mie, and geometrical optics—spanning a
range of a=λ ratios, from the smallest ratio of 0:02 to the largest of 4.

The LBM described in Sec. II B recovers the two curl equa-
tions of Maxwell’s equations45,47,48

∇� E ¼ �μ
@H

@t
and ∇�H ¼ ε

@E

@t
:

We start the simulation with initial condition E ¼ 0 and H ¼ 0
everywhere in the domain. If the initial conditions of the electro-
magnetic fields satisfy the divergence equations, it will be satisfied
at all times.45,48 Hence, the two divergence equations of Maxwell’s
equations

∇ � E ¼ 0 and ∇ �H ¼ 0

are also satisfied by setting the electric and magnetic fields to zero
everywhere in the domain at the first timestep.48

Incident wave enters the domain from the left boundary, and
we specify the boundary conditions for the electric and magnetic
fields. For TMz polarized plane wave, the boundary conditions at
the left boundary of the domain are given by

Ez ¼ E0 sin (ωt) and Hy ¼ �H0 sin (ωt), (4)

while for TEz polarized plane wave, the boundary conditions at the

TABLE III. Grid resolution and domain size for the calculation of scattering width on
a smooth circular PEC cylinder.

a/λ

0.05 0.1 0.5 1 2 4

a/Δx 10 10 25 25 50 100
L/a 30 20 15 15 15 15

TABLE IV. Grid resolution and domain size for determining the scattering width for
a smooth circular dielectric cylinder for a/λ = 0.5.

εr

2 5 10 20

a/Δx 25 25 25 25
L/a 15 15 15 15

TABLE V. Grid resolution and domain size for the radiation force calculation for
smooth circular dielectric cylinder.

εr
2 4 5

Rayleigh a/Δx 10 10 10
L/a 15 15 15

Mie a/Δx 80 100 150
L/a 4 4 4

GO a/Δx 200 200 240
L/a 3 3 3

FIG. 4. Scattered electric field (ES
z ) from the PEC circular cylinder of radius a

for a=λ ¼ 0:05, 0:5, 1 and 4. Blue represents the electric field’s negative half,
and red represents the positive half. The colorbar represents the value of the
electric field. The circle at the center represents the PEC cylinder.
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left boundary of the domain are

Ey ¼ E0 sin (ωt) and Hz ¼ H0 sin (ωt): (5)

As the electric and magnetic fields are known at the grid points of
the left boundary from the boundary condition [Eqs. (4) and (5)],
we compute the equilibrium distribution functions from the
applied fields, and these equilibrium distribution functions stream
to the neighboring grid points.

To avoid the reflection from the domain boundaries, we apply
the open boundary condition to the remaining three domain
boundaries as follows. At the open boundaries, the distribution
functions entering the domain are unknown.40 In the D3Q7 lattice

model, only one distribution function out of seven is unknown at
each grid on the boundary. Thus, we assume that fL ¼ fL�Δx , where
fL represents the unknown distribution function at the boundary
and fL�Δx denotes the corresponding distribution function (distri-
bution function with the same velocity) at the neighboring grid. A
schematic representation of the application of open boundary con-
ditions is shown in Fig. 3. The unknown distribution functions are
shown in red, and the corresponding known distribution functions
at the neighboring grid are shown in black. Additionally, five distri-
bution functions are displayed in green to indicate their directions.
f 5 and f 6 along the þz and �z directions, respectively, are omitted
from this depiction.

In the following analysis, to calculate the scattered electric and
magnetic fields, we solve two problems with the same initial and
boundary conditions, one without the scatterer that gives the inci-
dent electric and magnetic fields and the other with the scatterer
that gives the total electric and magnetic fields. We subtract the
incident electric field from the total electric field to get the scattered
electric field.

Measures such as the scattering widths at a specific location
(r, f) are calculated after the system achieves the steady state, i.e.,
the amplitude of the electric field does not change with time. In
order to determine the average radiation force exerted on the cylin-
der, it is necessary to obtain the values of the total electric and
magnetic fields at the cylinder’s surface. To achieve this, we select
the closest grid points just outside the cylinder surface. At these
grids, we record the total electric and magnetic fields for each time
step over one time period. Subsequently, the averages are calculated
and utilized them to compute Maxwell’s stress tensor at all the
identified grids. Finally, we integrate Maxwell’s stress tensor over
the surface to determine the average radiation force acting upon
the cylinder. In Subsections III A and III B, we will discuss the
method of simulating the scattering process by the PEC and dielec-
tric cylinders and the parameters used in the simulations.

FIG. 5. Scattering widths of the PEC cylinder for different a=λ ratios (covering
Rayleigh, Mie, and geometrical optics regimes). The legend is shown at the top
of the figure. The outset of the figure shows the bistatic scattering width vs scat-
tering angle f for r=a ¼ 5. The solid lines depict the analytical solutions, while
the dashed lines represent the results obtained through LBM. The inset shows
the monostatic scattering width vs the non-dimensional distance from the center
of the cylinder r=a. In the inset, the solid lines represent the analytical solutions,
and the markers are from LBM solutions.

FIG. 6. Non-dimensional radiation force acting on a PEC cylinder in the x direc-
tion plotted as a function of the non-dimensional radius of the cylinder. The
main figure shows the force in Mie and geometrical optics regimes, whereas the
inset shows the Rayleigh regime. The solid lines represent the analytical solu-
tions, while markers represent the results obtained through LBM.
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A. PEC cylinder

Given that the electric field inside a PEC material is zero,52

simulating a PEC cylinder involves setting the electric field to zero
inside the cylinder and enforcing relevant boundary conditions at
the interface. As the dielectric constant for a PEC approaches infin-
ity, an alternative method to simulate the PEC is by assigning a
high value to the dielectric constant. This approach obviates the

need to apply any specific boundary condition at the interface.
Therefore, we have carried out simulations by selecting εr ¼ 10 000
to model a PEC in this study.

The physics associated with the PEC cylinder varies with the
a=λ ratio. As a result, we must adapt our approach by employing
different grid resolutions and domain sizes corresponding to dis-
tinct a=λ values. Table I outlines the grid resolutions and domain
sizes utilized for different a=λ values in the scattering width calcu-
lations. Similarly, Table II presents the grid resolutions and domain
sizes employed across various regimes to compute the radiation
forces acting on the smooth circular PEC cylinders.

The scattered electric field depends on a=λ, r=a, and f.34 To
satisfactorily compare the LBM solutions with the analytical solu-
tions, we need to consider variations in all three parameters, i.e.,
a=λ, r=a, and f in our simulations. As mentioned earlier, a=λ
represents the size parameter of the scatterer, r=a represents the
distance from the scatterer, and f represents the angle at which
the measurement is taken. We have taken six values of a=λ, i.e.,
(0:05, 0:1, 0:5, 1, 2, and 4) to cover all three scattering regimes,
i.e., Rayleigh, Mie, and geometrical optics regimes. Scattering
width is computed at distances ranging from r=a ¼ 2 to r=a ¼ 5
to examine the effect of choice of measurement location.
Similarly, the scattering angles are taken as f ¼ 0o to 180o.
Because of the symmetry of the configuration, the scattered elec-
tric field and, hence, the scattering width is symmetrical about
the x-axis.

B. Dielectric cylinder

The scattered electric field from the dielectric cylinder
depends on a=λ, r=a, f, εr and μr .

34 In this study, we assume that
the permittivity of the media inside and outside the cylinder is the
same, μr ¼ 1. Therefore, unlike the case of PEC cylinders, the

FIG. 7. Non-dimensional radiation force acting on a corrugated elliptical PEC
cylinder in the x direction plotted as a function of the non-dimensional radius of
the cylinder. The markers represent the results obtained through LBM, and the
continuous lines are the results obtained via the modal expansion method
reported by Mitri.28

FIG. 8. A snapshot of the total magnetic field for corrugated elliptical cylinders of different orientations and aspect ratios, controlled by changing the parameter A. All differ-
ent features, namely, the aspect ratio, the orientation of the object, and the corrugations on the object, affect the scattered field. a is the semi-axis of the ellipse along the
horizontal direction.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 136, 193104 (2024); doi: 10.1063/5.0234413 136, 193104-7

© Author(s) 2024

 26 N
ovem

ber 2024 15:56:32

https://pubs.aip.org/aip/jap


physics associated with dielectric cylinders varies not only with a=λ
but also with the values of εr . Consequently, adjusting the grid res-
olution and domain size is imperative to capture the scattering
process by a dielectric cylinder accurately. Tables III, IV, and V
detail the specific grid resolutions and domain sizes utilized in our
simulations of dielectric cylinders.

We study two cases: (i) simulations by fixing the dielectric
constant εr ¼ 2 and varying the other three parameters, i.e., a=λ,
r=a, and f, to investigate the dependence on the size of the scat-
terer on the scattering process, (ii) simulations by fixing the ratio
a=λ ¼ 0:5 and vary r=a, f, and εr and analyze the effect of the
dielectric constant in the simulations. To comprehensively explore
this parametric analysis, we consider three different values of

εr ¼ 2, 4, and 5, alongside a range of a=λ values spanning from
0:02 to 2:6. This selection allows us to cover all three regimes of
interest.

IV. RESULTS AND DISCUSSION

A. PEC cylinder

1. Smooth circular cylinder

Figure 4 shows the numerically solved scattered electric field
from the PEC cylinder for four different values of a=λ. Here,
a=λ ¼ 0:05 falls under the Rayleigh regime, a=λ ¼ 0:5 and 1 come
under the Mie regime, and a=λ ¼ 4 comes under the geometrical
optics regime. The figure shows that the intensity of the scattered
electric field is more uniform around the cylinder for a=λ ¼ 0:05,
that is, the Rayleigh scattering. As a=λ increases, the intensity of
the scattered electric field in the forward direction increases, char-
acteristic of Mie scattering and the asymmetry in the intensity
further increases in the geometrical optics regime.

Figure 4 illustrated the variation in the intensity of the scat-
tered electric field in various regimes qualitatively, and now we
proceed to make a quantitative comparison with the analytical
solutions. Figure 5 shows a comparison of the scattering widths for
the PEC cylinder for all the three parameters, i.e., (a=λ, r=a and f).
The outset of the figure shows the bistatic SW for r=a ¼ 5 as a
function of scattering angle f for six different a=λ ratios covering
all three scattering regimes, as mentioned earlier. The LBM solu-
tion of bistatic SW matches the analytical solution well.

The scattering width is not only a function of the scattering
angle, but it also depends on the distance r=a at which it is mea-
sured. Therefore, in the inset of Fig. 5, we show the comparison of
the monostatic SW, i.e., SW for f ¼ 180� as a function of r=a for
the same a=λ ratios as in case of bistatic SW, the outset of the same
figure (Fig. 5). The monostatic SW plot indicates that all LBM solu-
tions agree with the analytical solutions.

Due to the symmetry of the configuration and the fact that the
incident wave is a plane wave, the radiation force on the scatterer
will act in the direction of the incident wave propagation. Figure 6
compares the solution from LBM and analytical calculations of the
radiation force along x direction on the conducting cylinder.
Evidently, there is a good match between the two approaches in all
three regimes.

In short, the significant match in the SW and the radiation
force for the smooth circular PEC cylinder with the predictions of
analytical calculations illustrates the versatility of LBM in studying
the scattering of PEC objects. In Subsection IV A 2, we will perform
a similar study with a corrugated, non-circular PEC cylinder.

2. Corrugated elliptical cylinder

To assess the suitability of LBM for analyzing complex geome-
tries, we now consider the case of corrugated, elliptical cylinders.
The results are compared with the solutions reported by Mitri,28

where a modal expansion method is employed to compute the radi-
ation force per unit length acting on corrugated and smooth ellipti-
cal PEC cylinders. In our study, we have reproduced the radiation
force calculations for corrugated cylinders using LBM. The surface

TABLE VI. Grid resolution and domain size used for the radiation force calculations
on corrugated elliptical PEC cylinders.

Rayleigh Mie

A = 0.5 a/Δx 100 200
L/a 16 8

A = 1.0 a/Δx 100 200
L/a 8 4

A = 1.5 a/Δx 150 300
L/a 8 4

FIG. 9. The same as in Fig. 4, but for the dielectric circular cylinder of dielectric
constant εr ¼ 2.
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of the corrugated cylinder is defined as

r ¼ a
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosfð Þ2þ A sinfð Þ2
q þ d cos (Nf)

2
64

3
75, (6)

where a represents the semi-axis of the ellipse along the x direction,
A denotes the aspect ratio (A ¼ a=b), with b being the semi-axis
along the y direction, d signifies the depth of corrugation, and N
indicates the number of corrugations.

Figure 7 illustrates the radiation force per unit length for cor-
rugated elliptical PEC cylinders under TEz polarized plane incident
wave, considering three different aspect ratios. The comparison
between LBM solutions and those obtained through the modal
expansion method indicates a good agreement. Additionally, Fig. 8
presents a time snapshot of the z component of the total magnetic
field for all three cylinders. Details regarding the grid resolutions

and domain sizes employed for the corrugated elliptical cylinders
are summarized in Table VI.

B. Dielectric cylinder

1. Effect of the size of the scattering object

To analyze the effect of the size of the scatterer, we fix the
dielectric constant εr ¼ 2 of the cylinder and varied the other three
parameters, i.e., a=λ, r=a and f. The values of these three parame-
ters are taken to be the same as Sec. IV A.

Figure 9 shows the numerically solved scattered electric field
from the dielectric cylinder for various values of a=λ covering three
scattering regimes. The values of a=λ are chosen to be the same set
reported for the PEC cylinder in Fig. 4. The figure shows that the
scattered electric field is more uniform around the cylinder for
a=λ ¼ 0:05, the case of Rayleigh scattering. As a=λ increases, the
forward scattering increases, characteristic of Mie scattering and geo-
metrical optics scattering. It is also evident from the figure that the

FIG. 10. Scattering widths of the dielectric cylinder of dielectric constant εr ¼ 2 for different a=λ ratios (covering Rayleigh, Mie, and geometrical optics regimes). Panel
(a) shows the Rayleigh regime, panel (b) the Mie regime and panel (c) the geometrical optics regime. The legend of Fig. 5 has been used for the color coding. The solid
lines depict the analytical solutions, while the dashed lines and markers represent the results obtained through LBM. The outset of the figure shows the bistatic scattering
width vs the scattering angle, while the inset shows the monostatic scattering width vs the non-dimensional distance from the center of the cylinder r=a.
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scattered electric field is weaker as compared to the cases of PEC cyl-
inder reported in Fig. 4. Further, we can see from Fig. 9 that sharp
gradients develop in the scattered electric fields at certain angular
locations, as indicated by the radial diffused lines, particularly for
a=λ ¼ 0:5, 1, and 4. More of these lines of sharp gradients appear
with an increase in the value of a=λ and is a characteristic of the Mie
scattering and the geometrical optics scattering.

Now, to compare the solution of LBM with analytical calcula-
tions quantitatively, we plotted the scattering widths (SWs) in
Fig. 10. For clarity, we have shown the SWs in three sub-figures,
each for a different scattering regime, i.e., Rayleigh, Mie, and geo-
metrical optics regimes. The outset and inset of the sub-figures show
the bistatic and monostatic scattering widths of the dielectric cylin-
der, respectively. Figure 10 shows that the solutions determined
via LBM are in good agreement with the analytical solutions. The
small discrepancy observed in the location of valleys in Figs. 10(b)
and 10(c) are due to the high spatial gradient in the electric field.
These high spatial gradients in the electric field can also be seen in
Fig. 9. Therefore, just like any other numerical method, an increase
in the grid resolution can improve the LBM solution if required.

2. Effect of the dielectric constant of the scattering
object

In this section, we fix the size of the cylinder by selecting the
ratio a=λ ¼ 0:5 and vary the cylinder’s dielectric constant εr , mea-
suring distance r=a and scattering angle f. Simulations are done
for four values of dielectric constant, i.e., εr ¼ 2, 5, 10, and 20. The
values of the other two parameters, i.e., r=a and f, are chosen as in
the case of the smooth circular PEC cylinder and dielectric cylinder
discussed previously.

Figure 11 shows the scattering width (SW) of the dielectric
cylinders for a=λ ¼ 0:5 and dielectric constants εr ¼ 2, 5, 10, and
20. The bistatic SW with respect to f for r=a ¼ 5 is also shown in
Fig. 11(a). Figure 11(b) represents the monostatic SW with respect

to r=a. From the figure, we can see that the LBM solutions (dashed
lines) match well with the predictions from the analytical solutions
(solid lines).

3. Radiation force on the dielectric cylinder

Figure 12 presents a comparison between the analytical and
LBM solutions of the radiation force acting on a dielectric circular
cylinder, illustrated as a function of the cylinder’s non-dimensional
radius a=λ. This comparison encompasses three different values of
dielectric constants: εr ¼ 2, 4, and 5. Notably, the radiation force
on a smooth circular dielectric cylinder exhibits distinct character-
istics compared to that on a smooth circular PEC cylinder. It show-
cases multiple resonance peaks, as depicted in Fig. 12(d). To
enhance clarity, we narrow our focus to small ranges of a=λ within
each regime—Rayleigh, Mie, and geometrical optics—and depict
them in Figs. 12(a)–12(c) respectively. These figures show a signifi-
cant agreement between the LBM solutions and the analytical solu-
tions. Minor deviations between the two solutions are observed at
sharp peaks (resonance peaks). For instance, in Fig. 12(c), for
εr ¼ 4, we observe two sharp peaks at a=λ ¼ 2:453 and
a=λ ¼ 2:542. These peaks demonstrate remarkable sensitivity of
measurements to changes in a=λ, resulting in notable fluctuations.
Even a mere 0:004% and 0:002% alteration in a=λ triggers substan-
tial changes in the value of the radiation force of 40% and 47%,
respectively.

We have observed that the method is effective when both the
scatterer’s geometry and the wavelength are adequately resolved. It
is important to focus on the scatterer with the highest dielectric
constant in the problem and to resolve the wavelength accordingly.
Apart from computation time, we have not encountered any signif-
icant limitations. For instance, higher values of a=λ and εr require
finer grid resolutions, which increase computation time—a
common requirement for most numerical methods.

FIG. 11. Scattering widths of the dielectric cylinders of dielectric constants εr ¼ 2, 5, 10, and 20 for a=λ ¼ 0:5. Panel (a) shows the bistatic scattering width vs scattering
angle f for r=a ¼ 5, and panel (b) shows monostatic scattering width vs non-dimensional distance from the center of the cylinder r=a. According to the legend, color
coding is the same for panels (a) and (b). The solid lines represent the analytical solutions, while the dashed lines and the marker represent LBM solutions.
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In Table VII, we present the percentage error (computed
using the exact solutions) in the radiation force for a PEC circular
cylinder at various values of a=λ ranging from 0:02 to 20. The table
shows that the error remains within 5%. For each simulation, we

ensured that a=Δx � 5 and λ=Δx � 10. This indicates that if the
geometry and wavelength are properly resolved, we can conduct
simulations across a wide range of a=λ values.

In Table VIII, we present the percentage error in the radiation
force of dielectric circular cylinders with varying dielectric constants.
We ensured that the wavelength within the scatterer is resolved with
at least 10 grid points, and the table shows that the error is close to
5%. Notably, the values of a=λ included in this table do not align
with resonance peaks, where the physics changes significantly,

FIG. 12. Non-dimensional radiation force on a dielectric cylinder of dielectric constant εr ¼ 2, 4, 5 along x direction vs non-dimensional radius of the cylinder in (a)
Rayleigh, (b) Mie, and (c) geometrical optics regimes. The solid lines depict the analytical solutions, while markers represent the results obtained through LBM. Panel (d)
illustrates the solutions from all three regimes plotted together.

TABLE VII. Percentage error in radiation force of PEC circular cylinder for different
a/λ values.

a/λ a/Δx λ/Δx Time (s) % Error

0.02 5 250 7.20 1.14
0.5 5 10 0.16 3.70
1 10 10 0.22 4.13
2 20 10 0.56 3.10
5 50 10 1.95 2.89
10 100 10 13.20 2.50
20 200 10 103.62 2.45

TABLE VIII. Percentage error in radiation force of dielectric circular cylinders.

a/λ εr a/Δx λ/Δx (within scatterer) Time (s) % Error

1.0 2 15 10 0.98 4.33
1.0 4 20 10 2.53 3.20
0.9 9 30 11 10.41 5.19
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necessitating higher grid resolutions at those points. For instance, to
accurately capture the resonance peaks at a=λ ¼ 0:95 and 1:04 in
Fig. 12(b), we required a grid resolution of a=Δx ¼ 100. In contrast,
for the non-peak value of a=λ ¼ 1, a grid resolution of only
a=Δx ¼ 20 was sufficient, as indicated in Table VIII.

We have also included the computation times in seconds in
Tables VII and VIII. These calculations were performed utilizing
the sequential code. The code was compiled using GCC version
11.4.0 and executed on a computer equipped with an Intel i7-7700
CPU, featuring 4 cores and 32 GiB of RAM.

V. SCATTERING BY A SHARP-EDGE CYLINDER

We consider a hexagonal scatterer with a dielectric constant of
εr ¼ 4 and calculate the total electric field for a TMz polarized
plane wave incident on it, as shown in Fig. 13. To verify the accu-
racy of the results for this configuration, we calculate the radiation
force on the scatterer and the total energy within the computational
domain across various grid resolutions (λ=Δx ¼ 5� 50). The
results are presented in Figs. 14 and 15 for the radiation force and
energy, respectively. Figure 14 indicates that the radiation force
approaches a constant value as the grid resolution increases.
Similarly, Fig. 15 shows that the non-dimensional energy remains
consistent across all grid resolutions, except for λ=Δx ¼ 5. These
observations lead us to conclude that the solutions are stable and
accurate, even for scatterers with sharp edges.

For Fig. 13, with the dielectric constant of the scatterer set to
εr ¼ 4 and a square computational domain with a side length of
L ¼ 500Δx, the computation times are presented in Table IX for
both sequential and parallel codes. We utilized OpenMP for paral-
lelization. In the sequential implementation, we combined the colli-
sion and streaming processes into a single step to optimize
memory usage.51 The code was executed on the same computer
mentioned previously.

FIG. 13. Snapshot of the total electric field for a hexagonal dielectric cylinder of
dielectric constant εr ¼ 4 and a=λ ¼ 2, where 2a is the width of the hexagon
along x direction.

FIG. 14. Non-dimensional radiation force as a function of grid resolution for the
hexagonal scatterer with a dielectric constant of (εr ¼ 4) shown in Fig. 13.

FIG. 15. The non-dimensional energy within the computational domain for
various grid resolutions is plotted as a function of time for the hexagonal scat-
terer shown in Fig. 13. The energy is calculated as a moving average over one
time period.

TABLE IX. Computation time for the total electric field of the hexagonal scatterer
shown in Fig. 13.

Code Number of threads Time (min)

Sequential … 1.42
Parallel 1 1.67
Parallel 2 0.90
Parallel 3 0.71
Parallel 4 0.63
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VI. SCATTERING BY MULTIPLE CYLINDERS

To assess the applicability of the LBM for multiple scatterers,
we generated an array of uniformly spaced square cylinders made
of PEC and dielectric materials. The total electric fields are

presented in Figs. 16 and 17. The incident wave is a TMz polarized
plane wave with a wavelength λ, entering the computational
domain from the left boundary. Each square scatterer has sides
measuring 2λ, and the computational domain is a square with a
side length of 20λ. The two simulations are identical except for the
dielectric constant of the scatterers. In Fig. 16, we set the dielectric
constant to εr ¼ 10 000, representing a PEC material, while Fig. 17
features a dielectric constant of εr ¼ 5.

To verify the physical validity of the results for the described
array of scatterers, we calculated the energy of the entire computa-
tional domain for the arrangements shown in Figs. 16 and 17 plot-
ting the results against time in Fig. 18. The simulation was
performed over approximately 120 000 time steps, and the figure
demonstrates that the energy within the computational domain
remains constant.

VII. CONCLUSIONS

In this work, we have validated the lattice Boltzmann method
for determining the scattering of and the corresponding radiation
force for circular, elliptical, and corrugated cylinders of infinite
length. Both PEC and dielectric cylinders are considered. Further,
the calculated scattering widths and radiation forces are compared
with the analytical solutions. To check the versatility of the
method, all relevant parameters for the PEC and dielectric cylin-
ders have been varied, namely a=λ ratio to cover all the scattering
regimes, i.e., Rayleigh, Mie, and geometrical optics regimes, scatter-
ing angle f, distance r=a from the cylinder and dielectric constant
εr (for the dielectric cylinder). In all cases, the scattering width and
radiation force are calculated. We found an excellent match
between numerical results and analytical solutions for all the cases
considered. In the case of the radiation force on a corrugated ellip-
tical PEC cylinder, a comparison of LBM results is made with the
results obtained using the modal expansion method. We also found
a satisfactory agreement between the two methods.

FIG. 16. A snapshot of the total electric field for an array of PEC square scat-
terers, each with a side length of 2a and a=λ ¼ 1, where λ denotes the wave-
length of the incident wave entering from the left boundary of the domain.

FIG. 17. Same as in Fig. 16 but for dielectric square cylinders of dielectric
constant εr ¼ 5.

FIG. 18. The non-dimensional energy within the computational domain for the
cases illustrated in Figs. 16 and 17 are calculated as a moving average over
one time period and plotted against time.
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In instances where minor discrepancies arose in the calcula-
tion of scattering width, it was found that such discrepancies were
located at points of high spatial gradients in the field. These dis-
crepancies could be mitigated by refining the grid as usual in any
numerical method. As for minor discrepancies in the radiation
force calculations, they predominantly occur at resonance peaks.
These peaks are highly sensitive to variations in the a=λ value,
making them challenging to accurately capture. Needless to say, the
radiation force at less steep peaks in the radiation force closely
matches the analytical solutions. In this work, the computations are
conducted assuming pure dielectric materials. However, materials
typically exhibit absorption, leading to damping of resonance
peaks,2 a feature that may be incorporated in future studies.

In this work, we confirmed the validity of LBM for both scat-
tering width and radiation force calculations by comparing them
with existing analytical and semi-analytical methods, particularly
for simple shapes and static scenarios. However, LBM holds poten-
tial for dynamic calculations and more complex shapes, whereas
traditional analytical and semi-analytical methods may prove less
efficient. For instance, Fig. 13 illustrates the scattered electric field
for a dielectric hexagonal cylinder, demonstrating the effectiveness
of LBM compared to semi-analytical approaches for such geome-
tries. The LBM is capable of handling multiple scatterers, not just a
single one. For instance, in Figs. 16 and 17, we illustrate the total
electric field generated by an array of PEC square scatterers that are
uniformly distributed within the domain. In summary, LBM pre-
sents itself as a viable numerical method for both scattering and
radiation force calculations.

SUPPLEMENTARY MATERIAL

In the supplementary material, we create an open-source LBM
solver for electromagnetic wave scattering and radiation force cal-
culations using the same code for all the analyses presented in this
paper.
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APPENDIX A: TRACTION FORCE DISTRIBUTION ON
THE SURFACE OF THE SCATTERER

In order to illustrate the requirement of high grid resolution
to capture the radiation force exerted on the scatterer accurately, we
consider the case of scattering by a smooth circular dielectric cylin-
der with a dielectric constant εr ¼ 4. Simulations are done using
LBM corresponding to three different values of a=λ ¼ 0:91, 0:93,
and 0:95. These three different values correspond to a peak, a
valley, and an intermediate value in Fig. 12(b). The radiation force
hFLBMi is computed by integrating the traction force along the cir-
cumference of the cylinder. The error in the radiation force calcu-
lated, compared to the analytical prediction, hFexacti for these three
different values of a=λ is depicted as a function of grid resolution
a=Δx in Fig. 19. At low grid resolutions, the error remains relatively

FIG. 19. Relative error in the average radiation force obtained from LBM calculations hFLBMi, compared to the analytical prediction, hFexacti, for a smooth circular dielectric
cylinder with dielectric constant εr ¼ 4: (a) for three different values of a=λ, corresponding to peak (a=λ ¼ 0:95) and non-peak values (a=λ ¼ 0:91, 0:93). (b) Power law
decay in error in the calculation of radiation force on increasing the grid resolution for the case of a=λ ¼ 0:95.
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low for non-peak values (a=λ ¼ 0:91, 0:93), but the error is signifi-
cantly high for the peak value (a=λ ¼ 0:95).

The requirement of very high grid resolution required for
a=λ ¼ 0:95 can be traced back to the sharp variations in the trac-
tion force on the surface of the scatterer when the incident EM
wave is scattered. This is illustrated in Figs. 20 and 21 where the
traction force obtained from the exact solution and LBM for the
three values of a=λ are shown. It is evident from the figure that the
traction force for a=λ ¼ 0:95 (peak) exhibits multiple peaks and
valleys. Since the total radiation force is given by the area under the
curve, reliable calculation of radiation force corresponding to peak
locations such as a=λ ¼ 0:95 requires high spatial grid resolution
in LBM as in any other numerical method. In short, achieving high
grid resolution is essential to accurately capture the traction force
and, consequently, the radiation force, particularly at peak locations
compared to non-peak locations.

In order to further illustrate the capability of LBM to accurately
capture the traction force distribution on the surface of the scatterer,
we plot a comparison between that obtained from LBM and that
from the analytical calculations in Figs. 20 and 21. The instantaneous

traction force distribution is depicted in Fig. 20 for three different
a=λ values: 0:91, 0:93, and 0:95, with a=λ ¼ 0:95 corresponding to
a resonance peak. The average traction force calculated over a time
period is plotted in Fig. 21. In both figures, the rigid lines are
obtained from analytical calculations, and the dashed lines are the
results of LBM. In both these figures, we observe that the result from
LBM and the analytical solutions overlap for all values of a=λ, illus-
trating the accuracy of LBM in capturing both instantaneous and
average characteristics of the scattering phenomena. As explained
previously, small deviations from the analytical predictions can be
observed for the case of a=λ ¼ 0:95 due to the presence of sharp
and high-frequency variations in the traction force distribution.

APPENDIX B: TIME VARIATION OF RADIATION FORCE -
DETERMINED AS A MOVING AVERAGE

In order to illustrate the capability of LBM in capturing the
transient and steady-state behavior and numerical stability, we plot
the instantaneous value of the radiation force as a function of time
in Fig. 22 for a=λ ¼ 0:91, 0:93, and 0:95 (peak location). For all

FIG. 20. Comparison of the instantaneous distribution of traction force on the surface of the scatterer as a function of the azimuthal angle f for the three values of a=λ
from LBM simulations and that from the analytical solutions. The solid line represents analytical solutions, while the dashed line represents LBM solutions. The area under
the curve, when time-averaged, gives hFexacti.

FIG. 21. Comparison of the average value (over a time period) of traction force distribution on the surface of the scatterer as a function of the azimuthal angle f for the
three values of a=λ from LBM simulations and that from the analytical solutions. The solid line represents analytical solutions, while the dashed line represents LBM
solutions.
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three values of a=λ, the instantaneous forces exhibit oscillations with
constant amplitude. From the instantaneous values, we determine
the average force as a moving average value, which is plotted in
the same figure. Further, the radiation force determined from the
analytical calculations is plotted for comparison. It may be seen that
the moving average values of the radiation force determined from
the LBM match with analytical predictions for all three values of
a=λ ¼ 0:91, 0:93 and 0:95. Due to the choice of peak location,
a=λ ¼ 0:95, minor variations can be observed from the analytical
solutions, but these variations diminish over time as discussed below
(Fig. 23).

Next, we analyze the average radiation force determined as
a moving average as shown in Fig. 23. As earlier, three different
cases corresponding to a=λ ¼ 0:91, 0:93 and 0.95 are analyzed.
The first two correspond to non-peak locations, and the last one

corresponds to a peak location. Due to high internal reflections at
resonance peak,2 a steady state is achieved after several internal
reflections inside the cylinder, as can be seen in the transient state
of the force and energy for a=λ ¼ 0:95 in the figure. Therefore, to
calculate the steady-state force at resonance peak, the simulations
must be run longer. This is not a limitation of LBM but is a physi-
cal phenomenon. Rather, it may be noticed that LBM can capture
the transient behavior. The results shown in Fig. 23 correspond to
simulations run for nearly 240 000 time steps. Despite the long
runs, the numerical method remains stable. In these simulations,
the domain size is chosen as 400Δx. Such a large domain ensures
that the wave from the left boundary will reach the right boundary
in approximately 1200 time steps; however, the simulations run for
a much longer time, and we do not observe any sign of spurious
reflections from the boundary.

FIG. 22. The instantaneous and average radiation force acting on a smooth circular dielectric cylinder with a dielectric constant εr ¼ 4 are depicted for three values of
a=λ ¼ 0:91, 0:93, 0:95. The solid blue line represents the instantaneous radiation force computed using LBM. The dashed black line represents the analytically calculated
average force, and the solid red line represents the moving average of the force computed using LBM.

FIG. 23. The moving average value of the (a) radiation force and (b) energy of a smooth circular dielectric cylinder with a dielectric constant εr ¼ 4 during the scattering
process, plotted as a function of time for three values of a=λ. The dashed lines represent the analytically calculated values of the radiation force, while the solid lines
depict the corresponding values obtained using LBM. Here, T is the time period of the incident wave.
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