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ABSTRACT: We theoretically study the collision dynamics of uncharged, conducting droplets settling under the influence
of gravity in the presence of an external electric field. Our study demonstrates that the attractive forces induced by an
external electric field can overcome lubrication resistance, facilitating surface-to-surface contact between two spherical con-
ductors within a finite time. For water droplets moving in air, continuum lubrication theory fails when the gap between drop-
lets becomes less than the mean free path of air molecules. To account for this, we incorporate noncontinuum lubrication
effects in the collision calculations. By numerically computing the relative trajectories of the droplets, we assess how collision
efficiency depends on the droplet size ratio, noncontinuum lubrication effects, the angle between the electric field and grav-
ity, electric field strength, and van der Waals forces. Our findings reveal that electric field–induced forces significantly en-
hance collision efficiency, highlighting their critical role in droplet collision dynamics.
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1. Introduction

The initiation of warm rain has long been a subject of interest
in the cloud microphysics community, with a central question
being: What mechanisms govern the evolution of droplet size
distributions (DSDs) in atmospheric clouds (Pruppacher and
Klett 1997; Devenish et al. 2012)? Growth through condensa-
tion alone is unlikely to produce the broad droplet size spec-
trum observed in in situ measurements (Prabha et al. 2011;
Khain et al. 2013). Consequently, collisions and subsequent co-
alescence between droplets are the primary drivers of rain for-
mation in warm clouds, with DSD evolution heavily dependent
on the collision rate. Extensive research has examined the role
of turbulence and gravitational settling in droplet collisions (see
Shaw 2003; Grabowski and Wang 2013 and references therein).
However, relatively few studies have investigated the influence
of electrostatic forces on these interactions (Schlamp et al.
1976; Tinsley et al. 2000; Khain et al. 2004; Patra et al. 2023;
Dubey et al. 2024). Incorporating an accurate parameterization
of electrostatic forces into large-scale models, such as numerical
weather prediction simulations, could enhance forecasting accu-
racy. More importantly, electrostatic forces may play a crucial
role in initiating collisions among small droplets, introducing
size disparities necessary for further growth. This study focuses
on droplet collisions driven by electrostatic forces arising from
an external electric field.

Most clouds are naturally electrified, making electrostatic
interactions between cloud droplets a significant factor in the
collision–coalescence process (Pruppacher and Klett 1997;
Wang 2013). A vertically downward fair-weather electric field
exists due to the potential difference between Earth’s surface
and the upper atmosphere. In thunderclouds, this electric field

intensifies rapidly due to charge separation, driven by various
charging mechanisms broadly categorized as convective, induc-
tive, and noninductive (Kamra 1975; Latham 1981; Williams
et al. 1989; Saunders 1993; Mareev and Dementyeva 2017).
Detailed discussions on these mechanisms can be found in
chapter 18.5 of Pruppacher and Klett (1997) and chapter 14.4
of Wang (2013). Laboratory experiments have consistently
demonstrated that collisional charging during ice–ice collisions
plays a crucial role in thundercloud electrification (Reynolds
et al. 1957; Latham and Stow 1965; Takahashi 1978; Gaskell
and Illingworth 1980; Jayaratne et al. 1983; Mason and Dash
2000; Saunders et al. 2006; Turner and Stow 2022). These find-
ings have inspired the development of several theoretical mod-
els for collisional charging (Baker and Dash 1989, 1994; Dash
et al. 2001; Dash and Wettlaufer 2003; Jungwirth et al. 2005;
Kang et al. 2023).

The strength of the electric field in fair-weather clouds typi-
cally ranges from 102 to 103 V m21. However, field measure-
ments (see Gunn 1948; chapter 18 of Pruppacher and Klett
1997; chapter 3 of Rakov and Uman 2003; Trinh et al. 2020) in-
dicate that electric fields in highly electrified clouds can reach
magnitudes of O(104 2 105) V m21. Winn et al. (1974) even
reported values as high as 4 3 105 V m21. Notably, these field
studies suggest that the electric field is not always directed ver-
tically downward; it can also act horizontally or at an oblique
angle relative to gravity.

Strong electric fields in thunderclouds can significantly influ-
ence droplet collision dynamics. Recent field observations by
Mudiar et al. (2018, 2021) suggest that intense electric fields in
highly electrified clouds enhance raindrop growth and increase
rainfall rates. Additionally, a series of wind tunnel experiments
by Kamra and coworkers demonstrate that strong electric fields
substantially alter the microphysical properties of electrified
clouds, particularly affecting binary collisions between water
droplets by modifying their impact velocities and deformation
characteristics (Bhalwankar and Kamra 2007, 2009; Bhalwankar
et al. 2023; Pawar et al. 2024).
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An applied electric field, no matter how weak, induces electric
charges of opposite signs on the nearest sides of two uncharged
conducting droplets. As the droplets move closer, the mutual in-
teractions between these induced charges enhance the local elec-
tric field in the region between the two droplets. This locally
amplified electric field surpasses the strength of the imposed
field, resulting in an increase in electrostatic attraction force as
the droplets approach each other (Davis 1964). Notably, this
electric field–induced attractive force between two uncharged
conducting droplets increases without bound as their separation
approaches zero (Lekner 2011a, 2013). As a result, this force
could overcome lubrication resistance, facilitating surface-to-
surface contact between droplets. However, it is important to
note that the electric field–induced force diminishes signifi-
cantly at larger droplet separation distances. Thus, two widely
separated cloud droplets subject to an external electric field are
unlikely to make contact unless influenced by a background
flow, gravity, or thermal fluctuations that drive them into closer
proximity.

The calculation of the electrostatic force between two un-
charged or charged spherical droplets subject to an external
electric field has been thoroughly investigated. One of the pio-
neering studies on this topic was carried out by Davis (1964),
who calculated the electrostatic forces on two charged spherical
conductors subject to an external electric field by integrating the
electrical stresses over their surfaces. This electric stress is di-
rectly related to the gradient of the electric potential Fel. Davis
(1964) determined the variation in the potential field by solving
the Laplace equation for Fel in a bispherical coordinate system.
For uncharged conducting spheres, the electrostatic forces
depend on sphere sizes, the magnitude of the imposed elec-
tric field, the angle between the line joining the centers and
the direction of the electric field, and the force coefficients
F1, F2, and F8 (Davis 1964). The expressions of these force co-
efficients involve infinite series summations. The convergence
of these series becomes extremely slow for small separation dis-
tances. To avoid this issue, Lekner (2013) calculated the electric
field–induced forces using the energy method, where he wrote
the electrostatic energy of the system in terms of a polarizability
tensor. Longitudinal and transverse polarizabilities are suffi-
cient to describe the system energy and forces in the case of a
two-sphere system. To obtain the electric field–induced forces
in the close approach of two arbitrary-sized spherical conduc-
tors, we utilize the work of Lekner (2011b), who derived the
exact analytical expressions for the longitudinal and transverse
polarizabilities for small separation distances. The forces act-
ing along the line joining two centers are equal and opposite
and depend on the partial derivatives of these polarizabilities
with respect to the separation distance. The forces normal to
the line of centers produce torque on the two-sphere system,
which depends on the difference between the longitudinal and
transverse polarizabilities. This torque always acts to align the
line of centers with the direction of the external electric field.

Droplet volume fractions in atmospheric clouds are typi-
cally low [about O(1026)] (Grabowski and Wang 2013), and
therefore, we focus exclusively on binary collisions. The rate
equation for the droplet number density when two species are
present is

2
dn1
dt

52
dn2
dt

5 K12, (1)

where K12 is the collision rate between droplet categories of
number densities n1 and n2. Smoluchowski (1918) was the first
to study the ideal collision rate for two noninteracting spheres
settling under gravity in a quiescent fluid. The theoretical
study of the droplet collision rate with hydrodynamic and non-
hydrodynamic interactions is a challenging task. These interac-
tions alter the collision rate by modifying the relative velocity
between the droplet pair at close separations. The collision ef-
ficiency, which is the ratio of the collision rate with interactions
to that obtained ignoring interactions (i.e., the ideal collision
rate), captures the effects of interactions on the collision rate.
Davis (1984) and Melik and Fogler (1984) predicted the colli-
sion efficiency for two unequal-sized rigid spheres sedimenting
due to gravity and interacting via continuum hydrodynamics
and van der Waals forces. Zhang and Davis (1991), Rother
et al. (2022), and Ababaei and Rosa (2023) calculated the col-
lision efficiency induced by interfacial mobilities for two differ-
entially sedimenting viscous drops without and with inertial
effects. Previous studies have utilized the work of Davis (1964)
to analyze the collision rate of uncharged or charged sediment-
ing cloud droplets in an external electric field (Sartor 1960;
Plumlee and Semonin 1965; Semonin and Plumlee 1966;
Schlamp et al. 1976; Guo and Xue 2021). These studies do not
resolve the full hydrodynamics across all separations, particu-
larly in the lubrication regime where the gap between the surfa-
ces of two spheres becomes much smaller than their radii. As a
result, they fail to accurately capture the details of the collision
process. Considering the internal circulation of fluid droplets,
Zhang et al. (1995) predicted the electric field-enhanced colli-
sion rate of two uncharged conducting spherical droplets set-
tling under gravity. However, these works did not account for
the exact analytical form of electric field–induced forces in the
lubrication regime. Recently, Thiruvenkadam et al. (2023) have
analyzed relative trajectories of two arbitrary-sized uncharged
conducting spheres without gravity and showed that because of
the divergent nature of the electric field–induced forces in the
lubrication regime, spheres could come into contact in a finite
time. Motivated by this, we examine the effects of electric field–
induced forces on pair trajectories and the collision rate of two
uncharged conducting droplets sedimenting in still air.

This study does not account for the deformation of spherical
droplets during their motion. We assume that the fluid motion
induced by a settling pair of droplets is sufficiently slow such that
the surrounding disturbance flow field satisfies the Stokes equa-
tions for creeping flow. We also ignore the inertia of the droplets
because of their small size. However, the droplets are large
enough for the influences of Brownian diffusion to be considered
negligible in the collision dynamics. In section 2, we will provide
justifications for these assumptions in the context of small cloud
droplets.

When the separation distance between the surfaces of two
droplets is comparable to or less than the radius of the smaller
droplet, the interaction between them significantly disturbs
the fluid velocity field around each other. These disturbances
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give rise to additional hydrodynamic resistance on each droplet.
This way, droplets interact with each other through the fluid me-
dium. These hydrodynamic interactions between the droplets
can significantly modulate the collision dynamics. Hydrodynamic
interactions between a pair of droplets in Stokes flow conditions
are well studied (see Guazzelli and Morris 2011; Kim and Karrila
2013). This hydrodynamic resistance is O[1/f(j)] in the lubrica-
tion region, where j is the dimensionless (nondimensionalized by
the average radius of the two interacting droplets) closest
distance between the surfaces of the two droplets. The func-
tion f(j) 5 j for two rigid spherical particles with continuum
hydrodynamic interactions (Batchelor and Green 1972) and
f (j)5 ��

j
√

for two spherical viscous drops interacting via con-
tinuum hydrodynamics (Davis et al. 1989). For particles in-
teracting in a gaseous medium, the continuum lubrication
approximation would no longer be valid when the gap thick-
ness between two surfaces is less than the mean free path
of the medium l0, and then, one needs to consider noncon-
tinuum lubrication resistance where f(j) 5 ln[ln(Kn/j)]/Kn
(Sundararajakumar and Koch 1996). Here, the Knudsen
number (Kn) is defined as the ratio of the mean free path of
the medium to the mean radius of the droplets. Previous
studies have obtained collision rates due to noncontinuum
interactions for droplets subject to the Brownian motion
(Patra and Roy 2022), differential sedimentation and uniaxial
compressional flow (Dhanasekaran et al. 2021b), simple shear
flow (Patra et al. 2022), and turbulent flow (Dhanasekaran
et al. 2021a).

We organize the paper as follows. In section 2, we will for-
mulate the problem and outline the procedure for calculat-
ing the collision rate and efficiency using trajectory analysis.
Then, in section 4, we will calculate the collision efficiency
of a pair of hydrodynamically interacting droplets due to
the combined effect of gravity, electric field, and van der
Waals forces. Finally, in section 5, we will summarize our re-
sults and discuss their implications.

2. Problem formulation

a. The relative velocity between a pair of droplets

We consider two uncharged, conducting cloud droplets set-
tling under gravity while subjected to a uniform external electric
field inclined at an angle h relative to the gravitational direction.
Hydrodynamic interactions between the droplets are also ac-
counted for. In dilute systems like clouds, the probability of a
third droplet significantly influencing the relative motion of two
interacting droplets is negligible. Therefore, our analysis focuses
on binary collisions.

In this analysis, we define the characteristic length, velocity, and
time scales as a* 5 (a1 1 a2)/2, V(0)

12 5 |V(0)
12 |, and a*/V(0)

12 , respec-
tively. The relative velocity between two noninteracting spherical
droplets that are settling under the influence of gravity in a quies-
cent medium is given by V

(0)
12 5 2(rp 2 rf )(a21 2 a22)g/(9mf ),

where a1 is the radius of the larger droplet, a2 is that of the
smaller droplet, rp and rf are the droplet and fluid densities,
respectively, g is the gravitational acceleration with its mag-
nitude g, and mf is the dynamic viscosity of the fluid. Two

key quantities that describe the relative geometry of the two
spherical droplets are the size ratio k 5 a2/a1 and the center-
to-center distance r between the droplets. The dimensionless
surface-to-surface distance j, which we used in the previous
section, is defined as j 5 [r2 (a1 1 a2)]/a* 5 (r/a*)2 2.

Before proceeding further, it is important to justify the key as-
sumptions made in this study. The characteristic hydrodynamic
and electric stresses for a spherical water droplet sedimenting in
air and subjected to an electric field are given by mfUs/a and
e0E

2
0, respectively. Here, a denotes the radius of the droplet,

Us represents the Hadamard–Rybczynski settling speed, defined
as Us 5 2[(rp 2 rf )ga2/3mf ](m̂ 1 1)/(3m̂ 1 2) with m̂ being the
ratio of viscosities of droplet to the surrounding air, e0 denotes
the permittivity of air, and E0 is the magnitude of the external
electric field. The capillary number (Ca), defined as Ca5 mfUs/g,
where g is the surface tension at the air–water interface,
measures the relative strength of hydrodynamic and capil-
lary stresses. Similarly, the electric capillary number CaE,
given by CaE 5 eE2

0a/g, quantifies the relative significance of
electric and surface tension stresses. These two dimension-
less parameters effectively characterize the deformation be-
havior of the droplet. Let us consider a water droplet in air with
a5 10mm, rp’ 103 kgm23, rf’ 1 kgm23,mf’ 1.83 1025 Pa s,
m̂ ’ 102, E0 5 105 V m21, e0 5 8.85 3 10212 F m21, and
g ’ 72 3 1023 N m21. Using these data, we find that
Ca ’ 3 3 1026 and CaE ’ 1.2 3 1025 are sufficiently small,
and thus, we can safely neglect droplet deformation. Further-
more, as m̂ 5O(102) for water droplets in air, the mobility of
droplet interfaces is insignificant, which implies that small drop-
lets will behave almost like rigid spherical particles.

The present study also ignores the role of flow and drop-
let inertia and thermal fluctuations in collision dynamics.
We define the droplet Reynolds number (Rep) based on
the terminal settling speed and radius of the larger drop-
let: Rep 5 [2rf (rp 2 rf )ga31]/(9m2

f ). The Stokes number, de-
noted as St, captures the droplet inertia and is defined as
St5 [16rp(rp 2 rf )g(a21 2 a22)(a1a2)3/2]/[81m2

f (a1 1 a2)2] (Davis
1984). The Péclet number Pe is given by Pe5 2p(rp 2 rf )
a41k(12 k2)g/(3kBT), which measures the relative strengths of
gravitational advection and diffusion induced by thermal fluc-
tuations (Zinchenko and Davis 1994). Here, kB 5 1.318 3

10223 J K21 is the Boltzmann constant and T is the absolute
temperature. For water droplets in a warm cloud at T 5 273
K with a1 5 10 mm, we obtain the following representative
values: Rep ’ 0.007, St ’ 0.54 for k 5 0.3 and St ’ 0.03 for
k 5 0.99, and Pe’ 1504 for k 5 0.3 and Pe’ 1085 for k 5 0.99.
These typical values of Rep and Pe support our assumption that
flow inertia and thermal fluctuations can be considered negligible
for the contexts examined. The representative St values suggest
that droplet inertia is negligible for nearly equal-sized droplet
pairs with radii less than 15 mm. In warm cumulus clouds, con-
densation is the primary mechanism for droplet growth up to 15
mm in radius, leading to a nearly monodisperse size distribution.
Therefore, our assumption of negligible particle inertia is valid at
the lower end of the size gap of 15–40 mm droplets. Our noniner-
tial collision calculations will serve as reference calculations for
future research in this field.

P A TRA AND ROY 2359NOVEMBER 2025

Brought to you by OAK RIDGE NATL LAB | Unauthenticated | Downloaded 10/08/25 04:42 PM UTC



The collisional time scale, denoted as tcoll, for two differ-
entially sedimenting droplets can be mathematically ex-
pressed as tcoll 5 a*/V(0)

12 . For water droplets dispersed in air,
tcoll ’ 83 1024 s when a15 10 mm and a25 5 mm.On the other
hand, the droplet polarization time scale t 5 e0/ s ’ 6.5 min,
where s ’ 2.3 3 10214 S m21 is the conductivity of clear air at
sea level. It is important to note that in warm clouds, the conduc-
tivity of air can vary significantly, ranging from 1/40 to 1/3 of the
fair-weather sea level conductivity (Pruppacher and Klett 1997).
As a result, t for typical cloud droplets may vary between approx-
imately 20 min and 2 h. Given that tcoll ,, t, it is reasonable to
neglect the influence of surface charge convection on the collision
dynamics of the droplets.

The assumptions mentioned above greatly simplify our prob-
lem formulation. To describe the relative motion, we track the
velocity of a satellite droplet (radius a1) with respect to a test
droplet (radius a2) (see Fig. 1a). The relative velocity between
the droplets is given by V12 5 V1 2 V2. In the Stokesian regime,
we can express the resultant relative velocity as a vector sum of
contributions from gravity, electric field–induced forces, and van
der Waals forces (Batchelor 1976, 1982; Davis 1984; Zhang et al.
1995):

V12(r) 5 V
(0)
12 L

rr

r2
1 M I 2

rr

r2

( )[ ]

1
1

6pmf

1
a1

1
1
a2

( )
G

rr

r2
1 H I 2

rr

r2

( )[ ]
(FE 1 FvdW),

(2)

where r is the vector from the center of droplet 2 (test drop-
let) to the center of droplet 1 (satellite droplet) and r 5 |r|.
Here, I denotes the unit second-order tensor, while FE and
FvdW represent the electric field–induced and van der Waals
forces, respectively.

The mobility functions L and M characterize the relative
motion of two settling droplets under gravity, with L govern-
ing motion along the line of centers and M governing motion
perpendicular to it (Batchelor 1982). Similarly,G andH repre-
sent the corresponding mobility functions for droplets influ-
enced by nonhydrodynamic forces. These functions depend on
k and j. To compute these mobility functions, we leverage the
work of Wang et al. (1994) and Zinchenko and Davis (1994),
who determined axisymmetric mobilities for continuum hydrody-
namic interactions by solving the Stokes equations in a bispheri-
cal coordinate system. Additionally, we use the twin multipole
expansion method developed by Jeffrey and Onishi (1984) to
determine asymmetric mobilities. However, as the separation
between droplet surfaces decreases, these series solutions re-
quire an increasingly large number of terms to achieve conver-
gence, making them computationally inefficient. When the gap
between the droplets becomes small, lubrication approxima-
tions for the mobility functions, available in the existing litera-
ture (Batchelor 1982; Jeffrey and Onishi 1984), provide a
more efficient alternative.

In a continuum framework, hydrodynamic interactions pre-
vent the surface-to-surface contact between two rigid spheres

within a finite time unless an attractive nonhydrodynamic force,
such as van der Waals forces, is present. However, even in the
absence of such forces, noncontinuum lubrication effects can
enable collisions to occur in finite time. This arises because the
resistance functions associated with motion along the line con-
necting the two droplet centers exhibit a weaker divergence
rate in the noncontinuum regime (Dhanasekaran et al. 2021b;
Patra and Roy 2022). Sundararajakumar and Koch (1996) de-
rived expressions for noncontinuum lubrication forces for axi-
symmetric motion. Building on this work, Dhanasekaran et al.
(2021b) have recently incorporated noncontinuum lubrication
effects into the axisymmetric mobility functions. Their approach
treats lubrication interactions as continuum for j . O(Kn) and
noncontinuum for j # O(Kn), where the Knudsen number
Kn5 l0/a

* captures the significance of noncontinuum interac-
tions. In this study, we adopt the uniformly valid solutions for L
andG developed by Dhanasekaran et al. (2021b). For asymmet-
ric mobilities M and H, continuum hydrodynamics provides a
reasonable approximation at all separations because these mo-
bility functions approach a finite value as j " 0. Consequently,
continuum breakdown is not expected to significantly affect
asymmetric relative motions for an inertialess droplet pair, al-
lowing us to use continuum hydrodynamics for asymmetric mo-
bilities throughout. However, when calculating the collision rate
for an inertial droplet pair in a gaseous medium, noncontinuum
lubrication effects must also be considered for relative motions
in the tangential directions (Li Sing How et al. 2021).

The calculation of electrostatic forces between two con-
ducting droplets in an external electric field is primarily a
boundary value problem where one needs to solve Laplace’s

FIG. 1. (a) Schematic of the coordinate system used in the analy-
sis. Here, “1” indicates the sphere with radius a1 and “2” indicates
the sphere with radius a2. The sphere marked “C” is the collision
sphere of radius a1 1 a2. The electric field E0 makes an angle h

with the gravity direction. (b) Schematic of upstream collisional
areas. The red, black, and blue lines represent colliding, limiting,
and open trajectories, respectively. The dotted circle with a radius
of a1 1 a2 denotes the upstream interception area for a noninter-
acting droplet pair. Additionally, the two hatched semicircles, with
radii yc1 and yc2 on the positive and negative sides of the y axis, re-
spectively, illustrate the upstream interception areas that define the
actual collision rate.
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equation for the potential field in a bispherical coordinate sys-
tem (Davis 1964). Once the potential field is determined, the
electric field–induced forces on each droplet can be obtained
by integrating the electrical stresses over their surfaces. In this
case, the forces acting on the two droplets are equal and op-
posite. Given the axisymmetric nature of the problem, the
force on each droplet can be decomposed into two compo-
nents: one directed along the line of centers and the other per-
pendicular to it. The expressions for the electric field–induced
forces in r and u directions are given by Davis (1964):

Fr
E 524pe0a

2
2E

2
0[F1 cos

2(u 2 h) 1 F2 sin
2(u 2 h)], (3)

Fu
E 5 4pe0a

2
2E

2
0F8 sin2(u 2 h), (4)

where (u 2 h) is the angle between the electric field vector E0

and the line joining the centers of two spheres, and F1, F2, F8

are the force coefficients that depend on the center-to-center
distance and the size ratio of the two droplets. The analytical
expressions for these force coefficients in the near and far
fields are provided in Thiruvenkadam et al. (2023).

The van der Waals attraction force always acts along the
line joining the centers of the two droplets, and therefore,
we can write FvdW 5 2dFvdW/dr, where FvdW is the van der
Waals potential. Hamaker (1937) derived an analytical ex-
pression for the unretarded form of FvdW using a pairwise ad-
ditivity theory. However, Hamaker’s analysis did not consider
the effects of retardation due to the finite propagation speed
of electromagnetic waves. One must consider the effects of
retardation when separation is comparable to or more than
the London wavelength lL(’0.1 mm). In the present analysis, we
use the work of Zinchenko and Davis (1994), who obtained the re-
tarded van derWaals potential by integrating the dispersion energy
between two molecules. The functional form of FvdW depends on
the dimensionless center-to-center distance, the size ratio, the non-
dimensional quantity NL defined as the radius of the droplets
scaled with lL [i.e., NL 5 2p(a1 1 a2)/lL 5 2pa1(11 k)/lL], and
the Hamaker constantAH.

We begin our analysis by expressing the relative velocity V12

in a spherical coordinate system (r, u, f) with its origin located
at the center of the test droplet. To simplify the analysis, we
nondimensionalize the governing equation using the character-
istic length, velocity, and time scale pertinent to this problem.
As the characteristic length scale is defined as a* 5 (a1 1 a2)/2,
the range of nondimensional radial separations between the
centers of the two droplets varies from 2 to ‘. From now on,
we use the notation r as the nondimensional radial distance be-
tween the centers of the two droplets. The sphere with a dimen-
sionless radius of r 5 2 is referred to as the collision sphere,
labeled as sphere C in Fig. 1a. Conversely, at r5 ‘, one droplet
does not influence the other. We denote the nondimensional
coordinates with an overbar such that x 5 x/a*, y 5 y/a*, and
z 5 z/a* represent the dimensionless coordinates. The size ratio
k, which characterizes the geometry of the two-droplet system,
can vary in the range (0, 1]. The dimensionless relative velocity
v5 V12/V

(0)
12 can be expressed as v5 y rêr 1 yuêu 1 yfêf,

where êr, êu, and êf are the unit vectors in the r, u, and f

directions, respectively. The components of this velocity are
given by

y r 5
dr
dt

52L cosu

2 NEG
k

1 2 k

( )
[F1 cos

2(u 2 h) 1 F2 sin
2(u 2 h)]

2 NvG
dFvdW

dr
, (5)

yu 5 r
du
dt

5 M sinu 1 NEH
k

1 2 k

( )
F8 sin2(u 2 h), (6)

yf 5 0, (7)

where NE and Ny are dimensionless quantities that capture
the strength of electric field–induced and van der Waals
forces, respectively, compared to gravity:

NE 5
3e0E

2
0

(rp 2 rf )a1g
, (8)

Ny 5
3AH

2pk(1 2 k2)(rp 2 rf )ga41
: (9)

In this problem, NE primarily depends on the strength of the
electric field. We intentionally excluded the size ratio term from
the definition of NE to ensure that the dependence of the colli-
sion dynamics on NE directly correlates with its dependence on
E0. The parameter Ny depends on the size ratio, and this defini-
tion is consistent with the earlier works that studied the effect
of the van der Waals force on the collisions of droplets settling
under gravity. In Fig. 2, we present typical sizes of cloud drop-
lets and electric fields in clouds, along with estimates of the pa-
rametersNE andNy shown using black and red contours.

b. Expressions for the collision rate and efficiency

The collision rate is defined as the rate at which droplets
with radii a1 and a2 and number densities n1 and n2 collide

100 101 102
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104
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0

0.2

0.4

0.6

0.8

1

FIG. 2. Typical sizes of droplets and electric fields in clouds. The
black and red lines correspond to constantNE and Ny, respectively.
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with each other per unit volume. Mathematically, the collision
rate K12 is equal to the flux of droplets into the collision
sphere of nondimensional radius r 5 2 and can be expressed
in terms of the pair-distribution function P(r) and the droplet
relative velocity v by

K12 52n1n2V
(0)
12 (a*)2

�
(r52)&(v?n,0)

(v?n)PdA, (10)

where n is the outward unit normal at the collision sphere.
The condition v ? n , 0 in Eq. (10) implies that the radial rela-
tive velocity must be inward at all separations for two droplets
coming into contact. For a dilute system like clouds, the pair-
distribution function is governed by the quasi-steady Fokker–
Planck equation for the region of space outside the collision
sphere:

=?(Pv) 5 0: (11)

The uncorrelated motion of the droplets in the far field de-
fines the boundary condition: P " 1 as r" ‘. For the calcula-
tion purpose, we take r5 r‘, which is large but finite.

For negligible thermal fluctuations (i.e., Pe.. 1), the relative
motion between two droplets induced by gravity and an exter-
nal electric field is deterministic, and therefore, we can find the
collision rate using the trajectory analysis. Using Eq. (11) and
the divergence theorem, the integral in Eq. (10) can be taken
over the surface that encloses the volume occupied by all trajec-
tories that originate at r 5 r‘ and terminate at r 5 2. Thus, the
flux through the cross section Ac of this volume at r 5 r‘ defines
the collision rate. We call Ac the upstream interception area. At
large separations, the electric field–induced and van der Waals
forces become insignificant, and gravity solely drives the relative
motion between two unequal-sized droplets. Now, at r 5 r‘, the
pair-distribution function P 5 1 and v ? n′ 5 21, where n′ is
the unit outward normal vector at the area element of Ac. There-
fore, the expression for the collision rate becomes

K12 52n1n2V
(0)
12 (a*)2

�
Ac

(v?n′)|r‘PdA

5
1
4
n1n2V

(0)
12 (a1 1 a2)2p

y2c1
2

1
y2c2
2

( )
, (12)

where yc6 5yc6/a
* (with yc1 and yc2 being the dimensional crit-

ical impact parameters for the positive and negative sides of the
y axis, respectively, as illustrated schematically in Fig. 1b)
are the dimensionless critical impact parameters which de-
fine the nondimensional radii of the upstream collisional
semicircles at r 5 r‘. In other words, these critical impact
parameters are the largest possible horizontal distances
from the gravity axis at the far field for which two widely
separated droplets can still collide. The relative trajectory of
the droplets in this scenario is referred to as the limiting col-
liding trajectory.

The collision rate without any interactions is given by the
classical Smoluchowski model (Smoluchowski 1918), where
yc1 5 yc2 5 a1 1 a2 (i.e., yc1 5yc2 52) (see Fig. 1b). Thus,
the expression for the ideal collision rate K0

12 becomes

K0
12 5 n1n2V

(0)
12 p(a1 1 a2)2

5 n1n2
2(rp 2 rf )(a21 2 a22)g

9mf

p(a1 1 a2)2: (13)

The collision efficiency, denoted by E12, is defined as the ratio
of K12 to K0

12:

E12 5
K12

K0
12

5
1
4

y2c1
2

1
y2c2
2

( )
: (14)

The droplet pair collides when the initial y values at the far
field belong to [yc2, yc1]. Therefore, the problem now be-
comes one of determining the dimensionless critical impact pa-
rameters yc6. In the subsequent section, we will describe the
numerical methodology employed to find yc6 through a de-
tailed analysis of the relative trajectories of a pair of droplets.

It is important to note that Davis (1984) derived a closed-
form analytical expression for the collision efficiency in the ab-
sence of nonhydrodynamic forces (i.e., when NE 5 Ny 5 0).
The expression is given by

E12 5 exp 22
�‘

2

M 2 L
rL

dr
( )

: (15)

However, with continuum lubrication, the integrand behaves as
O[(r 2 2)21], causing the integral to diverge and consequently
leading to the vanishing of E12. This reiterates our earlier point:
In the absence of any attractive force such as van der Waals in-
teractions, collisions do not occur under continuum lubrication
theory. In contrast, when noncontinuum effects are taken into
account, the integrand exhibits an integrable singularity. For
small Knudsen numbers, the asymptotic form of the colli-
sion efficiency scales as Knq1 /[log(1/Kn)]q2 , where q1 and q2
are the positive constants that depend on the size ratio (see
Dhanasekaran et al. 2021a).

3. Numerical method

Since the relative velocity between the droplets is indepen-
dent of the azimuthal coordinate f, we can restrict our analysis
to a representative r sinu–r cosu plane. To find the relative tra-
jectories of the droplets, we integrate the following dimension-
less trajectory equation:

du
dr

5
yu
ry r

: (16)

This equation describes the relative trajectory of a pair of
droplets, influenced by the combined effects of gravity, hydro-
dynamic interactions, electric field–induced forces, and van
der Waals forces. Depending on the computational require-
ments, we sometimes solve for r(u) from the rearranged form
dr/du 5 (ry r)/yu instead of solving for u(r) from Eq. (16).

Colliding trajectories refer to the paths traced by the cen-
ters of evolving satellite droplets that start far upstream and
ultimately reach the collision surface. In the far field, these
colliding trajectories define the upstream interception area.
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The computational cost of determining these colliding trajec-
tories can become prohibitively expensive if we choose initial
conditions on a plane located far upstream and perpendicular
to gravity, as most trajectories starting from that plane would
never reach the collision sphere. To mitigate this computational
challenge, we exploit the quasi-steady nature of the relative tra-
jectory equation. We employ backward integrations of the rela-
tive trajectory equation using a fourth-order Runge–Kutta
method, with initial conditions set on the collision sphere
(r 5 2). However, at exactly r 5 2, y r 5 0, as the hydrody-
namic mobilities L and G are both zero at r 5 2. To avoid this
issue, we set our initial conditions on a sphere with a radius of
2 1 d, where d is a small separation from the collision surface.
We will show converged results with reasonable computa-
tional effort when d 5 1026. As stated in Eq. (10), the radial
relative velocity must be inward at the collision sphere for a
colliding trajectory. Consequently, we further optimize our
computational approach by selecting only those points on the
collision sphere where y r , 0.

After computing colliding trajectories, we identify the limit-
ing colliding trajectories as those exhibiting maximum horizon-
tal shifts from the gravitational axis in the far field. This leads
to the determination of the critical impact parameters yc6. We
then use yc6 values to calculate the collision efficiency from
Eq. (14). This numerical methodology allows us to compute
the collision efficiency over a range of values for k, Kn, h, NE,
and Ny.

4. Results and discussion

To systematically investigate the effects of an external electric
field on the relative trajectories and collision efficiency of drop-
lets, we begin our analysis by considering a scenario in which
the droplets interact exclusively through hydrodynamic forces
and those induced by the electric field (i.e., with a finite NE),
while neglecting van der Waals interactions (i.e., setting
Ny 5 0). We subsequently extend our analysis to include van
der Waals forces. Figure 3 illustrates typical limiting colliding
trajectories for weak (NE ,, 1) and strong (NE .. 1) electric
fields, under conditions where Kn 5 1022, k 5 0.9, and h 5 0.
As expected, when NE is small, the trajectories closely resem-
ble those observed in pure gravitational sedimentation, with
the limiting colliding trajectories reaching the collision sphere
at u 5 p/2 (see Dhanasekaran et al. 2021b). The open and col-
liding trajectories shown in the background represent a typical
trajectory map driven solely by differential sedimentation.

In contrast, at large values of NE, the attractive force induced
by the electric field facilitates surface-to-surface contact between
droplets, even when the initial horizontal separation between
their centers is significantly greater than in cases with weaker
electric fields. Furthermore, the forces and torques imposed by
the strong electric field cause the relative trajectories to bend
sharply before reaching the collision surface. Since gravity domi-
nates the relative motion at large separations, far-field trajecto-
ries remain nearly indistinguishable from the open trajectories
(represented by the blue line in Fig. 3) that would occur in the
absence of an electric field. However, when the electric field en-
tirely governs the dynamics, the relative trajectories originate

and terminate on the collision sphere, forming what we call loop
trajectories. These loop trajectories are comprehensively analyzed
in Thiruvenkadam et al. (2023). A set of these loop trajectories,
shown as light black lines in Fig. 3, represents cases where a verti-
cal electric field solely dictates the relative motion of the droplets.
In the near field, electric field–induced forces and torques domi-
nate the interactions, leading to the merging of the limiting collid-
ing trajectory with a loop trajectory before reaching the collision
surface. We identify a characteristic radial location, denoted as rc,
where the effects of gravity and the electric field become compa-
rable, resulting in a sharp bend in the trajectory. Later in this sec-
tion, we will use the scaling of rc with NE to predict the scaling
behavior of collision efficiency in the strong-field regime.

A detailed examination of how relative trajectory topologies
evolve with increasing electric field strength is essential for ac-
curately characterizing the collision dynamics. Figures 4–6
illustrate the representative pair trajectories for three different
electric field orientations: h 5 0, h 5 p/4, and h 5 p/2,

FIG. 3. Typical limiting colliding trajectories (continuous red
lines) for weak (NE ,, 1) and strong (NE .. 1) electric field. The
blue and green lines indicate the open and loop trajectories due to
differential sedimentation and a vertical electric field only. A com-
plete map of trajectories for gravity alone (open and colliding) and
a vertical electric field alone (loop trajectories) are provided in the
background for reference. Here, rc indicates the separation dis-
tance where the effects of gravity and the electric field–induced
forces are comparable. The sphere at the center represents the test
droplet, and the thin black circle represents the projection of the
collision sphere. Representative arrows on the trajectories indicate
their directions.
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respectively, while keeping all other parameters constant. Spe-
cifically, we set k 5 0.5, Kn 5 1022, and Ny 5 0 and examine
the relative trajectories for four different electric field strengths:
NE 5 1021, NE 5 1, NE 5 10, and NE 5 102, shown in panels
a–d, respectively.

For small NE, the relative trajectories resemble those ob-
served in the absence of an electric field, consisting solely of

open and colliding trajectories. However, as NE increases, loop
trajectories}characteristic of motion governed primarily by
the electric field}begin to emerge. The locations on the colli-
sion surface where these loop trajectories originate depend on
the angle h between gravity and the electric field. We find that
loop trajectories initiate at u 5 h 1 (p/2) and u 5 h 1 (3p/2)
and terminate at different locations on the collision sphere.

FIG. 4. Pair trajectories of two differentially sedimenting droplets with a vertical electric field (h 5 0) for noncontinuum hydrodynamic
interactions (Kn5 1022) when k 5 0.5,Ny 5 0, and (a) NE 5 1021, (b) NE 5 1, (c) NE 5 10, and (d) NE 5 102. The blue, green, red, and
thick black lines are open, loop, colliding, and limiting colliding trajectories. Pink lines are a separate class of trajectory that starts from
two specific locations on the collision surface and goes to infinity.

FIG. 5. As in Fig. 4, except h 5 p/4.
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These starting locations act as unstable fixed points in the sys-
tem, but not all trajectories originating from these points form
loops. Interestingly, some trajectories (shown in pink) diverge
to infinity instead, and the volume occupied by these trajecto-
ries increases with increasing NE.

As NE grows asymptotically large, all colliding trajectories
converge toward impact locations centered around u 5 h and
u 5 h 1 p. The limiting colliding trajectories serve as separa-
trices, depicted as thick black lines in Figs. 4–6. These separatri-
ces distinguish open trajectories from colliding trajectories for
small to moderate NE. However, at larger NE, they instead de-
lineate colliding trajectories from open trajectories in the far
field and from loop trajectories in the near field. Though not ex-
plicitly shown in the figures, for sufficiently large NE, the limit-
ing colliding trajectories and outermost pink trajectories
intersect at points of maximum curvature for both curves. These
intersections correspond to saddle points in the system, whose
positions are strongly influenced by h.

Despite this dependence on h, the critical impact parameters
consistently increase with increasing electric field strength. Addi-
tionally, the trajectories exhibit asymmetry about the gravity
axis, except in cases where the electric field is oriented either
purely vertically or horizontally. Importantly, the fundamental
trajectory topology for strong electric fields remains unchanged
even when droplets interact through pure continuum hydrody-
namics. This is because the electric field–induced forces can
overcome continuum lubrication resistance, allowing droplets to
make surface-to-surface contact within a finite time.

We now investigate the effect of the electric field on collision ef-
ficiency, which we can determine from the trajectory analysis pre-
sented previously. The rest of this section will explore how collision
efficiency varies with the different parameters involved in the prob-
lem. Figure 7a illustrates the variation of collision efficiency with
the relative strength of electric field–induced force and gravity (NE)
for k 5 0.5, Kn5 1022, and Ny 5 0 when the angles between the
electric field and gravity are h 5 0, p/6, p/4, p/3, and p/2. In the

FIG. 6. As in Fig. 4, except h 5 p/2.

FIG. 7. (a) Collision efficiency as a function of relative strength of electric field–induced forces and gravity NE for
different angles between the electric field and gravity h when k 5 0.5, Kn 5 1022, and Ny 5 0. (b) Collision efficien-
cies scaled with their values for h 5 0 as a function of h for NE 5 1022, 102 when k 5 0.8, Kn5 1022, and Ny 5 0.
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gravity-dominated regime (i.e., NE ,, 1), all the curves tend
to merge since the noncontinuum lubrication interactions
drive the collision mechanisms across all cases in a similar
way for a given k and Kn. The collision efficiency increases
monotonically with the increase in the electric field-induced
force, and E12 grows according to a power law for large NE. We
find that the collision efficiency is higher for a higher h. To ex-
plicitly show the dependency of collision efficiency on h, we plot
collision efficiency scaled by its value for h 5 0 as a function of
h for weak (NE 5 1022) and strong (NE 5 102) electric fields
when k 5 0.8, Kn 5 1022, and Ny 5 0 (see Fig. 7b). In both
cases, the scaled collision efficiency increases as h increases
from 0 to p/2. However, there is a subtle difference in how they
increase with h. For a high NE value (i.e., NE 5 102), the colli-
sion efficiency remains almost constant up to a certain value of
h and then increases monotonically with increasing h. This be-
havior has a correlation with the corresponding pair trajectory
map in terms of the locations of the saddle points. We observe
that both the saddle points lie above or below the r sinu 5 0 line
for h values below or above this certain value. On the other
hand, for a small value of NE (i.e., NE 5 1022), the collision effi-
ciency increases monotonically as h increases, and this behavior
corresponds to a small perturbation effect due to a weak electric
field on the collision efficiency of two sedimenting droplets with
noncontinuum lubrication interactions. In the appendix, we de-
rive the analytical expression for the collision efficiency up to
O(NE) using a regular perturbation expansion. Figure 8a illus-
trates the validity of the asymptotic calculation in the small NE

limit for a vertical electric field when k 5 0.9, Kn 5 1022, and
Ny 5 0. On the other hand, to predict the power-law behavior
for large NE, we present the following scaling argument. The
first and second terms in the radial relative velocity equation (5)
are comparable at rc, which typically happens to be a large sepa-
ration. Now, L, G " 1 and F1, F2 " 1/r4 in the far field. Thus,
from Eq. (5), we have rc ;N1/4

E and E12 ; r2c ;N1/2
E . This scal-

ing relation is valid irrespective of the value of h. Figure 7a,
where lines are parallel for large NE, confirms this argument.
We fit the data for large NE shown in the inset of Fig. 8a, which
confirms our scaling argument. In the presence of strong elec-
tric fields, electrostatic forces become the dominant driver of

collisions such that the overall scaling of collision efficiency
remains unaffected across modeling choices, such as the inclu-
sion of full continuum hydrodynamics and van der Waals in-
teractions (see Fig. 8b). The continuous blue line in Fig. 8b
represents the collision efficiency when the droplet pair inter-
acts via full continuum hydrodynamics. In this case, E12 de-
creases rapidly with decreasing NE, and theoretically, it will
approach zero for NE " 0. However, in the presence of van
der Waals force, the collision efficiency asymptotically ap-
proaches a finite value as NE " 0, even when droplets interact
via continuum hydrodynamics (the dash–dotted blue line in
Fig. 8b). This behavior arises because van der Waals forces
drive the collision dynamics in the gravity-dominated regime when
droplets interact through full continuum hydrodynamics. As ex-
pected, for small to moderate values of NE, the collision efficiency
due to noncontinuum hydrodynamics plus van der Waals inter-
actions (the dash–dotted red line in Fig. 8b) becomes higher
than that due to noncontinuum hydrodynamics alone.

We will now demonstrate how variations in the strength
of noncontinuum lubrication effects modify collision dynamics.
Figure 9a shows the collision efficiency as a function of Knudsen
number for values of NE 5 1021 and 1, under the conditions
where k 5 0.5, NL 5 250, Ny 5 1022, and h 5 0. We compare
these findings with those of Dhanasekaran et al. (2021b), who
calculated the collision efficiency of two sedimenting drop-
lets by considering noncontinuum hydrodynamics, including
both scenarios with and without van der Waals forces. The black
line in Fig. 9a represents the collision efficiency resulting solely
from noncontinuum effects, as computed by Dhanasekaran et al.
(2021b) through the evaluation of the integral in Eq. (15) for
various values of Kn. As Kn decreases, the relative thickness of
the noncontinuum lubrication layer also decreases, causing the
collision efficiency attributed to noncontinuum lubrication
effects alone to decrease monotonically, approaching zero
in the limit as Kn approaches zero. The collision efficiency
due to the combined effects of noncontinuum hydrodynamics
and van der Waals forces also exhibits a decrease with dimin-
ishing Kn (illustrated by the pink line in Fig. 9a). However, in
this case, E12 asymptotically approaches a finite value as Kn
approaches zero because the van der Waals attraction forces

FIG. 8. (a) Collision efficiency as a function of NE with asymptotics for small and large NE limits when k 5 0.9,
Kn 5 1022, Ny 5 0, and h 5 0. The black dashed lines indicate the asymptotics. The inset shows the behavior of
rc for NE .. 1. (b) Variation in collision efficiency with NE for different collision-inducing mechanisms. All parame-
ters are the same as in (a) except for the cases with the van der Waals force where NL 5 500 and Ny 5 1023.
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dominate the asymptotic behavior for small Kn, while the non-
continuum effects become negligible. As expected, including
electric field–induced forces, alongside noncontinuum and van
der Waals interactions, increases the collision efficiencies com-
pared to cases without an external electric field. When the elec-
tric field strength is relatively weak (e.g., NE 5 1021), the
dependence of E12 on Kn closely resembles the behavior of colli-
sion efficiency driven by the combined effects of noncontinuum
hydrodynamics and van derWaals forces. However, under strong
electric field strength conditions, the electric field–induced forces
dominate over the combined effects of noncontinuum lubrication
interactions and van derWaals forces, rendering the collision effi-
ciency independent of Kn. Consequently, the Kn versus E12

curve, represented by the red line (NE 5 1) in Fig. 9a, becomes a
straight line parallel to the Kn axis.

To investigate the behavior of collision efficiency under vary-
ing strengths of the van der Waals force, we plot E12 for Ny

ranging from 1027 (indicating a weak van der Waals force) to
1021 (indicating a strong van der Waals force) (see Fig. 9b). The
parameter values used in this analysis are k 5 0.9, Kn 5 1021,
NL 5 500, and NE 5 0, 1022, 1021, 1. In this figure, we also
compare the results to their continuum counterparts. As antic-
ipated, the collision efficiency E12 decreases with the diminish-
ing strength of the van der Waals force. This decrease in E12

becomes particularly significant when droplets interact via con-
tinuum hydrodynamics and the electric field strength is zero
(NE 5 0) or low (NE 5 1022). However, when we consider non-
continuum lubrication interactions, E12 decreases at a relatively
slow rate and asymptotically approaches values corresponding
to collision efficiency due to noncontinuum effects alone at
NE 5 0 and the combined influence of noncontinuum effects
and electric field–induced forces at NE 5 1022 and 1021. Inter-
estingly, when the imposed electric field strength is high (for in-
stance, at NE 5 1), the collision efficiency becomes independent
of the van der Waals force, as the electric field–induced forces
dominate all other factors contributing to a finite collision rate.

To examine how size differences between cloud droplets influ-
ence their dynamics under the combined effects of noncontinuum

hydrodynamics, van der Waals forces, and electric field–induced
forces, we plot the collision efficiency as a function of NE for
k 5 0.3, 0.6, 0.9 and h 5 0, p/2 with Kn 5 1022, NL 5 500, and
Ny 5 1023 (see Fig. 10). The collision efficiency trends for each
size ratio are consistent with those discussed earlier. In the grav-
ity-dominated regime, collision efficiency decreases as k decreases
because the smaller droplet tends to follow the flow streamlines
and move around the larger droplet. As a result, collisions occur
only if the smaller droplet follows a streamline very close to the
larger one. Additionally, as the size ratio decreases, electric field–
induced forces weaken, further reducing the collision efficiency
across all values ofNE.

Our discussion thus far has focused on how collision effi-
ciency varies with different nondimensional quantities relevant
to the problem. Now, we will present some results consider-
ing the property values of water droplets under typical cloud
conditions when the radius of the larger droplet a1 5 10 mm.
Typical values for droplet density rp, air density rf, the dy-
namic viscosity of air mf, and electric field strength E0 are
provided in section 1. The mean free path of air increases
with altitude, and for warm cumulus clouds, l0 ; 0.1 mm
(see Wallace and Hobbs 2006). Consequently, we express
the Knudsen number as a function of size ratio as
Kn 5 0.02/(11 k). For water droplets in air, the Hamaker cons-
tant is AH ’ 3.73 10220 J (see Friedlander 2000). Therefore, we
express the parameters NL and Ny in terms of k as follows:
NL 5 6.283 102 (11 k) andNy 5 1.773 1024/[k(12 k2)]. The
parameter NE defined above does not depend on the size ratio,
and it varies with the strength of the electric field according to
the relation NE 5 2:663 10210E2

0. For a given k and E0, we de-
termine the required dimensionless parameters (Kn, NL, Ny, and
NE) from these relations and then calculate the collision effi-
ciency. Figure 11 shows how collision efficiency increases as the
strength of the vertical or horizontal electric field increases when
a2 5 3 mm (i.e., k 5 0.3 indicating droplets with significantly dif-
ferent in size) and a2 5 9 mm (i.e., k 5 0.9 indicating droplets
with almost equal in size). For electric field strengths E0 up to a
few thousand volts per meter, E12 increases very slowly,

FIG. 9. (a) Collision efficiency as a function of Kn for noncontinuum hydrodynamics alone (continuous black line),
noncontinuum hydrodynamics plus van der Waals forces (continuous pink line), and noncontinuum hydrodynamics
plus van der Waals forces and electric field–induced forces with NE 5 1021 and 1.0 when k 5 0.5, NL 5 250,
Ny 5 1022, and h 5 0. (b) Collision efficiency as a function of Ny for continuum (blue lines) and noncontinuum
(Kn 5 1021; red lines) lubrication interactions when k 5 0.9, NL 5 500, h 5 0, and NE 5 0, 1022, 1021, 1.0.
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suggesting that the contribution of the fair-weather electric field
in droplet–droplet collisions is insignificant. The dashed lines in
Fig. 11 represent the results calculated from the analytical ex-
pression [Eq. (A12)] for the weak electric fields. These results
also demonstrate that the asymptotic expression accurately
predicts the collision efficiency influenced by the fair-weather
atmospheric electric field. The enhancement in collision effi-
ciency becomes rapid when the electric field strengths exceed
104 V m21, typical in strongly electrified clouds. More pre-
cisely, for strong electric fields, E12 ;N1/2

E ; E0 since NE

varies with the square of the strength of the electric field.
Finally, we estimate how collision efficiency varies with the

size ratio k of cloud droplets in the presence of vertical and hori-
zontal electric fields with strengths of 53 104 and 33 105 Vm21,
along with the influence of van der Waals forces (see Fig. 12). In
this analysis, we keep a1 5 10 mm, making the relation
NE 5 2:663 10210E2

0 and the relations of Kn,NL, andNy with k

mentioned above remain applicable. We find that collision effi-
ciency increases with the size ratio as the electric field-induced
forces become stronger with a higher size ratio. Notably, for a
specific pair of droplets, the collision efficiency increases by an

order of magnitude when the electric field strength increases
from 53 104 to 33 105 V m21. Our findings also suggest that a
horizontal electric field is more effective than a vertical one in
promoting collisions between droplets. As discussed in section 1,
gravity-induced collisions due to continuum and noncontin-
uum hydrodynamics, as well as van der Waals forces, have
received comprehensive treatment in the existing literature
(refer to Davis 1984; Dhanasekaran et al. 2021b). The com-
parison of these results}represented by the three bottom
lines in Fig. 12}with our current findings demonstrates
that an external electric field consistently enhances colli-
sion efficiency.

5. Summary and conclusions

We have quantified the influence of an external electric field
on the collision rate of uncharged cloud droplets settling under
gravity in a quiescent atmosphere. Our study builds upon recent
analytical formulations for electric field–induced forces at close
separations, demonstrating that these forces can overcome lubri-
cation resistance and enable surface-to-surface contact within a

FIG. 10. Collision efficiency as a function of NE for Kn 5 1022, NL 5 500, and Ny 5 1023 when
k 5 0.3, 0.6, and 0.9, and h 5 0, p/2.

FIG. 11. Collision efficiency as a function of strength of the external electric field for a pair of water droplets in air
with a1 5 10 mm and a2 5 3, 9 mm when van der Waals forces are absent, and the electric field acts in the (a) vertical
direction and (b) horizontal direction. Dashed lines are from the asymptotic expression of collision efficiency for the
weak electric field.

J OURNAL OF THE ATMOS PHER I C S C I ENCE S VOLUME 822368

Brought to you by OAK RIDGE NATL LAB | Unauthenticated | Downloaded 10/08/25 04:42 PM UTC



finite time. Additionally, we incorporated noncontinuum hydro-
dynamic effects, which are essential for accurately modeling
cloud droplet collisions.

The pair trajectory maps presented in Figs. 4–6 illustrate how
electric field–induced forces modify pair trajectories that would
exist in purely gravity-driven interactions. We found that
collisions occur even when droplets interact via continuum
hydrodynamics. In section 4, we have presented how the colli-
sion efficiency varies with droplet size ratio (k), the Knudsen
number (Kn), the angle between electric field and gravity axis
(h), the relative strength of electric field–induced forces and
gravity (NE), and the relative strength of van der Waals force
and gravity (Ny). Our findings quantitatively demonstrated how
increasing these parameters leads to enhanced collision effi-
ciency. However, strong electric fields always dominate the dy-
namics and significantly enhance collision efficiency.

While our analysis provides new insights, it does not account
for the effects of droplet inertia, which can significantly influence
the collision rate for larger droplet pairs. Moreover, cloud drop-
lets often carry surface charges, making it necessary to consider
both external electric field effects and direct electrostatic interac-
tions between charged droplets. Our recent study (Patra et al.
2023) on like-charged settling droplets (neglecting inertia) has
shown a nonmonotonic relationship between surface charge
and collision efficiency: an initial increase due to near-field at-
traction, followed by a sharp decrease due to far-field repulsion.
A natural extension of our work would be to incorporate exact
hydrodynamic and electrostatic forces into the collision rate
calculations for sedimenting inertial droplets, which may re-
veal further complexities in droplet interactions.

Another crucial factor not addressed in this study is atmo-
spheric turbulence, which plays a key role in the growth of cloud
droplets and the initiation of rainfall (Shaw 2003). In the size-gap

regime, turbulence enhances collision rates through (i) increased
radial relative velocities between droplet pairs (Saffman and
Turner 1956; Falkovich and Pumir 2007) and (ii) preferential
concentration of inertial droplets in straining regions of the flow
(Sundaram and Collins 1997; Chun et al. 2005). Additionally, the
velocity perturbations induced by droplet motion further influ-
ence collision rates under realistic conditions (Pinsky et al. 2007).
Recent direct numerical simulations coupled with Lagrangian
particle tracking (Chen et al. 2018; Michel et al. 2023) have dem-
onstrated that turbulence and droplet aerodynamic interactions
significantly broaden the droplet size distribution. A recent study
by Patra et al. (2025) on droplets in a background linear flow
with an electric field reported the results consistent with the pre-
sent study’s findings for pure gravitational settling}showing that
electric fields can significantly enhance droplet collisions. How-
ever, there are currently no theoretical predictions for collision
efficiencies of inertial droplets under the combined effects of tur-
bulence, gravity, and an external electric field. Future studies
should aim to incorporate these factors into collision rate calcula-
tions, including a rigorous treatment of short-range electric field–
induced forces.

Our discussion has focused exclusively on warm clouds,
where droplet collisions govern the formation of raindrops.
However, mixed-phase clouds contain both supercooled drop-
lets and ice crystals, and their interactions play a fundamental role
in precipitation formation. For instance, snow aggregates form
through collisions between ice crystals, while graupel growth oc-
curs via rimming}when settling ice crystals collide with super-
cooled droplets under turbulent conditions (Pruppacher and Klett
1997; Wang 2013). While spherical droplet collisions are well un-
derstood, ice crystal collisions remain less explored due to their
anisotropic shapes and variable settling orientations. Recent stud-
ies (Jucha et al. 2018; Sheikh et al. 2022) have examined turbu-
lence and gravitational effects on ice crystal collisions, while

FIG. 12. Collision efficiency as a function of size ratio for water droplets in air with a1 5 10 mm,
vertical (h 5 0) and horizontal (h 5 p/2) electric field strengths E0 5 5 3 104, 3 3 105 V m21

when noncontinuum effects, van der Waals interactions, and electric field–induced forces act to-
gether. We included the results from previous studies (see Davis 1984; Dhanasekaran et al.
2021b) that predicted collision efficiencies without an external electric field to compare our
findings.
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others have explored collisions between ice crystals and super-
cooled droplets (Naso et al. 2018; Jost et al. 2019; Sheikh et al.
2024). However, these studies rely on the ghost collision ap-
proximation, which neglects hydrodynamic and electrostatic
interactions between colliding hydrometeors. Given that elec-
trostatic forces can become significant at close distances, they
may substantially influence ice crystal collision outcomes. Recent
work by Joshi and Roy (2025) has quantified electrostatic forces
and torques between charged anisotropic particles, showing that
electrostatic torques can induce preferential alignment of ice
crystals, thereby affecting their interactions. Future research
should incorporate these electrostatic effects into collision rate
calculations, considering both translational and rotational dy-
namics to achieve a more comprehensive understanding of hy-
drometeor interactions due to electric effects.
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APPENDIX

Analytical Expression for the Collision Efficiency when
NE << 1 and Ny 5 0

We can analytically determine the relative trajectories when
the applied electric field is weak. Let us assume that the solu-
tion for u(r) takes the form u(r)5 u0(r)1NEu1(r)1O(N2

E),
where u0 and u1 represent the solutions at O(1) and O(NE), re-
spectively. In the absence of the van der Waals force (Ny 5 0),
the relative trajectory equations at O(1) and O(NE), derived
from Eq. (16), are as follows:

du0
dr

52
M
rL

tanu0, (A1)

and

du1
dr

1
M sec2u0

rL
u1 5 Q(r), (A2)

where

Q(r) 5 GM sinu0
rL2 cos2u0

Ck[F1 cos
2(u0 2 h) 1 F2 sin

2(u0 2 h)]

1
H secu0

rL
CkF8 sin2(h 2 u0): (A3)

Here, Ck 5 k/(1 2 k). We need to find the dimensionless
critical impact parameter to calculate the collision effi-
ciency by determining the limiting colliding trajectory. To
find the limiting colliding trajectory, we set y r 5 0 and then
obtain the boundary conditions for Eqs. (A1) and (A2).
Thus, the boundary conditions for the O(1) and O(NE) tra-
jectory equations are as follows:

u0(r 5 2) 5 p

2
, (A4)

and

u1 5
GCk{F1 cos

2[u0(r) 2 h] 1 F2 sin
2[u0(r) 2 h]}

L sinu0(r)

∣∣∣∣∣
r52

5 B(let's say):
(A5)

The solutions for u0(r) and u1(r) are

u0(r) 5 sin21 exp
� r

2
2

M(r′)
r′L(r′)dr

′
[ ]{ }

, (A6)

u1(r) 5 exp 2

� r

2

M(r′) sec2u0(r′)
r′L(r′) dr′

[ ]
B 1

� r

2
Q(r′) exp

� r′

2

M(r′′) sec2u0(r′′)
r′′L(r′′) dr′′

[ ]
dr′

{ }
: (A7)

For a weak electric field, the upstream interception area is
approximately a circle, and thus, yc1 ’yc2 5yc. The dimen-
sionless critical impact parameter can be written as

yc 5 lim
r"‘

r sinu 5 lim
r"‘

r sin[u0(r) 1 NEu1(r)] 1 O(N2
E)

5 yc0 1 NEyc1 1 O(N2
E): (A8)

In Eq. (A8), yc0 and yc1 can be expressed as

yc0 5 lim
r"‘

r sinu0 5 2 exp 2

�‘

2

M 2 L
rL

dr
( )

, (A9)

yc1 5 lim
r"‘

(r cosu0)u1 5 yc0 exp 2
�‘

2

M
rL

dr
( )

2 1

[ ]1/2
lim
r"‘

u1(r):

(A10)

The expression for the collision efficiency in terms of yc0 and
yc1 becomes

E12 5
1
4
y2c 5

1
4
(y2c0 1 2NEyc0yc1) 1 O(N2

E): (A11)

Thus, the final expression for the collision efficiency up to
O(NE) becomes
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E12 5 exp 22
�‘

2

M 2 L
rL

dr
( )

1 1 2NE exp 2
�‘

2

M
rL

dr
( )

2 1

[ ]1/2
lim
r"‘

u1(r)
⎧⎪⎪⎪⎨⎪⎪⎪⎩ ⎫⎪⎪⎪⎬⎪⎪⎪⎭

1 O(N2
E): (A12)
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