MA 1101

Functions of Several Variables

Multiple Integrals



Solids of revolution

The solid obtained by rotating a plane region about a straight line in
the same plane is called a . The line is called the

Suppose the region is bounded above by the curve y = f(x) and below
by the x-axis, where a < x < b.
To find the volume of the solid, divide the interval [a, b] into n equal
parts:

a=x)<x1 <+ <Xp-1 <X,=b.



Volume of revolution
On the ith subinterval, the slice of the solid is a portion of a cylinder
whose cross section with a plane vertical to its axis is a circle.
So, an approximation of the slice is 7 [f(xf)]z(x,' — x;—1) for a point
x} € [xi-1,xi].
Then the volume of the solid of revolution is approximated by the sum

n

D rIFEDT? (i = xic).

i=1
The volume of the solid of revolution is the limit of this sum where
n — 0o,

Also, the cross sectional area for x € [a, b] is A(x) = 7(f(x))>.
Assuming that A(x) is a continuous function of x, the volume is

b b
V=/ A(x)dxz/ 7[f(x)]? dx.

a

If the axis of revolution is a straight line other than the x-axis, similar
formulas can be obtained for the volume.



Examples

: The region between the curve y = Vx, 0 < x < 4 and the
x-axis is revolved around x-axis. Find the volume of the solid of
revolution.

As shown in the above figure, the required volume is

4 4 x2 4
2
V=/ 7(Vx) dx=/ nxdx=ﬂ[—] = 8.
0 0 2 lo

: Find the volume of the sphere X2+ y2 +722=d% a>0.

Think of the sphere as the solid of revolution of the region bounded by
the upper semi-circle x*> + y* = a®, y > 0. Here, —a < x < a.
The curve is thus y = Va? — x2. Then the volume of the sphere is

X3

:/ Jr(\/az—xz)zdx—/ m(a®=x?) dx = ﬂ[azx——]a :A—Lﬂa3.

31« 3



Example 3

Find the volume of the solid obtained by revolving the region bounded
by y = v/x and the lines y = 1, x = 4 about the line y = 1.

R(x) = Vx -1

0

The required volume is

4 4 4
V:‘/1 7T[R(x)]2dx:/1 ﬂ(\/)_c—l)zdx:/ n(x—2x/§+1)dx:7£.

1



Example 4

Find the volume of the solid generated by revolving the region
between the y-axis and the curve xy = 2, 1 <y < 4, about the y-axis.

The volume is

4 4 4
V:/ 7r[R(y)]2dy:71/ — dy =3m.
1 1y



Example 5

Find the volume of the solid generated by revolving the region
between the parabola x = y? + 1 and the line x = 3 about the line x = 3.
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Notice that the cross sections are perpendicular to the axis of
revolution: x = 3.

The volume is

V2 V2
472
V=/ ﬂ[R(y)]zdy=/ 7[2 - Py = 2 2
V2 V2 15




With holes

If the region which revolves does not border the axis of revolution,
then there are in the solid.

Nw: I | 0
7\ ==
0 Jﬁj ¥ = R(x) =k
NS & -~
b ”

In this case, we subtract the volume of the hole to obtain the volume
of the solid of revolution.
The volume of the the solid of revolution is

(x, R(x))

Washer

b b
v:/ A(x)dx=/ n[(R(x))? = (r(x))?] dx.



Example 6
The region bounded by the curve y = x> + 1 and the line x + y = 3 is

revolved about the x-axis to generate a solid. Find the volume of the
solid.

R(x)==-x+3

,

rix)

The outer radius is R(x) = —x + 3.

The inner radius is r(x) = x> + 1.

The limits of integration are obtained by
finding the points of intersection of the
given curves:

P+l=—x+3=>x=-2, 1.



Example 7

Find the volume of the solid obtained by revolving the region bounded
by the curves y = x* and y = 2x, about the y-axis.
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The given curves intersect at y = 0 and y = 4. The required volume is

_ 8m

4
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Example 8

Find the volume of the solid generated by revolving about the x-axis
the region bounded by the curve y = 4/(x> + 4) and the lines
x=0,x=2,y=0.
16

——dx.
d (x2+4)2 *
Substitute x = 2 tant. dx = 2sec’ tdt, (x> +4)*> = 16sec* ¢t for
0<t<m/4. So,

/4 2 Zt /4 1
V=/ 167 See dt=/ 27rcosztdt=7r(z+—).
0 16sect 0 4 2

2
The volume is V = /
0




Example 9

In the figure is shown a solid with
a circular base of radius 1. Parallel
cross sections perpendicular to the
base are equilateral triangles. Find
the volume of the solid.

Take the base of the solid as the disk
2+ y2 < 1. The solid, its base, and
atypical triangle at a distance x from
the origin are:




Example 9 Contd.

The point B lies on the circle y = V1 — x2.
The length of AB is 2V1 — x2.
The triangle is equilateral with height V3V1 — x2.

The cross sectional area is

A(x) = %2\/1 —2 V3V -2 =V3(1 -2,

Thus, the volume of the solid is

1 1 4
— — — 2 e
V—[lA(x)dx—‘[l\/g(l x°) dx i



Example 10

A wedge is cut out of a circular cylinder of radius 4 by two planes.
One plane is perpendicular to the axis of the cylinder. The other
intersects the first at an angle of 30° along a diameter of the cylinder.
Find the volume of the wedge.

Place the x-axis along the diameter where
the planes meet.
The base of the solid is the semicircle:
=V16-x2, -4 <x<4.
A cross-section perpendicular to x-axis at
" adistance x from the origin is the triangle
ABC. The base and height of ABC are:

Base: y = V16 — x2; Height: |BC| = ytan30° = V16 — x2//3.

Cross sectional area A(x) = l V16 — x2 13;2 = 1;_/{2-

Volume of the wedge V = f4A(x) dx = f4 16— x2 dx = 1\2;




Cylindrical Shell Method

Let S be a solid obtained by revolving about the y-axis the region
bounded by y = f(x) and the lines y =0, x = a, x = b, where
f(x) >0,0<a<b.

Approximate the volume of the solid by slicing into cylindrical shells.
When the width of the cylindrical shells approach zero, as in the
Riemann sums, we would obtain the volume as a limit.




Using the Idea
The volume of each cylindrical shell is

V=V, -V =arsh—nrth = 2nrhAr

where r = (r; +12)/2 and Ar = ry — ry.

So, for the volume of the solid, divide the interval [a, b] into n
subintervals [x;_1,x;] of equal width Ax and take X; as the mid-point of
the subinterval.

If the rectangle with base [x;_1, x;] and height f(X;) is revolved about
the y-axis, the result is a cylindrical shell with average radius Xx;,
height f(x;) and thickness Ax.

Thus the volume of the shell is V; = (27%;) f (x;) Ax. Therefore, the
approximation to the volume V is given by

an Vi= Zn:(zm_fi)f()_ci) Ax.
-1 =1



Axis of revolution

By taking n approach co, we get the required volume as

n

b
V = lim V= / 2nxf (x) dx.
n—oo
i=1 a
Instead of taking the axis of revolution as the y-axis, we may take the
vertical line x = £. In that case, the shell radius will be x — ¢ instead of

x = x — 0. Therefore, we have the following:

The volume V of the solid generated by revolving the region
between the x-axis and the graph of a continuous function

y =f(x) with f(x) > 0and £ < a < x < b, about a vertical
line x = ¢ is given by

V= ["2r(x - O)f (1) dx = [ 2x(shell radius) (shell height) dx.



Example 11

Find the volume of the solid generated by revolving the region
bounded by the parabola y = 3x — x> and the x-axis,
about the line x = —1.

y=3r—x
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The parabola intersects the x-axis atx = 0 and x = 3

The required volume is

3 ) 3 457
V=/ 2rn(x+1)(3x — x)dx—Zn/ (2x% +3x — x)dx—T
0



Example 12
The region bounded by the x-axis, the line x = 4, and the curve y = Vx
is revolved about the x-axis. Find the volume of the solid of
revolution.

Shell height

4 — _nl
Shell height

payl “4.2)

¥ Shell radius

Interval of

T
UG radius
(1] ‘ 4 o/

Here, the shell thickness variable is y.

The limits of integration are y = 0 and y = 2.

The shell radius is y and the shell height is 4 — 2.
Thus the volume of the solid of revolution is

2 y+2
V:/ 27ry(4—y2)dy:2ﬂ[22——] = 8.
0 4 lo



Volume of general solids

Let f(x,y) be defined on the rectangle R: a <x<b, c <y <d.
For simplicity, take f(x,y) > 0. The graph of f is the surface

z =f(x,y). We approximate the volume of the solid

St {(x,y,2) : (x,y) €R, 0 <z < f(x,y)} by partitioning R and then
adding up the volumes of the solid rods:

So, consider a partition of Ras P : Rj = [x;_1,x;] X [yj-1, ;] for
1<i<m,1<j<n,a=xy,b=xyc=yyd=y,.

Denote by ||P|| = max{area of R;;}, the norm of P.

Denote by A(R;;) the area of such a rectangle R;;.

Choose sample points (x7, y]’.‘ ) € R;;. An approximation to the volume
of §is the Riemann sum S,,, = 27", Zj'.lzlf(x;‘,y;)A(R,-j).



Continuous Functions on a Rectangle

If limit of S,,, exists as ||P|| — O, then this limit is called the double
integral of f(x,y). It is denoted by ffR f(x,y)dA. Whenever the
integral exists, it is also enough to consider uniform partitions, that is,
Xi—xi-1=(b—-a)/m=Axand y; —yj_1 = (d — c¢)/n = Ay. In this
case, we write A(R;;) = AA = AxAy. Then

n
/ fly)dA = lim Sy, = lim lim Z Z FOL Y AXAY.
i=1 j=
Since f(x,y) = 0, the value of this integral is the volume of the solid
S bounded by the rectangle R and the surface z = f(x, y).
When the integral of f(x, y) exists, we say that f is Riemann integrable

or just integrable.
Riemann sum is well defined even if f is not a positive function.

: Each continuous function defined on a closed bounded
rectangle is integrable.



Iterated Integrals
the volume V of the solid raised over the rectangle
R: [0,2] x [0, 1] and bounded above by the plane z =4 — x — y.

y=1
i T
y=0

A(x)

Suppose A(x) is the cross sectional are at x. Then V = fOZA(x)dx.
Now, A(x) = fol (4 —x—y)dy. Thus, V = f02 /0] (4 — x — y)dydx.

2 pl
Therefore, //(4 —x—Yy)dA = / / (4 — x — y)dydx.
R 0 Jo

The expression on the left is a double integral and on the right is an
iterated integral.



Fubuni’s

: Let R be the rectangle [a, b] X [¢,d]. Letf : R - Rbea
continuous function. Then

//Rf(x,y)dAz ‘/ab‘/cdf(x,y)dydx=[d/abf(x,y)dxdy.

: Evaluate ffR(l — 6x%y)dA, where R = [0,2] x [-1,1].

//R(l — 6x°y)dA = [: /02(1 — 6x2y)dxdy = /_:(2— 16y)dy = 4.

Also, reversing the order of integration, we have

2 1 2
//(1 - 6x%y)dA = / / (1 — 6x*y)dydx = / 2dx = 4.
R 0 -1 0



Example 14

Evaluate ffR ysin(xy)dA, where R = [1,2] x [0, ].

F/g 2
// ysin(xy)dA = / / ysin(xy) dxdy
R 0o Ji
T

= / (=cos2y+cosy)dy = 0.
0

Notice that the volume of the solid above R and below the surface
z = ysin(xy) is the same as the volume below R and above the surface.
Therefore, the net volume is zero.



Example 15

Find the volume of the solid bounded by the elliptic paraboloid
x% +2y% +z =16, planes x = 2 and y = 2, and the three co-ordinate
planes.

Let R be the rectangle [0, 2] x [0, 2]. The solid is above R and below
the surface defined by z = f(x,y) = 16 — x> — 2y?, where f is defined
on R.

2 2
V://(16—x2—2y2)dA=/ / (16 — 2 — 2y%)dxdy = 48.
R 0 0



Non-rectangular Region

Given a function defined over a bounded non-rectangular region, we
follow the same path: partition the region into smaller rectangles,
form the Riemann sum, take its limit as the norm of the partition goes
to zero.

AA

The double integral of f over such a bounded region R can also be
evaluated using iterated integrals. Look at R bounded by two
continuous functions g; (x) and g»(x).

Or, as one bounded by two continuous functions % (y) and h;(y).

y=gslx)
df————

= x=(y) x=hyy)

y=gtv) | el

0 a b x



Fubuni Again

: Let f(x, y) be a continuous on a region R.

1. IfRisgivenbya < x < b, g1(x) <y < g2(x), where
g1, 82 . [a,b] — R are continuous, then

//R F(xy)dA = / b /g IiEX)f(x, y)dydx.

2. If Risgivenby ¢ <y <d, hi(y) <x < hy(y), where
hi, hy @ [c,d] — R are continuous, then

J[rena= [ ' / zzy)ﬂx, y)dxdy.



Example 16

Find the volume of the prism whose base is the triangle in the
xy-plane bounded by the lines y = 0, x = 1 and y = x, and whose top
lies in the plane z =3 — x — y.

e R x=1
.00 (1,1,0) 5
./ i T R
4 ot
\ 0 1

V=1 [5(3—x—y)dydx= [ (3x - 3x2/2)dx = 1.

Also, V = [ fyl(3—x—y)dxdy=f01(5/2—4y+3y2/2)dy= 1.



Get the Limits Right

Suppose R is the region bounded by the line x + y = 1 and the portion

of the circle x* + y> = 1 in the first quadrant.

Sketch it, find the limits, and then write the appropriate integrals:

¥y ¥ Leaves at

/\:\"L—\"

_ Enters at

y=1-x

Smallest x

Largest x

isx=10 isx =1

Largesty Y

isy=1

Smallest y
isy=0

0

Enters at

x=1-y

J[repan= [ | / :mf(X,y)dydx: / 1 /l_\y/gf(x,y)dxdy.



First x or First y?
: Evaluate / wdA, where R is the triangle in the
R X

xy-plane bounded by the lines y =0,x =1,y = x.

x=1 y x=1

[ y=0 1 ‘ 0 1

[/ smdi /1/1 Smxdxdy
R y X

We are stuck. No way to proceed further. On the other hand,

1
ﬂsmdi / / smxdydx—/ sinxdx = —cos(1) + 1.
. 0

For evaluating a double integral as an iterated integral, choose some
order: first x, next y. If it does not work, choose the reverse order.



Example 18

Evaluate the iterated integral /01 fx : sin(y?)dydsx.

‘/OI/XISin(yz)dydx://Dsin(yz)dA,

whereD: 0<x<1,x<y<l.

Then
/01 fxl sin(y?)dydx = /stin(yz)dA = /01 foy sin(y?)dxdy

= /Olysin(yz)dy = 2(1 = cos(1).



Properties of Double Integrals

Let D and R be non-overlapping regions in the plane. Let f(x, y) and
g(x,y) be continuous on D, R. Let ¢ be a constant.

1. Constant Multiple: ffD cf(x,y)dA = ¢ ffD f(x,y)dA.

2. Sum-Difference:

TG y) £ g(xy)1dA = [ f(x,y)dA = [[ g(x,y)dA.

3. Additivity: [ - f(x.y)dA = [[ f(x,y)dA + [[.f(x,y)dA.
4. Domination:

If f(x,y) < g(x,y) in D, then //Df(x, y)dA < //D g(x,y)dA.
5. Area: /fR 1dA = A(R) = Area of R.

6. Boundedness:

If m < f(x,y) < M in R, then mA(R) < [[f(x.y)dA < MA(R).



Polar Rectangles
Suppose R is one of the following regions in the plane:

“‘ .‘\’—\— yi=1 *
(B R={(r.0)|0=r=<10=<6<27} b R={r0)|1=r=2,0=f<nx}
It is easy to describe as polar rectangles. A polar rectangle is
R={(r,0):a<r<b,a<0<B,B—-a<2n}.

for some a, b, @, B € R. We can divide a polar rectangle into polar
subrectangles as in the following:

=3
R
/ A8 7 3
/ /,\@// -
= =« APt =
/ 3 e
/ o = r=r
B G Z7

Ri={(r,0):ri_1 <r<r, i1 <0< 6.



Riemann Sum in Polar

Suppose f is a real valued function defined on a polar rectangle R.
Let P be a partition of R into smaller polar rectangles R;;.
The area of R; is A(Ry) = %(rl.2 - r?_l)(ej - 0,-1).

Take a uniform grid dividing r into m equal parts and 6 into n equal
parts. Write r; — r,_; = Ar and 9 —0;_1 = Af. Also write the

mid- pomt ofriyandryasrf =3 (rl +ri_1), similarly,
6* =5 (6’] 1 +6;). Then the Riemann sum for f(r, 8) can be written as

n

S = iZf(rl, ])A(RU)—ZZf(r 0:)r; ArAg.

i=1 j=1 i=1 j=1

Therefore, if f(r, 6) is continuous on the polar rectangle R, then

//J“ 0)dA = //Rf(h 6)rdrdo, /Rf(x,)’)dA = /f/abf(rcos 6, r sin 6) rdrdf.



Fubini

Let f be a continuous function defined over a region bounded by the
rays 6 = @, 6 = 8 and the continuous curves r = g,(6), r = g2(6).

#=0

Then

'/'/Rf(r, 0)dA = —/aﬁ —/glij)e)f(r, 0)rdrdé.

Caution: Do not forget the r on the right hand side.



Finding Limits of Integration

: Find the limits of integration for integrating f(r, ) over
the region R that lies inside the cardioid » = 1 + cos 6 and outside the
circle x*> +y? = 1.

Better write the circle as r = 1. Now, R is the region:

//Rf(r, G)dAz'[://j/llﬂosof(r, 0)rdrdé.



Example 20

Evaluate I = /0 fo (x +y?)dydx.

The limits of integration say that the region is the quarter of the unit
disk in the first quadrant:

The region in polar co-ordinatesisR: 0<r<1,0<80 < x/2.
Changing to polar co-ordinates, we have x = rcos 8,y = rsin 6 and

then P n
T T
1
:/ / rzrdedr:/ —dQ:E.
0 0 o 4 8



Example 21
Evaluate / = [ 11 fo 1= & dydx.

The region is the upper semi-unit-disk:

Its polar description is
R={(r,0):0<r<1,0<06<n}.

Then I = ffR e dA. Using integration in polar form,

V.4 1 2 V.4 1 2 1 V4 T
1_/0 /O e rdrde_/o [Ee ]Oda_/o (e=1)/2d6 = Z(e=1).



Example 22

Evaluate //R(Sx +4y?)dA, where R is the region in the upper half
plane bounded by the circles x> + y*> = 1 and x> + y> = 4.

X+yi=4

T
0 5 " X
| =1

R={(r,0):1<r<2, 0<80 < nr}. Therefore,

//(3x+4y )dA :/ / (3rcos @ +4r°sin” O)rdrdf = -
R o Ji



Example 23

Find the area enclosed by one of the four leaves of the curve
r=|cos(260)|.

The regionis R = {(r,0) : —n/4 <0 < n/4, 0 < r < cos(26)}. Then
the required area is

/4 cos(280)
[/dA:/ / rdrdf = n/8.
R -n/4 JO



Example 24

Find the volume of the solid that lies under the paraboloid z = x* + y?
above the xy-plane, and inside the cylinder x* + y* = 2x.

(x=17+y'=1
for r=2cosd)

The solid lies above the disk D whose boundary circle has equation
x? +y? = 2x, or (x — 1) +y? = 1. In polar co-ordinates, the boundary
of D is r* = 2rcos 6, or r = 2 cos 6.

The disk D = {(r,0) : —n/2 <6 <n/2, 0 <r < 2cosb}.
Then the required volume V is given by

/2 2cos 0 I
V://(x2+y2)dA:/ / P rdrd = =.
D —x2 Jo 2



Triple Integral
Let f(x, y, z) be a real valued function defined on a bounded region D
is 3d space. As earlier we divide the region into smaller cubes
enclosed by planes parallel to the co-ordinate planes. The set of these
smaller cubes is called a partition P. The norm of the partition is the
maximum volume enclosed by any smaller cube.
Then form the Riemann sum S and take its limit as the cubes become

smaller and smaller. If the limit exists, we say that the limit is the
triple integral of the function over the region D.

//Df(xa y,2)dV = lim Zf(x?,y;, 7)) (i = xi-1) (v = yj-1) 2k = 2-1)>

IPII—0
where (x}, y;.‘, z;) is a point in the (i, j, k)-th cube in the partition.
As earlier, Fubuni’s theorem says that for continuous functions,
if the region D can be written as

D= {(x,y,z) ta<x<b, gl(x) <y< g2(x)’ hl(-x’y) <z< hZ(x’y)}’
then the triple integral can be written as an iterated integral:

b pga(x) pha(xy)
H//’ f(X,y’ Z)dv = / / f(x,y, Z)dzdydx
D a Jgi(x) Jh(xy)



Finding Limits of Integration

Sketch D along with its shadow on the xy-plane.
Find the z-limits, then y-limits and then x-limits.

Observe: Volume of D is ff/D 14dV.
All properties for double integrals hold analogously for triple
integrals.



Example 25

Find the volume of the solid enclosed by the surfaces z = x> + 3y* and
7=8—x -y~

Eliminating z from the two equations, we get the projection of the
curve of intersection on the xy-plane, which is x*> + 2y> = 4. This
gives the limits of integration for y as ++/(4 — x2) /2. Thus

V-2 p8-—y? 87
‘/// dv = / / dzdydx = —.
m X243y \/z



Cylindrical Co-ordinates

Cylindrical co-ordinates express a point P in space as a triple (r, 6, z),
where (7, 6) is the polar representation of the vertical projection of P
on the xy-plane.

Pir.8,z)

If P has Cartesian representation (x, y, z) and cylindrical
representation (r, 6, z), then

2

x=rcosf, y=rsinf, z=2z, r =x2 +y2, tanf = y/x.

In cylindrical co-ordinates,

r = a describes a cylinder with axis as z-axis.
6 = a describes a plane containing the z-axis.
z = b describes a plane perpendicular to z-axis.



Triple Integral in Cylindrical Co-ordinates

The Riemann sum of f(r, 8, z) uses a partition of D into cylindrical
wedges:

rArAg

gk

. ,_,|f—A —

The volume element dV = r dr dfdz. Thus the triple integral is

//Df(r’ 6.2)dv = //Df(r,a,z)rdrdadz,

Its conversion to iterated integrals uses a similar technique of
determining the limits of integration.



Example 26

Find the limits of integration in cylindrical
coordinates for integrating a function

f(r, 6, z) over the region D bounded
below by the plane z = 0, laterally by the
circular cylinder x* + (y — 1)? = 1, and -
above by the paraboloid z = x> + y°. / ﬁ?ﬁi e

\
M D

“artesian: 12 + (v — 1 = 1
Polar:  r=2sin0

The projection of D onto the xy-plane gives the disk R enclosed by the
circle x> + (y — 1)? = 1, whose polar form is r = 2sin 6.

A line through a point (r, 8) € R enters D at z = 0 and leaves D at
z=x>+y* =r%

A line in the (r, 8)-plane through the origin enters R at r = 0 and
leaves R at r = 2 sin 6.

As this line sweeps through R it starts at § = 0 and ends at § = 7.

n 2sin 6 r?
Hence //f(r,@,z)dV:/ / / f(r,0,2)rdzdrdo.
o Jo 0



Example 27

Evaluate I = / / / (x% +y?) dzdy dx.
W y7) dzdy

z=72

Its projection onto xy-plane is a disk; so cylindrical co-ordinates will
be easier.

The projected disk gives the limits as 0 < 6 < 2x, 0 < r < 2 whereas

Vx2+y*=r <z<2. Thus

2r 2 2 16
=// (x2+y2)dV=/ / / P rdzdrdd = —n.
D o Jo Jr 5



Spherical Co-ordinates

Spherical co-ordinates express a point P in space as a triple (p, ¢, 6), where
p is the distance of P from the origin O, ¢ is the angle between z-axis and the
line OP, and @ is the angle between the projected line of OP on the xy-plane
and the x-axis. This 6 is the same as the ‘cylindrical’ 6. Moreover,
p>20,0<¢p<mand0 <0 <2m.

If P(x,y,z) has spherical representation (p, ¢, 6), then

x=psingcosh, y=psingsing, z=pcosg, r=psing, p = /x% +y? + 22.

In spherical co-ordinates,
p = a describes a sphere centered at origin.
¢ = ¢¢ describes a cone with axis as z-axis.

6 = 6y describes the plane containing z-axis and OP.



Triple Integral in Spherecal Co-ordinates

When computing triple integrals over a region D in spherical
coordinates, we partition the region into n spherical wedges. The size
of the kth spherical wedge, which contains a point (o, ¢, k), is
given by changes by Apy, Ady, Aby in p, ¢, 6.

Such a spherical wedge has one edge a pisin g, 40, V X
circular arc of length pyA¢y, another edge pr

a circular arc of length py sin ¢, A6y and /’/i }
thickness Apx. The volume of this Ads T
spherical wedge is (approximately) = \;;-:_Hf-;i\i_ﬂ
AV = p]% sin @rAprAdrAby. g st ”6*\{\4{) Y \

v A8 = psin &, AD
The corresponding Riemann sum is

S = Xio1 £ (prs bk, 01 pf sin peAprAiAby. Accordingly,

”//Df(.o, ¢,0)dV = ﬂDf(P, ¢,0)p*sin ¢ dp d¢ db.



Iterated Integrals

Sketch the region D and its projection on xy-plane. Then find the p
limit, ¢ limit and 6 limit.

p =gy, #)

p =g, 0)

AT
7
| it

WL O

DN RS

4

T e =g, )
|

S -

B ¢o—max pgr(¢,0) 5
// F(p. 6.0)dV = / / / F(p.6.0)p sin ¢ dp dp d.
D a J ¢—min 81(9,0)



Example 28

\ Find the volume of the solid D cut from
W M the solid sphere p < 1 by the cone
D | Spherep =1 ¢ — 7.[./3.
Draw a ray M through D from the origin
making an angle ¢ with z-axis. Draw also
: its projection L on xy-plane along with it
R o making angle 6 with x-axis. Let R be the
' \L\ projected region of D in xy-plane.

;4 T
g — Cone ¢ = 3

M enters D at p = 0 and leaves D at p = 1.
Angle ¢ runs through 0 to 7/3, since D is bounded by the cone

¢ =n/3.

L sweeps through R as 6 varies from 0 to 2z. Thus

2 /3 1 P
v:///p2s1n¢dv=/ / / p’singdpdpdd = =.
D o Jo 0 3



Example 29

Vie252
Evaluate I = / / 0D dy dx.
1252

I= fffD @22 gy where D is the solid unit sphere.

Writing in spherical co-ordinates, / = ff b P av.

Then converting to iterated integral,

2 b8 1
:/ / / e’33p2 sinp dp d¢ do.
0 0o Jo

Since the integrand is a product of separate functions of p, of ¢, of 6,

1 5 s 2 47
I:/ e pzdp/ sin¢d¢/ do=—(e-1).
0 0 0 3



Change of Variables

Suppose f maps a region D in R? to a region R in R? in a one-one
manner. For convenience, we say that D is a region in uv-plane and R
is a region in xy-plane; and f maps (u, v) to (x,y). Then f can be
thought of as a pair of maps: (fi,f2). Thatis, x = fi (u, v) and

y = f>(u, v). We often show this dependence implicitly by writing

x=x(u,v), y=y(u,v).

What is the image of D = {(u,v) : 0 < u < 1,0 < v < 1} under the
map given by x = u? =%, y = 2uv?
Hint: Consider the boundary lines.




Area of a Rectangle

If (u,v) — (x,y), then how does area of a small rectangle change?

A typical small rectangle with sides Au and Av has corners

Ai =(a,b), Ay = (a+Au,b), A3 = (a,b+Av), Ay = (a+Au,b+Av).
Let the images of Ay under (u,v) — (x,y) be By = (ax, by) for
k=1,2,3,4. Then

ai; = x(a,b)

ar = x(a + Au, b) ~ x(a, b) + x,Au

asz = x(a, b+ Av) = x(a, b) + x,Av

as = x(a+ Au, b+ Av) ~ x(a, b) + x,Au + x,Av
Here, x, = x,(a, b) and x, = x,(a, b).

Similar approximations hold for by, by, b3, bs.



Area of a Rectangle
Now, Area of the image of the rectangle AjA;A3A4 is approximately

equal to the area of the parallelogram B B,B3B4 in xy-plane, which is
twice the area of the triangle B1B>B4 and is

(a, b)AulAv.

(a4 — a1) (bs — b2) — (as — a2) (by — by)| = |det §

This determinant is called the Jacobian of the map (u, v) — (x,y);
a(x,y)

d(u,v)’

We write this as Area of image of a rectangle centered at (a, b) of

d(x,y)
d(u

and is denoted by J(x(u, v), y(u,v)) and also as

sides Au and Av is approximately | | AuAv, where the Jacobian
J(-,) is evaluated at (a, b).

In deriving this approximation, we have assumed that x,, x,, y,, y, are
continuous.



Change of Variables

Assume that x = x(u, v) and y = y(u, v) have continuous partial
derivatives with respect to u and v. Assume also that a region D in the
uv-plane is in one-one correspondence with a region R in the xy-plane
by the map (u,v) — (x,y). Let f(x,y) be a real valued continuous
function on a region R. Then we have the map

Flu,v) = f(x(u,v), y(u,v)).
How are the integrals of f over R and integral of f over D related?

Divide D in the uv-plane into smaller rectangles. Now, the images of
the smaller rectangles are related by

d(x,y)
o(u,v

Areaof R = | | Area of D.

By forming the Riemann sum and taking the limit, we obtain:

JLrenan= [[ fun |52




Change of variables Contd.
In the case of polar co-ordinates, we have
x=x(r,0) =rcos6, y=y(r,0)=rsinf.

The absolute value of the Jacobian is

d(x,y)
a(r,0)

Therefore, the double integral in polar co-ordinates for a function
f(x,y) takes the form

//Rf(x,y)dA = /Df(rcose,rsine)rdA‘

Suppose x = x(u,v,w), y = y(u,v,w), z=z(u,v,w). The Jacobian is

= |x,y9 — Xgyr| = | cos (rcos @) — (—rsin0) sin 6| = r.

a(x’ ,Z) Xu Xy Xy
O Gty v |
o(u,v,w) 2 2 2

If R is the region in space on which f has been defined and D is the
region in the uvw-space so that the functions x, y, z map D onto R, then

// fx,y,2)dV = ‘/‘/ F(u,v,w), y(u, v, w), z(u, v, w)) A(xy,2)

dudvdw.
a(u, v, w)




Cylindrical-Spherical

For the cylindrical co-ordinates, x = rcos 6, y = rsin6, z=z. The
absolute values of the Jacobian is

Xr Xg X
d(x,y,z) " ¢
‘—y =|det|y, yo Yy.||=r.
0(r,0,z2) Y 20

//Rf(x, y,2)dV = //Df(rcos 6, rsin®,z) rdrdé d.

For the spherical co-ordinates, we see that
x=psingcosh, y=psin¢gsinf, z= pcos .

The triple integral looks like

[/f(x,y,z)de// f(psin ¢ cos b, psingsinb, p cos ¢)psin ¢ dp do de.
R D



Example 30

Evaluate ffR(y — x)dA, where R is the region bounded by the lines
y—x=1,y-x=-3,3y+x=7, 3y+x=15.

Takeu =y —x, v=3y+x.

That is, x = A—Il(v—?m),y = Alf(u+v). Then
D={(u,v): -3<u<l,7<v<I15}
The Jacobian is
J = xuyy = xyu = (=3/4)(1/4) = (1/4)(1/4) = -1/4.

Therefore,

1 1 151
//(y—x)dAz//u—dAz/ / uwdvdu = 8.
R D 4 -3 J7 4



Example 31

4200y
Evaluate / / 5 dxdy by using the transformation
0 /2

u=x-y/2, v=y/2.
Here,x =u+v, y =2v, f(x,y) =x—y/2 = u. The regions are
R={(xy):0<y<4,y/2<x<1+y/2},

G= {(uv) 0<u<10<v<2}

o v=0 1

And | (x(u, v), y(u, v)| = [xuyy — xoyul = [(1)(2) = (0)(1)] = 2. So,

l+)/22
// ke ’dd_//zx V= //2udA //2ududv—/ 2dv=2.
W2




Caution

The change of variables formula turns an xy-integral into a uv-integral.
But the map that changes the variables goes from uv-region onto
xy-region. This map must be one-one on the interior of the uv-region.

Sometimes it is easier to get such a map from xy-region to uv-region.
Then we will be tackling with the inverse of such an easy map. Here,
the following fact helps us:

This may be expressed as

dxy) (9w
a(u,v>‘(a(x,y>) '

Similarly, triple integrals undergo change of variables by using the
inverse of the Jacobian.



Example 32

Integrate f(x,y) = xy(x* + y*) over the region
D: 3<x*—y*<3, 1<xy<4
There is a simple map that goes in the wrong direction:
u=x>—y* v=uxy.
In the uv-plane R becomes the rectangle

R: -3<u<3 1<v<4,

[ \
Then we have F : D — R defined by F(x,y) = (u,v) = (x* = y2, xy).
And G = F'isthemap G : R — D.



Example 32 Contd.

Instead of computing the map G, we go for the Jacobian.

ow,v) _ det [ux uy] = det [Zyx _iy] =2(x* +y?).

a(x,y) Vx Vy
Therefore, 0(x,y) _ 1 . Then
A(u,v)  2(x2+y?)
1
2., .2 2., .2
xy(x” + dA = xy(x” + —— 1| dA.
//R y(x™+y7) //D y(x~+y7) ) }

The integral on the right side is in the uv-plane and the bracketed
term inside [ - ] is a function of (u,v). Since the bracketed term
simplifies to xy/2 which is equal to v/2, we have the integral as

v 13 r 45
—_ A:— = —.
[/ch1 2[3/1 vdvdu >



Review Problems

: Find the area of the region bounded by the curves
y=xandy=2—-x%.

The points of intersection of the curves are (—2,—2) and (1, 1).
Hence the area is

1 p2-x2 1 9
/ / dydxz/ (2-x*—x)dx ==
2 Jx ) 2

: Evaluate [ = ffD(4 — x> —y?) dA if D is the region
bounded by the straight linesx =0, x=1, y=0and y = 3/2.

3/2 1 3/2 35
I= / / (4 - x* = y))dxdy = / [4x y2x — x3/3] dy
o Jo 0 8

: Evaluate the double integral 7 of f(x,y) =1 +x+yovera
region bounded by the lines y = —x, x = /y, and y = 2.

=/02'/_;&(1+x+y)dxdy=/ (\/_+ +y\/y+ 2) 411451\54-13_3



Review Problems Contd.
: Change the order of integration in fol fx A f(x,y)dydx.

The region D of integration is bounded by the straight line y = x and
the parabola y = /x.

Every straight line parallel to x-axis cuts the boundary of D in no
more than two points, and it remains in between y” to y. Also, y lies
between 0 and 1. Hence

[/ " s - / 1 [ reeaas.

: Evaluate I = ffD e¥* dA, where D is a triangle bounded
by the straight linesy =x, y =0, and x = 1.

In D, the variable x remains in between 0 and 1, and y lies between 0
and x. Hence

I=/Ol/oxey/xdydx:/olx(e—l)dx:(e—l)/2.



Problem 6

Write the integral of f(x, y, z) over a tetrahedron with vertices at
(0,0,0), (1,1,0), (0,1,0), and (0, 1, 1) as iterated integrals in the
order dydzdx and also in the order dzdydx.

Sketch the region D to see the limits geometrically.

The right hand side bounding surface
of D lies in the plane y = 1.
The left hand side bounding surface lies
in the plane y = z + x.

=t The projection of D on the zx-plane is

| ©,1,1)

..o, R.
- ” i The upper boundary of R is the line
2= z=1-x.
So,R={(x,27) :0<x<1,0<z<
1 —x}.

Then, D ={(x,y,2) :0<x<1,0<z<1-x, x+z<y<1}.



Problem 6 Contd.
D={(x,y,27):0<x<1,0<z<1-x, x+z<y<1}.
Thus the triple integral of a function f(x, y, z) over D is given by

//Df(x,y,z)dV:/Ol/Ol_x/x;f(x,y,z)dydzdx,

To express in the order dzdydx, project D on the xy-plane.

A line parallel to z-axis through (x, y) in the xy-plane enters D at z = 0
and leaves D through the upper plane z =y — x.

For the y-limits, on the xy-plane, where z = 0, the sloped side of D
crosses the plane along the line y = x.

A line through (x, y) parallel to y-axis enters the xy-plane at y = x and
leaves aty = 1.

The x-limits are as earlier.

Therefore D = {(x,y,2) :0<x<1,x<y<1,0<z<y-—x}. Then

//Df(X,y,z)dV:/O]/xl Oy_xf(x,y,z)dzdydx_



Problem 7

Evaluate fol foz foy (=97 gy dy dz by changing the order of integration.

The regionis D = {(x,y,2) :0<z<1,0<y<z 0<x <y}
Sketch the region.

We plan to change the order of integration from dxdydz to dzdydx.

Its projection on the xy-plane is the triangle bounded by the lines
x=0,y=1landy=x.

Itis expressed as {(x,y) : 0 <x <1, x <y < 1}.

Then D = {(x,y,2) :0<x<1,x<y<1l,y<z<1}

1 z y 1 1 1
Therefore,/ / / N dxdydz:/ / / (1=’ dzdydx
0 0 0 0 X y
1 pl 1 2
1- ;
=/ / (1—y)€(l_x)3dydx=/ Qe(l_x)gdx
0o Jx 0 2
0 e

e—1
=_ —dt = ) with t = (1 — x)3
‘/(1_0)3 6 6




Problem &

I= //D e dA, where D is the annular region bounded by two
squares of sides 2 and 4, each has center (0, 0) and sides parallel to the
axes.

Draw the picture.
Let D; be the inner square and D; be the outer square. Then

/= // & dA — // e dA.
D D,

Converting each integral to an iterated integral, we have

2 2 1 pl
/ / e dydx — / / e dydx
2 J -1 J-1

= et -2-et—(-2-¢
2 cosh(4) — 2 cosh(2)
4sinh(3) sinh(1).

~
1]



Review Problems Contd.
: Calculate the volume of the solid bounded by the planes
x=0,y=0,z=0,andx+y+z=1.

The volume V = ffD(l —x —y)dA, where D is the base of the solid on
the xy-plane. D is the triangular region bounded by the straight lines
x=0,y=0, x+y=1. Thus,

1 pl-x 1 1
V=/ / (l—x—y)dydx:/ —(1-x)%dx = —.
0o Jo 0o 2 6

: Evaluate ffD(x2 +y2)72 dA, where D is the shaded region

The integrand in polar co-ordinates is
f(r,0) = r™*. The region D is given by
ecy S 1S 2cosd 0<6<n/4,secOd <r<2cosb.

\\\ y Therefore

T n/4 p2cos @ o 1 /4 5 ) P
(x"+y°)“dA = rrdrdd = = (4 cos” O—sec” 0)df = —.
D 0 sec 6 8 0 16




Problem 11

Compute the volume V of the solid bounded by the spherical surface
x% +y? + 2% = 44, the cylinder x* + y* = 2ay, where a > 0, and which
is inside the cylinder.

The region of integration is the circle x* + y> — 2ay = 0, which is
x% + (y — a)* = a®>. We calculate V /4, the volume of the portion of the
solid in the first octant. Then the region of integration D is the
semicircular disk whose boundaries in polar co-ordinates are given by
r=g1(0)=0, r=gy(0) =2asinf, 0 <0 < x/2.
The integrand is z = \/4a? — x* — y2. In polar co-ordinates,
f(r,0) = V4a? — r2. For the limits of integration, use
x> +y*> =72 y=rsinf to get:
¥ +y>—2ay=0=r>—2arsind =0 = r = 2asinb.

Therefore,
/2 2asin 0
V=4/ Vda® — 2 rdrdf
0 0

4 2 016 .



Problem 12

Integrate f(x, v, z) = zv/x2 + y2 over the solid cylinder x> + y* < 4 for
I<z<5.

I

- 119 ’3

—_

P

The region of integration D in cylindrical co-ordinates is given by
0<0<21,0<r<2,1<z<5.Theintegrand is zr. Thus

2 2 5
[// X2 +y2dV = / / / (zr) rdzdrdf = 64n.
D 0 0 Ji



Problem 13

Integrate f(x, y, z) = z over the part of the

¥ N solid cylinder x* + y* < 4 for 0 < z < y.

1

T Jw The region W has the projection D on the
/ g xy-plane as the semicircle depicted in the

figure. The z-co-ordinate varies from O
toyandy = rsinf. Thus W is given by
0<60<m0<r<2,0<z<rsinég.

In cylindrical co-ordinates,

T 2 rsin 0 T 21
///ZdV:/ / / zrd@drdzz/ / —(rsin®)? rdodr = r.
W o Jo Jo o Jo 2



Problem 14

Compute ff I, z2dV, where D is the solid i J 4
lying above the cone x> +y? = z* and ';T’T )*f- S
below the unit sphere. ) A

'/p; ) -

The upper branch of the cone, which is relevant to D, has the equation
¢ = m/4 in spherical co-ordinates.

The sphere has the equation p = 1.

Thus Dis givenby 0 < 0 <2n, 0<¢p <m/4, 0<p < 1.

Since z = p cos ¢, the required integral is

2 /4
///zdv / / /(pcos¢)p singdp d¢ do

/4
—27r/ / foa cosq)smqﬁdpdq&- / cos¢sm¢d¢—
0



Problem 15
Evaluate I = f_ o; e dx.

a 2 a a
I’ = lim (/ = dx) = lim [(/ = dx)(/ e’ dy)]
= lim / / ey dxdy] hm// =7 4a,
a—oo a—oo

where R is the rectangle [—a, a] X [—a, a] fora > 0.

Let D = B(0,a) and S = B(0, \/Ea) Then D C R C S. Since e ™" > 0 for

all (x,y) € R?, wehave// -y dA<[/ -y dA<[/ 2o s

Also,

2r a 2n
- 2 1
/‘/‘e_xz_)szz./ / e’ l’drd9:__,/ (e_az_l)dgzﬂ(l_e_az)'
D 0 Jo 2 Jo

Similarly, ”// = A = (1 _e—2a2)_ Hence

lim /] = JA = n, lim [/e’xz*y2 dA = 7.
a—oo a—oo s

Therefore, I> = lim eV dA == = .

—00
a R



2 2 2

Problem 16
y

Compute the volume V of the ellipsoid x_2 MRS
a b2 2
2,2

Projection of this solid on the xy-plane is the ellipse x_2 + Z—z =1.
a

Therefore, V = / / 1_/ - ‘7—,;2 dzdyd.
o s
—2c/ /ﬁﬂlﬁb—zdydx

Substitute y = b(1 — x2/a®)"/? sint. Then dy = b(1 — x*/a*) cos t dt
and —n/2 <t < /2. Therefore,

1 L= yane] b - did
-2y —(1- ¢ — 2 )costdt
/ [n/2 = ( 2)sm ] ( az)cos X

bc7r / (- 47rabc
3




Problem 17

X

o —ax _ ,—bx o pb
/ ¢ "¢ i = / /e_yxdydx
0 X 0 Ja

b )
// e Pdxdy
a 0

b

1

L5
a Y

b
= In-.
a

0 pmax _ e—bx
Evaluate / ——dx fora>0,b>0.
0

Notice the change in order of integration above.



Problem 16

9 3
Evaluate / / xe¥ dx dy.
1 Jyy

[N

)
v=x"(orx=v¥y)

The region of integration is givenby 1 <y <9, 4/y <x < 3.
The same is expressed as 1 <x <3, 1 <y <.

Changing the order of integration, we have

9 p3 3 px? 3, 1
/ / xe¥ dxdy = / / xe¥ dxdy = / (xe* —ex)dx = = (¢°=9e).
1 Jy 1 1 2



Problem 18

Let D be the unit disc. Show that “

T
3

i=3

The quantity f(x, y) = v/x% + (y — 2)2 is the distance of any point (x, y)
from (0, 2). For (x,y) € D, maximum of f(x, y) is thus 3 and

minimum is 1. Therefore, 1 < 1

— <1
’3_W_

Integrating over D, we have

//D%dAS//D\/ﬁdAS//DMA.

Since //D dA = area of D, we obtain



Problem 19

Evaluate // W zdV, where W is the solid
bounded by the planes x =0, y = 0,
x+y=1,z=x+y,and z = 3x + 5y in the
first octant.

W lies over the triangle D in the xy-plane
definedby0 <x<1,0<y<1-x.
Therefore,

' 1 1—x 3x+5y
/[/Zde/ / / zdzdydx
D 0 0 x+y

1 1—x
= / / (4x* + 14xy + 12y%) dy dx
o Jo

! 23
:/ (4—5x+2x* =) dv = =,
0 12



Fun Problem
The n-dimensional cube with side a has volume a”.
What is the volume of an n-dimensional ball?

Denote by V,,(r) the volume of the n-dimensional ball with radius r.
Also, write A, = V,(1).

A =2, Vi(r) =2r. Ay =1, Vo = ntr?.

Az =4x/3 and V3(r) = 4nr3 /3.

Exercise 1: By induction, show that volume of an n-dimensional ball
of radius r is A,,r".

Suppose V,_1(r) = A,_17"~!. The slice of the n-dimensional ball

2 2 2 _.n
X|+x,  tx,=r

at the height x,, = ¢ has the equation
+ct =12

2 2
Xy X



Fun Problem Contd.
This slice has the radius Vr? — ¢2. Thus

r r
Va(r) = / Vn—l‘\[ r? _x,% dx, = A, / ( r? —X%)n_l dx,.
—_r _r

Substitute x,, = rsin 6. So, dx,, = rcos 0 and —7/2 < 6 < n/2. Then
/2

Va(r) = A, cos"6do = A, Cpr",
-t/2

where C,, = /_7;//22 cos” 68df. This says that A, = A,—1C,,.

Exercise 2: Prove that C3 =4/5,C4 =3n/8 and C,, = "%IC,,_Z.
m 2m+l m
Exercise 2: Prove that Ay, = % and Age1 = 3. (;Tm D

This sequence of numbers have a curious property:

A, increases up to n = 5 and then it decreases to 0 as n — oo.



