Matrices

R denotes the set of all real numbers.

C denotes the set of all complex numbers.
We write F for either R or C.

The numbers in [F are called scalars.

A matrix is a rectangular array of symbols arranged in rows and
columns.

The individual symbols in a matrix are called its entries.

All our matrices will use their entries from [F. That is, our matrices
will be matrices of scalars.



Matrix-entries

aip - A
A matrix looks like
aml - Amn

Call this matrix A. We write A = [a;j], where a;; € F.

The size of this matrix is m X n.

It has m number of rows and n number of columns.

An m x m matrix is called a square matrix; its order is m.

The entry a;; in the ith row and jth column is called (i,)th entry.

The set of all m x n matrices with entries from F will be denoted by
IE‘an.



Equality

A row vector of size n is a matrix in F! %",
A column vector of size n is a matrix in F"*!.

Both F'*" and F"*! are written as F".

The vectors in F”* will be written as (ay, ..., a,). We will sometimes
write a column vector as [by --- by]?, oras (by,...,b,)T for saving
vertical space.

Two matrices of the same size are considered equal when their
corresponding entries are equal. That is, if A = [a;;] € ""*" and
B = [b;j] € F"*", then

A=B iff a;=>b; foreach i=1,2,...,m, j=12,...,n.

We write the zero matrix all whose entries are 0 as 0.
To show the size of the zero matrix, we sometimes write 0, ;-



Sum & Scalar multiplication

Sum of two matrices are done entry-wise. That is, if A = [a;] € """
and B = [b;] € F"*", then

A+ B =la;+by] foreach i=1,2,...,m, j=1,2,...,n.

For instance ! 32+456—5 88

12 3 1 2 1 3| |4 4 4
A matrix is multiplied by a scalar entry-wise. That is,
A = [a;] € F"*" and o € F, then

aA = [aa;] foreach i=1,2,....,m,j=1,2,...,n.

For inst S 3 2[4 128
or 1mstance, 2 3 1 = 8 12 4l



Some properties

The addition and scalar multiplication for matrices satisfy the

following properties:

LetA,B,C € F"*" Leta, 8 € F. Then
1. A+ B=B+A.

(A+B)+C=A+(B+C).

A+0=0+A=A.

A+ (-A)=(-A)+A=0.

a(BA) = (aB)A.

a(A+ B) = aA + aB.

(a+ B)A = aA + PA.

1A =A.

e A T



Matrix multiplication

LetA = [ay] € F"*" and B = [byj] € F"*". Then their product AB is
a matrix [c;j] € F"™*", where the entries are

Cij = ailblj “+apb nj = E atkbk/

ar ak daip C11 Cij Cir
ajp o it Qg by Dy ber| = | can Cij Cir
aml Amk Amn ’ Cml Cij Cmr

bnl bnj bnr

The ith row of A multiplied with the jth column of B gives the (i, j)th
entry in AB.

Notice that AB is defined only when the number of columns in A is
equal to the number of rows in B.



Example 1

2 -2 31 22 =2 43 42
4 0 2|5 07 8 =| 26 —16 14 6
-6 -3 219 411 -9 4 =37 -28

We may view matrix multiplication in another way.
Look at the above product.

The first column of the product is obtained from the entries in the first
column of the second matrix multiplied with the respective columns
of the first matrix, and then taken the sum. That is,

22 3 5 —1
26| =2 4| +5| O +9| 2
-9 —6 -3 2

Similarly, verify other columns in the product.



Commutativity?

A peculiarity: Suppose u € F'*" and v € F"*1,
Then uv € F but vu € F"*",

1 1 3.6 1
3 6 1] |2 =[19], (2] [3 6 1I]=|6 12 2
4 4 12 24 4

So, matrix multiplication is not commutative.
Commutativity can break down due to various reasons.
» Even if AB is defined, BA may not be defined.
> AB and BA may not be of the same size.

» Even when they have same size, AB may not be equal to BA.



An example

The third case needs an example. It requires square matrices A and B
of the same order where AB # BA.

1201—47bt0112—23
2 3|2 3 " |6 1] "M 2 3|2 3] 7|8 13
It does not mean that AB is never equal to BA. In some cases they

may be equal.

Unlike numbers, product of two nonzero matrices can be a zero
matrix. For example,

o oo 1=lo o)



Matrix multiplication Cont.

Verify the following properties of matrix multiplication:

I. IfA e ™" B € F"*" and C € F"™* then (AB)C = A(BC).
IfA,B € F"*" and C € F"*", then (A + B)C = AB + AC.
IfA € F"*"and B,C € F"*" then A(B+ C) = AB + AC.
IfacF, AcF"™"and B € F"*", then
a(AB) = (aA)B = A(aB).
We denote by I,,, an identity matrix of order n, whose (i, {)th entry is
1 for each i, and all other entries are 0.

won

>

Then Al, = I,,A = A for any matrix A € F"*",
Sometimes, we just write [ instead of [, if no confusion arises.

Powers of square matrices can be defined inductively by taking

A®=171 and A" =AA"! for n e N.



Block form

Suppose A € F*". Write its ith row as A;, Also, write its kth column
as A,x. Then we can write A as a row of columns and also as a column
of rows in the following manner:

(AL
A= [ay] = [A*l A*n] =1 :
_Am*
Write B € F"*” similarly as
By,
B=[by]=[Ba -+ Bu]=|":
B
Then their product AB can now be written as
AB
AB=[AB, -+ AB.|=| :
A B

When writing this way, we ignore the extra brackets [and |-



Inverse

A square matrix A of order m is called invertible iff there exists a
matrix B of order m such that AB = I = BA.
Such a matrix B is called an inverse of A.

If B and C are inverses of A, then
C=CI=C(AB) = (CA)B=IB = B.

Therefore, an inverse of a matrix is unique and is denoted by A~".

We talk of invertibility of square matrices only.

All square matrices are not invertible.

For example, [ is invertible but O is not. If AB = 0 for nonzero square
matrices A and B, then neither A nor B is invertible. However,

If A, B € F"*" are invertible matrices, then (AB)~! = B~1A~1.



Transpose

Given a matrix A € F™*"_ its transpose is a matrix in F"*”, denoted
by AT, and is defined by

the (i,/)th entry of A7 = the (j, i)th entry of A.

Transpose of a row vector is a column vector, and transpose of a
column vector is a row vector.

Transpose of AT is A.

The transpose has the following properties:

1. (AD)T = A,

2. (A+B)T =AT + BT

3. (aA)T = aAT.

4. (AB)T = BTAT,

5. If A is invertible, then A7 is invertible, and (AT)~! = (A=1)T.

In the above properties, we assume that the matrices are of suitable
size so that the operations are allowed.



Adjoint
We write 7 for the complex conjugate of a scalar . That is,
a+if=a—if for a,p € R.
The adjoint of A € F""*" is denoted as A*, and is defined by

the (,j)th entry of A" = the complex conjugate of (j, i)th entry of A.

When A has only real entries, A* = A”. For example,

123 (b2 1+i2 3717 Y002
231 T2 2 sa-q T2
301 : 3 14

The adjoint has the following properties:
1. (A*)* = A.
2. (A+B)* =A"+B".
3. (aA)* = aA*.
4. (AB)* = B*A*.
5. If A is invertible, then A* is invertible, and (A*)~! = (A~1)*.



Diagonal matrix

We now define some special types of matrices.

Let A = [a;;] € F"*" be a square matrix of order n. The entries a;; are
called as the diagonal entries of A. All other entries are called
off-diagonal entries.

If all off-diagonal entries of A are 0, then A is called a diagonal
matrix.

For example, I and 0 are diagonal matrices.

If A is a diagonal matrix with a; = d;, then we write
A= diag(dl,dz, e ,dn)

Thus I = diag(1,1,...,1).



Special types of matrices

The jth column of / is denoted by e;.
The column vectors ey, . . ., e, in F**! are called the standard basis
vectors of F"*!.

A scalar matrix is a diagonal matrix with equal diagonal entries.
Thus al are the only scalar matrices for o € F.

A square matrix A = [g;] € F"*" is upper triangular when a;; = 0
fori > j.

A square matrix A = [q;;] € F"*" is lower triangular when a;; = 0
fori <j.



Triangualr matrices

A square matrix A = [q;;] € F"*" is triangular if it is upper triangular
or lower triangular.

1 1 2 3
L=(2 3 , U= 3 4
3 4 5 5
L is lower triangular; U is upper triangular. Both are triangular.

Transpose of a lower triangular matrix is upper triangular; and
transpose of an upper triangular matrix is lower triangular.



Special Matrices

Let A € F"*" Ttis called

>

vVvvyVvYVvyypy

hermitian iff A* = A.

skew hermitian iff A* = —A.

symmetric iff AT = A.

real symmetric iff F = R and A is hermitian.
skew symmetric iff A7 = —A.

unitary iff A*A = [ = AA™.

orthogonal iff F = R and ATA = I = AAT.
normal iff A*A = AA*.



Special Matrices Cont.

12 3 0 2 -3 1
B=|2 3 4|, c=|—2 o 4|, D=2
3 4 5 3 4 0 3
0 2+i 3 . .
1 _
E=|-2+i i 4, F:EE+E hj G=
3 4 0

B is symmetric, also hermitian.
C is skew-symmetric, also skew-hermitian.

D is hermitian.
E is skew-hermitian.

F is a unitary.
G is an orthogonal matrix. Also, G is unitary.

—

[\S \S]



Special Matrices Cont.

A skew-symmetric matrix must have a zero diagonal.

The diagonal entries of a skew-hermitian matrix must be 0 or purely
imaginary.

Reason: a; = —a; = 2Re(a;;) = 0.

Any square matrix is a sum of a symmetric and a skew-symmetric
matrix.

1 1
A=A +AT) + ;A —AD).

Also, a sum of a hermitian and a skew hermitian matrices:

1 1
A=-(A+A" —(A — AY).
SATAY) + (A A



Orhogonal matrices

The following are examples of orthogonal 2 x 2 matrices:

0 = [COSH —51119] 0y [COSH sm@] '

sin 0 cos sinf  —cosf

0 al _ (acosf — bsinf]
! b|  |acosf+bsinf|’

Thus, O is said to be a rotation by an angle 6.

o, 4] — [acos® + bsinb]
2lp| — lasin® —bcosh|

Thus, O, is called a reflection by an angle 0 /2 along the x-axis.

Take an angle 6, plot the points (a, b)”, O;(a,b)T and O;(a,b)” to
see the geometry.



Inner product of two vectors

The inner product is a generalization of the familiar dot product in the
plane or space.

The inner product of two vectors u = (ay, ... ,a,) and
v=(b1,...,b,)in F" is defined as

(u,v) = ajby + - - - + apb,.
In particular, if F = R, then u,v € R" and b; = b; so that
(u,v) = ayby + - - - + auby,.

For instance, if u = (1,2,3) € R*and v = (2, 1,3) € R, then their
inner product is (u,v) =1 x2+2x1+3 x3=13.
Ifx=(1+i2—-i1)cC®andy= (1 —i,1+i,1)¢c C> then
(xy) = A+)A+)+Q2-)(l—-i)+1x1
14+ 2424247 -3i+1=2—1i



Using matrix product

When we consider row or column vectors, their inner product can be
given via matrix multiplication.

Letu,v € F'*". Then (u,v) = uv*.

Reason: Suppose u = [a; -+ a,| andv = [b; --- b,]. Then

=ayby + -+ azb, = (u,v).

In particular, if u, v € R then (u,v) = w7,



Using matrix product Contd.

Similarly, if u,v € F**! then (u,v) = v*u.

_611_ b]
Verification: Suppose u = | : | andv = | : | . Then
[ | bn
o
Viu = El : En] = biay + -+ byay, = (u,v).
_an_

In particular, when u,v € R™!, (u,v) =vTu.

Notice that the inner product of two vectors in F” is a scalar; it is an
element of IF.



Properties of Inner product

Verify that the inner product satisfies the following properties:

Letx,y,z € F"andlet o, 5 € F.
1. (x,x) >0.

N A LD



Norm of a vector

If u € F", we define its norm as ||u|| = +/(u, u).

Hence, if u = (ay, ..., a,), then

lull = Ve + ¥ adn = yflas? + - + .

In particular, when u € R”, ||lu|| = \/a3 + - - - + a2.

For instance,

u = [123]=u=vV12+22+32=114

y = [234]T:>H\/H \/22—}—32 42_ /2

x = [1+l2—i1}:quz¢|1+i\2+\2—i12+m2:¢§.
y = (=i 140 )7 = fall = 11— P 4142+ 12 = V5.



Properties of norm

The norm satisfies the following properties:

Letx,y c F"and leta € F.

1. ||x]] > 0.

2. |lx]| = 0iff x = 0.

3. o] = o e

4. |(x, )| < ||x|| Iyl (Cauchy-Schwartz inequality)
5. |lx 4yl < ||x|| + ||yl (Triangle inequality)

First three properties follow from those of the inner product.

We will prove the last two properties.



Proof of Cauchy-Schwartz

If y = 0, then the inequality clearly holds. Else, (y,y) # 0.

Write o = {20 Then @ = & and a(x, y) = [of?[[y[*

That is, a(y,y) — (y,x) =0, and

0 < (x—ay,x—ay)
= (x,x) —axy) +a(@y,y) - (%)
= x> = @, )
= |xl? = la Iyl

SN 521 S

IyI*

Hence, |(x,y)| < || [ly[|-



Proof of Triangle inequality

Notice that
Ix+yI1P = (x4 y,x +y) = 1>+ [ylIP + (6,9) + (0, %).

Using Cauchy-Schwartz inequality, we get

2
b Y17 < Jlxll + 9112 =+ 2l Iyl = (el + [yl

Hence, ||x + y|| < ||x]| + ||y]]- -

Let x,y € F". We say that the vectors x and y are orthogonal, and we
write this as x L y, when (x,y) = 0.
Thatis,x Ly iff (x,y) =0. Thus O L x for each vector x.

If x L y, then the above computation shows that
b+ y[1 =[x + fIy11>.



Pythagoras law

Let x,y € . we have proved the following:
Pythagoras Law: If x | y, then ||x + y|*> = ||x[|> + |Iy/|*.

The converse of Pythagoras law holds when F = R.
Reason: Suppose ' = R. Our earlier computation shows that

e +y112 = Gty y) = + 20x,y) + )1

It follows that (x,y) = 0.
The converse does not hold, in general, for F = C.

For instance, in C, take x = 1 and y = i. Then,
e+l = 1T +dl> =2 = 17 + [i* = [Ix]> + [Iy]1*-

But (x,y) = (1,i) = 1(—i) = —i # 0.



Adjoint & inner product

Theorem: Let A € F"*" x € F**! and let y € F"*!. Then

(Ax,y) = (x,A%y), (A%y,x) = (y,Ax).
Proof: Here, (u,v) = v*u, Ax € F"™*! and A*y € F"<1.

We are using the same notation for both the inner products in <1
and in F"*!. Then

(Ax,y) = y"Ax = (A"y)"x = (x,A™y).

Similarly,
(A%y,x) = x"A%y = (Ax)™y = (y, Ax).



Theorem

Let A € C"*" be a unitary or an orthogonal matrix.
1. For each pair of vectors x,y, (Ax,Ay) = (x,y). In particular,
||Ax|| = ||x|| for any x.
2. The columns of A are orthogonal and each is of norm 1.
3. The rows of A are orthogonal, and each is of norm 1.
Proof: (1) (Ax,Ay) = (x,A*Ay) = (x,y).
Take x = y for the second equality.
(2) Since A*A = I, the ith row of A* multiplied with the jth column

of A gives 0;;. However, this product is simply the inner product of
the jth column of A with the ith column of A.

(3) It follows from (2).
Also, considering AA* = I, we get this result.



Linear Combinations

Ifv=(a,... ,an)T e IFrle7 thenv = aje; + - - - + ayey,.
We generalize and give a name to such an expression.

Letvy,..., vy, v € F'. We say that v is a linear combination of the
vectors vy, . . ., vy, iff there exist scalars «y, . .., a;, € F such that

V=aqivV] + -t Q.

In F2*!_ one linear combination of v; = (1, 1) and v, = (1, —1)7 is

(3,1)T. Why?
JIRINf

Is (4, —2)" a linear combination of v; and v»? Yes, since

L= bl



Linear Independence

In fact, every vector in F2*1 is a linear combination of v; and vs.

Reason:
a _a+b 1 +a—b 1
bl 2 1 2 -1

However, every vector in F2*! is not a linear combination of (1, 1)”
and (2,2)”. Reason?

Any linear combination of these two vectors is a multiple of (1,1)7.
Then (1,0)7 is not a linear combination of these two vectors.

The vectors vy, ..., v, in F" are called linearly dependent iff at least
one of them is a linear combination of others.

The vectors are called linearly independent iff none of them is a
linear combination of others.



A Characterization

For example, (1,1), (1,—1), (4, —1) are linearly dependent vectors
whereas (1, 1), (1, —1) are linearly independent vectors.

Theorem: The vectors vy, . .., v, € F" are linearly independent iff for
Qap,...,ay €T,

avy + -+ apvy =0 implies a; = -+ =, = 0.
Proof: If the vectors vy, ..., v, are linearly dependent then one of

them is a linear combination of others. That is, we have an
i € {l,...,m} such that

Vi =iVt Qi 1Viel T Qi Vil + 0 Qi

avy + o+ imvier + (=D)vi+ @ipvipr + 00+ Qv = 0.



Proof Contd.

Conversely, suppose we have scalars oy, . . . , a;, not all zero such that
avy + -+ apvy = 0.

Suppose a; # 0. Then

O aj—1 Qjt1 Qi
vj———_vl —-"——.v]‘_l ——.Vj+1 —"-——.Vm.
Q; Q; Q; Q;
That is, vy, . . ., v, are linearly dependent. g

Caution: To show linear independence, you should start with the
assumption that a;v; + - - - + a,v, = 0. Then, conclude that
a;=0,...,a,=0.



Example 2

Are the vectors (1,1,1), (2,1,1), (3, 1,0) linearly independent?

Let
a(l,1,1) +b(2,1,1) +¢(3,1,0) = (0,0,0).

Comparing the components, we have
a+2b+3¢c=0,a+b+c=0,a+b=0.

The last two equations imply that ¢ = 0. Substituting in the first, we
see that a + 2b = 0. This and the equation @ + b = 0 give b = 0.
Then it follows that a = 0.

We conclude that the given vectors are linearly independent.



LI is helpful

Consider the system of linear equations:

X1 F2x -3x3 =2
2x1 —x +2x3 =3
4X1 +3X2 —4)(3 =7

Here, we find that the third equation is redundant, since 2 times the
first plus the second gives the third. Take the coefficients as row
vectors:

Vi = (la 27 _3a 2)7 V2 = (2> _11 2> 3)7 V3 = (47 37 _47 7)

We see that v = 2v| + v, as it should be.

Here, the vectors vy, v, v3 are linearly dependent.

But the vectors vy, v, are linearly independent.

Thus, solving the given system of linear equations is the same thing as
solving the system with only first two equations.



Orthogonality

Letvy,...,v, € F". We say that these vectors are orthogonal iff
(vi,vj) = 0 for all pairs of indices i, j with i # j.

Theorem: Any orthogonal list of nonzero vectors in F” is linearly

independent.
Proof: Letvy,...,v, € F" be nonzero vectors.
For scalars ay, ...,a,, letayvi +-- -+ a,v, = 0.

Take inner product of both the sides with v;.
Since (v;,v;) = 0 for each i # 1, we obtain (a;v,v;) = 0.
But (v, v;) # 0. Therefore, a; = 0.

Similarly, by taking inner product of a;v; + - - - + a,v, with v;, it
follows that each a; = 0.



Span

We denote the set of all linear combinations of vectors vy, ..., v, by
span(vy, ..., v,); and read it as the span of the vectors vy, ..., v,.

For example, in R, span(1,1) = {a(1,1) : « € R}.
This is a straight line passing through the origin and the point (1, 1).

Similarly, in R?, span((1, 1,0), (0, 1,2)) is the plane passing through
the origin and the points (1, 1,0), (0, 1,2).

In C?, span(1,1) = {a(1,1) : a € C}.
We cannot describe it as we have done in the case of RZ.

Notice that F" = span(ey, ..., e,).



Advantage of having orthogonal vectors

Suppose vy, . .. vy, are orthogonal vectors in F". v € span(vy, ..., vy)
implies v = ajv; + - - - + ayuVvy. Then (v, v;) = a;(vi, v;).

Therefore, assuming that v; # 0, we get a; = é:lvv’f)

coefficient can be expressed using v and v;.

,1.e., each

To understand the linear combination and hence the span, it is highly
advantageous to have orthogonal vectors.

Suppose we are given with m number of vectors from F". How do we
construct orthogonal vectors vy, . . ., v such that the span is retained?



How to orthogonalize?

We aim at constructing orthogonal vectors vy, . . ., v, from the given
vectors uy, ..., u, € " so that
span(vy, ..., vx) = span(uy, ..., Uy), k <m.

Consider just two vectors, say u1, up on the plane.
Assume that they are linearly independent.

Keep vi = u;.
Take out the projection of uy on u; to get vo. Then vy L vy.

What is the projection of u on u;?

Its length is (up, u;). Its direction is that of uy, i.e., u; /||u;]|. Thus
<u27 Vi >

(vi,vi)

We may continue this process of taking out projections if more than
two vectors in [F"* are given.

Vi =1up, v2 =uz —



Gram-Schmidt Orthogonalization

Theorem: Let uy,us, ..., u, € F". Define
Vi = Uup
B (u2,v1)
R (Y
N um7<“’"’vl>v o (umyvm) -
<V17V1> <melavmfl>

In the above process, if v; = 0, then both u; and v; are ignored for the
rest of the steps. After ignoring such u; and v;s suppose we obtain the
vectors as Vi1, ..., Vvjx. Thenvj, ..., vy are orthogonal and

span(vji, ..., Vi) = span{uy, ..., tn}.

Further, if v; = 0 for i > 1, then u; € span{uy,...,u;—}.



Sketch of Proof

We verify algebraically our geometric intuition:

<u27v1>
(vi,v1)

Vi=1uy, V2=1Uu3—

If vo = 0, then u; is a scalar multiple of u;.
If v, # 0, then uy, u; are linearly independent.

By induction, we can prove that for each i > 1, v;1 is orthogonal to
Viy-ooy Vi

We need to prove that both the sets spans the same set.



Sketch of Proof Contd.

If x1,...,x € span(yy,...,Ys), then

span(xy, ..., x,) C span(yj,...,ys).

For,if v = ayx; + - - - + a,x, and x; = a;1 vy + - - - a5, then
substituting for each x; in the previous expression and combining
terms, we get

N

V= Z(alali + - 4 apan)vi € span(vy, ..., vy).
i=1

If u; is a linear combination of uy, ..., u;_1, then
span(uy, ..., ui—1) = span(uy, ..., u;).
Now observe inductively that vy, ..., v; € span(uy, ..., u;).

From the algorithm, it can also be observed, using induction, that
UL, ..., U € span(vl, . ,V,’).

Therefore, span(uy, . ..,u;) = span(vy,...,v;) foreachi > 1.



Example 3

Orthogonalize u; = (1,0,0), u, = (1,1,0), u3 = (1,1,1).

v = (1,0,0).
_ <u2,V1> (lvla()) (17070) _
v = = = (1,1,0) = e (150,00 = (0,1,0),
by = s (u3 1)  ({uz,m) ’s
<V17V1> (v2,v2)

=(1,1,1)—(1,1,1)-(1,0,0)(1,0,0) — (1,1,1) - (0,1,0)(0, 1,0)
=(1,1,1) — (1,0,0) — (0,1,0) = (0,0, 1).

The set {(1,0,0), (0,1,0), (0,0, 1)} is orthogonal; and span of the
new vectors is the same as span of the old ones, which is R3.



Example 4

Use Gram-Schmidt orthogonalization on the vectors u; = (1, 1,0, 1),
up = (0,1,1,—1) and uz = (1,3,2,—1).

v o= (1,1,0,1).

vy = uy — 2V = (0,1,1,—1).
vy !
(u3, 1) (uz, v2)

V3 = U3 — — 1%

’ ’ <V],V]> <V2,V2> 2

= (17372a _1) - (1’ 1707 1) - 2(07 1a la _1) = (0’07070)

Now, u1, up are already orthogonal, Gram-Schmidt process returned
V) = up.
Next, uz = u; + 2u,.



Example 5

Consider orthogonalizing u; = (1,2,2,1), up = (2,1,0,—1),
us = (4,5,4,1) and ug = (5,4,2,—1).

v = (1,2,2,1)

_ (17 2 3 13
V2 = (m>§a_§7_1_)
v3 = (0,0,0,0)

So, we ignore v3; and mark that u#3 is a linear combination of #; and
up. Next, we compute

Ug, v Uy, v
V4:M4—<47 1>vl_<47 2>V2:0.

<V1,V1> <V2, V2>
Therefore, we conclude that uy4 is a linear combination of u; and u5.
In fact, u3 = 2u; + up and us = u; + 2u,. Finally, we obtain the

orthogonal vectors vy, v such that span(u, up, uz, us) = span(vy, v).




Trace

The sum of all diagonal entries of a square matrix is called the trace
of the matrix.

IfA = [a,;,-] S mem, then tr(A) =ay + -+ aum = 221:1 Aaik-
tr(Z,,) = m and tr(0) = 0.
The trace satisfies the following properties:
LetA,B € F™" Let 3 €F.
1. tr(BA) = Str(A).
2. tr(AT) = tr(A) and tr(A*) = tr(A).
3. tr(A + B) = tr(A) + tr(B) and tr(AB) = tr(BA).
4. tr(A*A) = 0 iff tr(AA*) =0 iff A =0.
The last one follows from the observation that

m m
Z Z |a|* = tr(AA¥).
j=1

i=1

Find two square matrices A, B such that tr(AB) # tr(A) tr(B).



Determinant

Besides trace, one more quantity associated with a square matrix is
very helpful. It is called the determinant.

Let A = [a;] € F"*". Its determinant, written as det(A), is defined
inductively as follows:
If n = 1, then det(A) = ay;.

If n > 1, then det(A) = Y77 (—1)"+ aj; det(Ay))

where the matrix Ay; € F(=Dx(=1) i5 obtained from A by deleting
the first row and the jth column of A.

We also use two vertical closing bars to denote the determinant.

Example 6:
a a

1 12\ _ (—1)1+1a11det[a22]—|—(—1)1+2a12det[a21] = ajjax—aidas].
az; ax




Example 7

1 2 3 1 2 3
det|2 3 1| =12 3 1

31 2 1 2

31 2 1 2 3

— (_1)1+1 _1)1+2 143
= (-1) x 1] 2'+( 1) x2x |3 2’—1—( 1) x3x 1‘
<P 2 3
- 1 2 1

=0B3x2—-1x1)-— (2><2—1><3)—|—3><(2><1—3><3)

=5-2x1+3x(=7)=—18.

Fact: The determinant of a triangular matrix is the product of its
diagonal entries.



Adjugate

Let A € F"*",

The sub-matrix of A obtained by deleting the ith row and the jth
column is written as A;;.

The (i, j)th co-factor of A is (—1)""/det(A;); it is denoted by C;;(A).

The adjugate of A is the n X n matrix obtained by taking transpose of
the matrix whose (i,)th entry is Cjj(A); it is denoted by adj(A).

That is, adj(A) € F"*" is the matrix whose (i, j)th entry is the (j, {)th
co-factor Cji(A).

Denote by A;j(x) the matrix obtained from A by replacing the jth row
of A by a (new) row vector x € <1,

We list some important facts about the determinant.



Determinant: facts

Let A € F"*". Leti,j, k € {1,...,n}. Then the following statements
are true:

1. det(A) = > a;C5(A) = > a;(—1)"V det(Ay) for any fixed ;.

2. Foranyj € {l,...,n},
det(Aj(x +y) ) = det(A;j(x) ) + det( A;(y) ).

3. Forany o € F, det(Aj(ax) ) = avdet(Aj(x) ).

4. For A € F™" let B € F""*" be the matrix obtained from A by
interchanging the jth and the kth columns, where j # k. Then
det(B) = —det(A).

5. If a column of A is replaced by that column plus a scalar multiple
of another column, then determinant does not change.

6. Columns of A are linearly dependent iff det(A) = 0.

7. All of (2)-(6) are true for rows instead of columns.



Facts Contd.

8. det(A) = >, a;Cy(A) = >, ay(—1)"" det(Ay) for any fixed i.

]

9. If A is a triangular matrix, then det(A) is equal to the product of

10.
11.
12.

13.

14.
15.

the diagonal entries of A.

det(AB) = det(A) det(B) for any matrix B € F"*".

If A is invertible, then det(A) # 0 and det(A~!) = (det(A))~!.
If B = P~'AP for some invertible matrix P, then

det(A) = det(B).

A is invertible iff columns of A are linearly independent iff rows
of A are linearly independent iff det(A) # 0.

det(AT) = det(A).

Aadj(A) = adj(A)A = det(A) 1.



Example 8 (Using row operations)

1 0 0 1 1 0O 0 1
—1 1 0 Illre 0 1 0 2
-1 -1 1 I |0 -1 1 2
-1 -1 -1 1 0O -1 -1 2
R1: Replace 2nd, 3rd, 4th rows with those plus first.
With R2: Replace 3rd and 4th with those plus 2nd,
1 0 0 1 1 0 0 1
rR2 |0 1 0 20 1 0 2 2
10 o0 1 4 0 0 1 4 7
o 0 -1 4 0O 0 0 8

R3: Replace 4th with that plus 3rd.
Then, its values is 8, since we have got a triangular matrix, whose
determinant is the product of diagonal entries.



Theorem on Determinant of special matrices

1. If A is hermitian, then det(A) € R.
2. If A is unitary, then |det(A)| = 1.
3. If A is orthogonal, then det(A) = +1.

Proof: (1) Let A € C"*" be hermitian. Then A = A*. It implies

det(A) = det(A™) = det(A) = det(A).
Hence, det(A) € R.
(2) Let A € C™" be unitary. Then A*A = AA* = I. Now,
1 = det(I) = det(A*A) = det(A)det(A) = det(A)det(A) = |det(A)|>.

Hence |det(A)| = 1.

(3) Let A € R™" be an orthogonal matrix. That is, A € R"*" and A
is unitary. Then det(A) € R and by (2), |det(A)| = 1. Thatis,
det(A) = £1. O



Linear Equations

X1+x = 3

X1 —X2 =

has a unique solution x; = 2, x, = 1. What about

X1+x = 3
X1 —Xp = 1
2X1 — X2 = 3

x1 = 2, xp = 1 satisfies the third. So the extra equation does not put
any constraint on the solutions that we obtained earlier. What about

X1+x = 3
x1—xp = 1
2x1+xp = 3

x1 = 2, xp = 1 is the solution of first two. But third is not satisfied by
it. So, the system has no solution.



Linear equations cont.

‘What about
X1 +x =3

The old solution x; = 2, x, = 1 is still a solution of this system.
Butx; = 1, x, = 2 is also a solution. It has infinitely many
solutions. What about

X1+x = 3
2x1 +2xp =
3x1 +3x, =

It again has infinitely many solutions.
We see that the number of equations really does not matter, but the
number of independent equations does matter.

We will tackle these things in a more systematic way.

Our tools will be matrices.



Three kinds of row operations

While solving a system of linear equations, we add and subtract
equations, multiply an equation with a nonzero constant, and
exchange two equations.

These heuristics give rise to the row operations on a matrix.

There are three kinds of Elementary Row Operations for a matrix
A e Fmxm:

ER1. Exchange of two rows.
ER?2. Multiplication of a row by a nonzero constant.

ER3. Adding to a row a nonzero multiple of another row.



Notation

When a matrix B is obtained from A by using an elementary row
operation O, we will write A 9 B.

For elementary row operations, let « be a nonzero scalar.

I. R; <+ R; : The ith row and the jth row are exchanged.

2. R; < aR; : The ith row is multiplied by «.

3. R; < R; + aR; : To the ith row « times the jth row is added.
A finite sequence of elementary row operations is called a row
operation.

In general, when a matrix B is obtained from A by using a row
operation O, we will write A 9, B as earlier.

In this case, O will be a finite sequence of elementary row operations
instead of just one.



Example 1

See the following computation on the first matrix.

R3(~R373R1 Rz(—R2—2R1

I 11 1 11 111

2 22 2 22 0 00

3 33 0 00 0 00

We get the second matrix from the first by adding to its third row
(—3) times the first row.

Similarly, the third matrix is obtained from the second by adding to its
second row (—2) times the first.

S O =
S O =

1 1 1
Therefore, we may write | 2 2 2 | —
333

where O =R3 < R; —3R1, Ry, «+ R, — 2R1.



Elementary matrices

We capture elementary row operations as matrix products with the
help of three types of elementary matrices :

1. Eli,j] is the matrix obtained from / by exchanging its ith and jth
TOWS.

2. E,[i] is the matrix obtained from / by multiplying « to its ith
row; a % 0.

3. E,[i,j] is the matrix obtained from I by adding to its ith row «
times the jth row; o # 0.

For instance,

010 1 00 10
E[1,2]=|1 0 0| ,E_ 2= |0 —1 0|,E[3,1]=[0 1
00 1 0 01 2 0

- o O



Example 2

— O on
_
— — \O on
AN — N _
AN — N lrn_v3
AN — N S
Il
: 1
1 — AN N
— N N
— N on
— A —
12316
— A N I | _
L 1
—— A= 9 T —v©
SO — |
Ny @O
— o o _ — O
N — n _
_010_ _100_
ol
a ]
a4 o
I 3] I 7
R ol
x
= = = =
N o,
) T
By X



Example 2 Contd.

EB,1A =

A R3(—R373R1

What do you observe?

w O =

SN =

oS = O

SN =

- O O

S N =

W N =

W N =

W N =

SN =

SN =

SN =



Observation

Let A € ", Consider E[i,j], E4[i], Euali,j] € F™™ for a # 0.
Then the following are true:

1.

2.

Ri(—>Rj ..
A — E[i,jlA.

That is, E[i,j]A is the matrix obtained from A by exchanging its
ith and jth rows.

Ri<aR;
—

A E.[iA.

That is, E,,[i]A is the matrix obtained from A by multiplying « to
its ith row.

R; %Rri»aRj
-

A Edli jlA.

That is, E, [i,j]A is the matrix obtained from A by adding to the
ith row « times the jth row.



Example 3

111 2 1 111 21 111 21
12 1 1 1o o1 0 -1 0folo1 0 -1 0
35 3 4 3 "lo20 —2 0o "lo oo o0 o0
1 0 -1 =3 —1 01 0 —1 0 000 0 0

Here, Ol = R, + R» —R(, R3 < R;3 —3R1, R4 < R4+ Ry and
02:R3 %R3—2R2, R4 < R4y — R».

The corresponding elementary matrices are
InO1: E_1[2,1], E_3[3,1], Ei[4,1] and
In 02: E_;,[3,2], E_,[4,2].

Hence the third matrix is equal to
E_[4,2]E_»[3,2]E [4,1]E_3[3, 1]E_[2, 1] times the first matrix.



RREF

We use elementary row operations for bringing a matrix to a nice
form.

The first nonzero entry (from left) in a nonzero row of a matrix is
called a pivot. We denote a pivot in a row by putting a box around it.
A column where a pivot occurs is called a pivotal column.

A matrix A € F"™*" is said to be in row reduced echelon form iff the
following conditions are satisfied:
(1) Each pivot is equal to 1.

(2) The column index of the pivot in the (i 4 j)th row is greater than
the column index of the pivot in the ith row.

(3) In apivotal column, all entries other than the pivot, are zero.

(4) All zero rows are at the bottom.



Example 4

2 0 0
The matrix F 0 0 | is in row reduced echelon form,
0O 0 O

whereas the following are not in row reduced echelon form:

0 30 0 301
0 0 0 0 0 0
o 0 0 o |0 0 0 0}
0o 0 0 o0 0 0 0 0
[0 300 0 0 0
0 0 0 0 0 0
0O 0 0 10 0 0 0
0 0 0 0 0 0 0

Point out which of the defining properties is/are violated.

We will see how to use the elementary row operations and hence
elementary matrices to reduce any matrix to RREF.



Reduction to RREF

1. Set the work region R as the whole matrix A.
2. If all entries in R are 0, then stop.

3. If there are nonzero entries in R, then find the leftmost nonzero
column. Mark it as the pivotal column.

4. Find the topmost nonzero entry in the pivotal column. Suppose it
is .. Box it; it is a pivot.

5. If the pivot is not on the top row of R, then exchange the row of A
which contains the top row of R with the row where the pivot is.

6. If & # 1, then replace top row of R in A by 1/« times that row.

7. Bring all entries, except the pivot, in the pivotal column to 0 by
replacing each row above and below the top row of R using
elementary row operations in A with that row & the top row of R.

8. Find the sub-matrix to the right and below the pivot. If no such
sub-matrix exists, then stop. Else, reset the work region R to this
sub-matrix, and go to Step 2.



Example 5

120 120 Ry < Ry — 3Ry,
A_ |3 5 7 1fo 0 2 1 1 Ol = Ry ¢ Ry — Ry,
1 5 4 5 0 4 2 5 Ri < Rs— 2R,.
2 8 7 9 L0 6 3 9
1| 1 2 0 1| o 2 -1
Ry«+1/2R, 1 1 02 % % Ry < Ry — Ry,
= 7 3| = 2 3| 02=R3+ Rs — 4Ry,
0 4 2 5 0 0 0 3 R4 < R4 — 6R,.
0 6 3 9] 0 0 0 6
0 3 - 0 3 0
Ry < R +1/2R s
i | 0 R RGNS 2 Olos=nr, <—R2—1§2R§,
0 0 0 0 0 0 Ry < Ry — 6Rs.
Lo 0 0 6 0 0 0 0

The final matrix is in RREF, and it is equal to
E_6[4,3]E_y2[2,3] Ei )2[1,3] E ;3[3] E_¢[4,2] E_4[3,2]
E_1[2, 1] Ey p[2] E2[4, 1] E_1[3,1] E_5[2, 1] A.



Example 6

1 00 1 00
ConsiderA= (0 1 O, B= |0 0 O]. Then
000 0 01
1 00 1 00
RREF(A)= [0 1 0|, RREFB)= [0 0 1
0 0 0 00
1 00 1 00
AB= 10 0 0|, RREFAB)= |0 0 0
0 00 000
1 00
RREF(A)RREF(B) = |0 0 1| # RREF(AB).

000
RREEF of a product need not be equal to the product of RREFs.



Elementary matrices Invertible?

Theorem
A square matrix is invertible iff it is a product of elementary matrices.

Proof: Eli, ] is its own inverse, E| /, [i] is the inverse of E,[i], and
E_,[i,j] is the inverse of E,[i,j]. So, any product of elementary
matrices is invertible.

Conversely, suppose that A is invertible. Let EA~! be the RREF of
A~!. If EA~! has a zero row, then EA~'A also has a zero row. That
is, E has a zero row. Wrong, since E is invertible. So, EA~1 does not
have a zero row. Then each row in the square matrix EA~! has a
pivot. But the only square matrix in RREF having a pivot at each row
is the identity matrix. Therefore, EA~' = I. That is, A = E, a product
of elementary matrices. O



RREF is unique

Suppose A is an m x n matrix. Instead of using our algorithm for
RREEF reduction, suppose you use another algorithm for reducing A to
RREEF. But restrict yourself to using only elementary row operations
in any order you like in this reduction. Then, it is guaranteed that you
end up with the same matrix in RREF.

This fact is encapsulated by the following result.

Theorem: Let A € F™*"_ There exists a unique matrix in F"*" in row
reduced echelon form obtained from A by elementary row operations.

The proof of this fact uses the result that elementary matrices are
invertible and their inverses are also elementary matrices. Further, it
uses the fact that each invertible matrix is a product of elementary
matrices.

See the classnotes for its proof.



Proof of uniqueness of RREF

Observe that elementary matrices are invertible and their inverses are
also elementary matrices.

We see that B = E1A and C = E)A for some invertible matrices
E|,Ey, € T,

Now, B = E|A = E|(E;)"!C.

Write E = E|(E;) ™! to have B = EC, where E is invertible.

We consider a particular case first, when n = 1. Here, B and C are
column vectors in RREF.

Thus, they can be zero vectors or e;.

Since B = EC, where E is invertible, it cannot happen that one is the
zero vector and the other is e.

Hence, either both are zero vectors or both are ¢;. In either case,
B=_"C.



Proof Cont.

For n > 1, assume, on the contrary, that B # C.

Then there exists a column index, say k > 1, such that the first k — 1
columns of B coincide with the first k — 1 columns of C, respectively;
and the kth column of B is not equal to the kth column of C.

Let u be the kth column of B, and let v be the kth column of C.

We have u = Ev and u # v.

Suppose the pivotal columns that appear within the first k — 1
columns in C are ey, ..., e;.

Then ey, ..., e; are also the pivotal columns in B that appear within
the first k — 1 columns.

Since B = EC, we have C = E~'B; and consequently,

e1 = Ee; = E_lel, ..., ¢ =FEe = E_lej.

The column vector # may be a pivotal column in B or a non-pivotal
column in B. Similarly, v may be pivotal or non-pivotal in C.

If both u and v are pivotal columns, then both are equal to e;; 1. This
contradicts u # v.



Proof Cont.

So, assume that u is non-pivotal in B or v is non-pivotal in C.

If u is non-pivotal in B, then u = ajey + - - - + «je; for some scalars
at, ..., a;. (Seeit.) Then

v=E lu=aEle; + -+ osz_lej =arer + -+ aje; = u.

This contradicts u # v.

If v is a non-pivotal column in C, then v = B1e; + - - - + [3je; for some
scalars 1, ..., 3;. Then

u=Ev=pEe| + -+ BiEe; = fre; + -+ [iej = v.

Here also, u = v, which is a contradiction.

Therefore, B = C. O



RREF-Observations

Suppose A has been reduced to its RREF.

Let R;1, ..., R; be the rows of A which have become the nonzero
rows in the RREF, and other rows have become the zero rows.

Also, suppose Cji,. .., Cj, for j1 < --- < jr, be the columns of A
which have become the pivotal columns in the RREF, other columns
being non-pivotal.

B I R |
. R _7 * le * Cj2 er k
v « o |



Observations Contd.

Using the last theorem, we see that the following are true:

1.

All rows of A other than R;q, ..., R;, are linear combinations of
Rila e ,R,’r.

. The columns Cjy, . .., Cj, have respectively become ey, ..., e, in
the RREF.

. All columns of A other than Cjy, ..., Cj, are linear combinations
Oijl, ce ,er.
If ey, ..., ek are all the pivotal columns in the RREF that occur to
the left of a non-pivotal column, then the non-pivotal column is
in the form (ay, ..., a,0,...,0)7. Further, if a column C in A

has become this non-pivotal column in the RREF, then
C= a]le + . —i—aijk.

. If A is a square matrix, then A is invertible iff its RREF is /.



Example 7

Consider the matrix and its RREF in Example 5. There, we had

1] 1 2 0 1] 0 32 0
A |3 57 tmeer |0 [1] 12 0]

1 545 0o 0 o [1]

2 879 0 0 0 0

Our observation implies that

1. R4 is a linear combination of R;, R,, R3. Indeed,
R4 =3R; — R, + 2R5.

2. The pivotal columns in the RREF are e;, e;, e3.

3. col(3) is a liner combination of the pivotal columns, which are
col(1), col(2) and col(4).
4. Specifically, col(3) of A = 3/2col(1) + 1/2col(2).



Rank of a matrix

The number of pivots in the RREF of a matrix A is called the rank of
A, and it is denoted by rank(A).

Since RREF of a matrix is unique, rank is well-defined.

Further, a matrix in RREF is invertible iff it is equal to the identity
matrix.

Reason: Suppose B is a matrix in RREF.

If B is invertible, then its RREF does not have a zero row.

So, the RREF is equal to /.

But B is already in RREF. So, B = 1.

Conversely, if B = I, then it is in invertible, and also it is in RREF.



Invertibility & Rank

Theorem A square matrix is invertible iff its rank is equal to its order.

Proof: Let A be a square matrix of order n. Let B be the RREF of A.
Then B = EA, where E is invertible.

Let A be invertible. Then B is invertible.
Since B is in RREF, B = [. So, rank(A) = n.

Conversely, suppose rank(A) = n.
Then B has n number of pivots. Thus B = 1.
In that case, A = E~!B = E~!; and A is invertible. O



If not invertible?

Suppose A is an n X n matrix.

If rank(A) = r < n, then there are r number of linearly independent
columns in A and other columns are linear combinations of these r
columns.

The linearly independent columns correspond to the pivotal columns
in the RREF of A.

Also, there exist » number of linearly independent rows of A such that
other rows are linear combinations of these r rows.

The linearly independent rows correspond to the nonzero rows in the
RREF of A.



Example 8

11 1 2 1 101 31
1 2 1 1 1| rrer |10 1 0 -1 O
LetA=1 35 3 4 31 " looo0o 00
10 -1 -3 —1 000 00

From the RREF, we conclude that rank(A) = 2.

row(1), row(2) are linearly independent, and

col(1), col(2) are linearly independent.

col(3) = col(5) = col(1), col(4) =3 col(1) — col(2).

Notice also that
row(3) = row(1) + 2row(2), row(4) = row(2) — 2row(1).
However, the RREF does not give this information.



Extracting linearly independent vectors

Given m number of vectors from [F":

up = (u117~~'au1n)a---aum = (Mtn1>~'-7umn)-

How to extract linearly independent vectors retaining the span?
Form the matrix A with rows as uy, . .., Uy.

Reduce A to its RREF, say, B.

Suppose there are r number of nonzero rows in B.

Then the rows corresponding to those rows in A are linearly
independent.

The other rows, which have become the zero rows in B, are linear
combinations of those r rows.



Example 9

From among the vectors (1,2,2,1), (2,1,0,—1), (4,5,4,1),
(5,4,2,—1), find linearly independent vectors; and point out which
are the linear combinations of these independent ones.

1] 2 2 1 2 2 1
210 1| o | 0 [-3 —4 -3
454 1 0 -3 —4 -3
542 -1 0 -6 -8 —6
1] 0o —2/3 -1
o | o [1] 43 1
0 0 0 0

0 0 0 O

Ol=R, + R, —2R1, R3 < R; —4R1, R4y < Ry —5R1 and
02 =R; + —3Ry, R{ < R —2R;, Ry + R34+ 3Ry, R4y + R4+ 6R;.



Example 9 Contd.

Notice that no row exchanges have been applied in this reduction.
The nonzero rows are the first and the second rows.

Therefore, the linearly independent vectors are
(1,2,2,1), (2,1,0,—1).

The third and the fourth are linear combinations of these.

Indeed,
(4,5,4,1) =2(1,2,2,1) + 1(2,1,0, —1).

(5,4,2,—-1)=1(1,2,2,1) + 2(2,1,0, —1).
Also, the span of all the four rows is equal to
span((1,2,2,1), (2,1,0,—1))

which is also equal to span((l, 2,2,1), (0,1,4/3, 1))



More is not good

Why there cannot be more than 3 linearly independent vectors in R3?

Theorem: Let uy,...,ux, vi,..., vy € F". Suppose each of
V1,...,Vy is a linear combination of uy, ..., u. If m > k, then
Vi, ...,y are linearly dependent.

Proof: Consider all vectors as row vectors. Form the matrix A by
taking its rows as uy, ..., Ux, vy, ..., vy in that order. Now,

r =rank(A) < k.

Similarly, construct the matrix B by taking its rows as

Viyeevy Vi, U, ..., U, in that order. Since one is obtained from the
other by re-ordering the rows, both A and B have the same RREF.
Therefore, rank(B) = rank(A) = r < k.

If m > k, then m > r = rank(B). Thus, out of vy, ..., v, at most r
vectors can be linearly independent. It follows that vy, ..., v, are
linearly dependent. O

Theorem: Given any n vectors in " there exists a unique » < n such
that some r of these n vectors are linearly independent, and other
n — r vectors are linear combinations of these r vectors.



AB=1= BA =1

Let A and B be square matrices satisfying AB = I.

Let EA be the RREF of A, where E is a suitable product of elementary
matrices.

If A is not invertible, then EA has a zero row.

Then EAB also has a zero row.

However, EAB = E does not have a zero row.

Thus A is invertible; B = A~! is invertible, and BA = I. |
This is not true for non-square matrices, in general:

11 31 =2
01“?:”—11—1
12 4 2 -3



A and PAQ

Letuy,... ur,u € ™! Letay,...,a, € F. Observe that
u=au +---+au iff Pu=aPu; +---aPu,.

Taking u = 0, we see that the vectors uy, . .., u, € F"*! are linearly
independent iff Puy, ..., Pu, are linearly independent.

Now, if A € F™*"_then its columns are vectors in F”**!. The above
equation implies that if there exist » number of columns in A which
are linearly independent and other columns are linear combinations of
these r columns, then the same is true for the matrix PA.

Similarly, let Q € F"*" be invertible. If there exist » number of rows
of A which are linearly independent and other rows are linear
combinations of these » rows, then the same is true for the matrix AQ.



Rank and Linear independence

These facts, our observation on RREF, and the last theorem can be
used to prove the following theorem.

Theorem: Let A € F™*" Then

rank(A) = the maximum number of linearly independent rows in A
= the maximum number of linearly independent columns in A
= rank(A")
= rank(PAQ), where P € F"*" and Q € F"*"

are any invertible matrices.



Using elementary row operations

Let A € F"*" be invertible.
Its inverse can be computed using elementary row operations.
Form the augmented matrix [A | I].

Apply elementary row operations on the augmented matrix so that the
matrix A there reduces to /.

Then the I portion there has been reduced to A~!.



Why does it work?

Since A is invertible, there exists an invertible matrix P such that PA is
1. But P is a product of elementary matrices. And

PA | =[PAIPI| =[1|P]=[I|A7"].
Notice that this reduction is same as reducing A to its RREF.

Of course, if A is invertible, then its RREF is /.

And, if A is not invertible, then during this reduction process, the
matrix in A portion of the augmented matrix [A | /] will have a zero
TOWw.



Example 10

Find B~ if it exists, where

2 1 -1 -2

The augmented matrix [B | ] with the first pivot looks like:

(1] =1t 2 o]l 1 0 0 o
-1 0 0 2| 0 1 0 0
2 1 -1 =2/ 0 0 1 0
0 -2 0 2|00 01



Example 10 Cntd.

Use elementary row operations. Since aj; = 1, we leave row(1)
untouched. To zero-out the other entries in the first column, we use
the sequence of elementary row operations

Ry < Ry + Ry, R3 < Rz — 2R;. It gives

(1] =1 2 o 1

o -1 2 2 1
0 3 -5 -2|-=-2
o -2 0 2 0

= el ]
S - O O
-0 O O

The pivot is —1 in (2, 2) position. Use R, <— —R; to get the pivot as 1.

(1] =1 2 o 1 o0
0 [1] -2 —2]-1 -1
0 3 -5 —2|-2 0
02 0 2|0 0

oSO = O O

0
0
0
1



Example 10 Cntd.

And then Ry <~ R + Ry, R3 <+ R3 — 3Ry, Ry < R4 + 2R, gives

0 0 -2/ 0 -1 0 0
0 2 —2|-1 -1 0 0
0 0 1 4/ 1 3 10
0 0 —4 —2|-2 -2 0 1
Next pivot is 1 in (3, 3) position. Now,
Ry < Ry 4+ 2R3, Ry < R4 + 4R3 produces
0 0 —2/0 -1 0 0
0 0 6/1 5 2 0
0 0 411 3 1 0
0 0 0 14[2 10 4 1



Example 10 Cntd.

Next pivot is 14 in (4,4) position. Use R4 < 1/14R4 to make it 1:

1] o o =2 o -1 0o 0
0

6 1 5 2 0

0
o o [1] 4] 1 3 1 0
0 0 0 [1]|1/7 5/7 2/7 1/14

Use Ry < R| + 2R4, Ry + Ry — 6R4, R3 + R3 — 4R, to zero-out
the entries in the pivotal column:

0 0 0|27 37 471 1/7
0 0 0| 1/7 5/7 2/1 =3/7
0 0 0|3/7 1/7 —1)1 =2/7
0 0 0 17 5/7 2/7 1/14



Example 10 Cntd.

Therefore,

pl=!
7

_— W =N

Verify: B-'B=BB~! =1.

W = W

NI= N W =



Example 11

1 -1 2 0
-1 0 0 2
2 1 -1 -2

1 =2 4 2
‘We want to find the inverse of this matrix if at all it is invertible.

Augment it with an identity matrix to get

(1] =1 2 o1 0 0 0
-1 0 0 2|0 1 0 0
2 1 -1 —2/0 0 1 0

00 0 1

1 -2 4 2

Use elementary row operations. Since a;; = 1, we leave row(1)
untouched. To zero-out the other entries in the first column, we use an
appropriate sequence of elementary row operations.



Example 11 Cntd.

Use Ry < Ry + Ry, R3 < R3 — 2Ry, R4 < R4 — R; to obtain

-1 2 0| 1 0 0 0
0 -1 2 21100
0 3 -5 -2|-2010
0 -1 2 2|-1 0 0 1

The pivot is —1 in (2, 2) position. Use R, <— —R; to make it 1.

-1 2 0| 1 o0
2 2| -1 -1
3 -5 2]-2 0
-1 2 2|-1 0

S OO =
S - O O
- o o O



Example 11 Cntd.

Use R| < Ry + Ry, Ry + R3 — 3R, R4 < R4 + R; to zero-out all
non-pivot entries in the pivotal column to 0:

(1] o o —2] 0o -1

0 [1] -2 —2 -1 —1

o o [1] 4] 1 3

o o o0 0]-2 -1

S = O O
— o O O

Since a zero row has appeared in the portion where the original matrix
was, we conclude that the given matrix is not invertible.



Linear System

A system of linear equations, also called a linear system with m
equations in n unknowns looks like:

anxy +apxy +--apx, = b
anxy +apxy + - -awmx, = by
am1X1 + am X2 + - AmnXn = bm

As you know, using the abbreviation
T T
x=(x1,...,x), b=(bi,....bn)", A=]ay,
the system can be written in the compact form:

Ax = b.



Solvability

IfA € F™*" x € ! and b € F"™*!, then the system Ax = b has

m number of equations and n number of unknowns.

The system Ax = b is solvable, also said to have a solution, iff there
exists a vector u € F"*! such that Au = b.

Thus, the system Ax = b is solvable iff b is a linear combination of
columns of A.

Also, Ax = b has a unique solution iff b is a linear combination of
columns of A and the columns of A are linearly independent.



Homogeneous System

The homogeneous system corresponding to the system Ax = b is the
system
Ax = 0.

The homogeneous system always has a solution, namely, x = 0.
It has infinitely many solutions iff it has a nonzero solution. Reason?
If u is a solution, so is au for any scalar a.

To study linear systems, we use the augmented matrix
[A|b] € F™<(*+1) which has its first # columns as those of A in the
same order, and the (n + 1)th column is b.

We mention some results on Linear systems and postpone their proofs
to Lecture-12.



Theorem on Linear Systems

Let A € <" and let b € F"*!. The following are true:
1. If [A’|b'] is obtained from [A | b] by applying a finite sequence
of elementary row operations, then each solution of Ax = b is a
solution of A’x = &', and vice versa.

2. (Consistency) Ax = b has a solution iff rank([A | b]) = rank(A).

In view of this, we say that a linear system Ax = b is consistent
iff rank([A | b] = rank(A). Only consistent systems have
solutions.

3. If uis a (particular) solution of Ax = b, then each solution of

Ax = b is given by u + y, where y is a solution of the
homogeneous system Ax = 0.



Theorem Contd.

Let A € ™" and let b € F"*!. The following are true:

4 If r = rank([A | b]) = rank(A) < n, then there are n — r
unknowns which can take arbitrary values; and other » unknowns
can be determined from the values of these n — r unknowns.

5 If m < n, then the homogeneous system has infinitely many
solutions.

6 Ax = b has a unique solution iff rank([A | b]) = rank(A) = n.
7 If m = n, then Ax = b has a unique solution iff det(A) # 0.

8 (Cramer’s Rule) If m = n and det(A) # 0, then the solution of
Ax = b is given by x; = det(A;(b) )/det(A) for 1 <j <n.



Example 12

Is the following system of linear equations consistent?

Sx1+2x —3x3+x4 = 7
X1 —3x +2x3 —2x4 = 11
3x1 +8xp —Tx3+5x4 = 8

Reduce the augmented matrix to its RREF:

5 2 -3 1] 7
1 =3 2 2|1 |
3 8 -7 5|8

With O = R; + 1/5R1, Ry <~ Ry — Ry, R3 < R3 — 3R;, we get



Example 12 Cntd.

[

2/5  =3/5 1/5| /5

0 —17/5 13/5 —11/5| 48/5
0 34/5 —26/5 22/5|-19/5
(1] o —s5/17 —1/17| 43/17
0 —13/17  11/17 | —48/17
0 0 0 0

Here, 02 = Ry + —5/17R2, Ry < R| — 2/5R2, R3; <+ R; — 34/5R2.
So, rank ([A | b]) > rank(A).

The system is inconsistent. It does not have a solution.



Gauss-Jordan Elimination

Gauss-Jordan elimination converts the augmented matrix to its RREF
for solving linear systems.

Example 13: We change the last equation in Example 12 as follows:

Sx1+2x —3x3+x4 = 7
X1 —3xp+2x3—2x4 = 11
3x1 +8xp —Txz3+5x4 = —15

We start with the augmented matrix [A | b] and reduce it to its RREF.



Example 13 Cntd.

Reduction to RREF gives

5 2 -3 1 7
1 -3 2 =2 11
38 =7 5|-15

0 —5/17 —1/17| 43/17

0 —13/17 11/17 | —48/17
0 0 0 0 0

This expresses the fact that the third equation is redundant.

Now, solving the new system in RREF is easier.



Example 13 Cntd.

Writing as equations, we have

5 1 43

Mo fw —dw = 8
11 48

.3‘2 17’“3 tgX = -3

The unknowns corresponding to the pivots are called the basic
variables and the other unknowns are called the free variable.

We assign free variables to arbitrary numbers, say x; to «;; and
express the basic variables in terms of the free variables to get a
solution of the equations.

Here, the basic variables are x| and x;; and the unknowns x3, x4 are
free variables. We assign x3 to a3 and x4 to ay. The solution is
written as follows:

43 5 1 48 13 11

X = —+-—=a3+-—=a4, X = _ﬁ+ﬁa3_ﬁ

17 17 17 Qq, X3 = Q3, X4 = Q4.



Result 1

In all the following results, we consider a linear system Ax = b, where
A as an m X n matrix and b is a column vector of size m.

1. If [A"| D] is obtained from [A | b] by applying a finite sequence of
elementary row operations, then each solution of Ax = b is a solution
of A’x = b, and vice versa.

Proof: If [A’ | b'] has been obtained from [A | b] by a finite sequence of
elementary row operations, then A’ = EA and b’ = Eb, where E is the
product of corresponding elementary matrices. The matrix E is

invertible. Now, A’x = b’ iff EAx = Eb iff Ax = E-'Eb = b. O



Result 2

2. Ax = b has a solution iff rank([A | b]) = rank(A).

Proof: Due to (1), we assume that [A | b] is in RREF. Suppose Ax = b
has a solution. If there is a zero row in A, then the corresponding
entry in b is also 0. Therefore, there is no pivot in b. Hence

rank([A | b]) = rank(A).

Conversely, suppose that rank([A | b]) = rank(A) = r. Then there is

no pivot in b. That is, b is a non-pivotal column in [A | b]. Thus, b is a
linear combination of pivotal columns, which are some columns of A.
Therefore, Ax = b has a solution. O



Results 3 & 4

3. If uis a (particular) solution of Ax = b, then each solution of
Ax = b is given by u + y, where y is a solution of the homogeneous
system Ax = 0.

Proof: Let u be a solution of Ax = b. Then Au = b. Now, z is a
solution of Ax = b iff Az =D iff Az = Auiff A(z —u) = 0iff z — u is
a solution of Ax = 0. That is, each solution z of Ax = b is expressed
in the form z = u + y for a solution y of the homogeneous system

Ax = 0. O

4. If r = rank([A | b]) = rank(A) < n, then there are n — r unknowns
which can take arbitrary values; and other » unknowns can be
determined from the values of these n — r unknowns.



Proof of Result 4

Proof: Let rank(]A | b]) = rank(A) = r < n. By (2), there exists a
solution. Due to (3), we consider solving the corresponding
homogeneous system. Due to (1), assume that A is in RREF.

There are » number of pivots in A and m — r number of zero rows.
Omit all the zero rows; it does not affect the solutions.

Write the system as linear equations. Rewrite the equations by
keeping the unknowns corresponding to pivots on the left hand side,
and taking every other term to the right hand side.

The unknowns corresponding to pivots are now expressed in terms of
the other n — r unknowns.

For obtaining a solution, we may arbitrarily assign any values to these
n — r unknowns, and the unknowns corresponding to the pivots get
evaluated by the equations. O



Result 5

5. If m < n, then the homogeneous system has infinitely many
solutions.

Proof: Let m < n. Then r = rank(A) < m < n. Consider the
homogeneous system Ax = 0. By (4), there are n — r > 1 number of
unknowns which can take arbitrary values, and other » unknowns are
determined accordingly. Each such assignment of values to the n — r
unknowns gives rise to a distinct solution resulting in infinite number
of solutions of Ax = 0. O



Result 6 & 7

6. Ax = b has a unique solution iff rank([A | b]) = rank(A) = n.

Proof: Recall that (4) says: If r = rank([A | b]) = rank(A) < n, then
there are n — r unknowns which can take arbitrary values; and other r
unknowns can be determined from the values of these n — r
unknowns. This would give rise to non-unique solutions. On the other
hand, if rank([A | b]) = rank(A) = n, then A is invertible, and we have
the unique solution as x = A~ !b. o

7. If m = n, then Ax = b has a unique solution iff det(A) # 0. In this
case, the unique solution is given by x = A~!b.

Proof: If A € F™*" then it is invertible iff rank(A) = n iff det(A) # 0.
Then use (6). O



Result 8

8. If m = n and det(A) # 0, then the solution of Ax = b is given by
xj = det(Aj(b) )/det(A) foreachj e {1, ..., n}.

Proof: Recall that Aj(b) is the matrix obtained from A by replacing
the jth column of A with the vector b. Since det(A) # 0, by (6),
Ax = b has a unique solution, say y € <1,

Write the identity Ay = b in the form:

ay ajj ain by
yo| |ty it | =
anl yj Qnn b,
This gives
an (vja1j — b1) an
yvi| |+ + 4+ dy, |- =0.
an1 (Yjanj = bn) Gnn

In this sum, the jth vector is a linear combination of other vectors,
where —y;s are the coefficients.



Proof of (8) Cont.

Therefore,
air - (yjay—b1) - an
: =0.
L2773 I (yjanj —by) - am
From Property (6) of the determinant, it follows that
al] .. a]] DR al}’l all ... bl ... aln
Y : - : =0.
anl e anj o oe. ann anl .. bn .. ann

Therefore, y; = det(A;(b) )/det(A).



A fixed line
0 1
LetA = [ 10 ] .

Here, A : R2¥! — R2x1,
It transforms straight lines to straight lines or points.

Get me a straight line which is transformed to itself by A.

SHEIHEH]

Thus, the line {(x, x) : x € R} never moves.
Also the line {(x, —x) : x € R}. does not move.

Observe:

(2] a2 ]



Eigenvalues & Eigenvectors

LetA € C"". A scalar A € C is called an eigenvalue of A iff there
exists a non-zero vector v € C"™*! such that Av = \v.

Such a vector v is called an eigenvector of A for (or, associated with,
or, corresponding to) the eigenvalue A.

1 11
Example 1: LetA= |0 1 1
0 0 1

It has an eigenvector (1,0,0)7 associated with the eigenvalue 1.
Is (2,0,0)T an eigenvector associated with the same eigenvalue 1?

Corresponding to an eigenvalue, there are infinitely many
eigenvectors.



Characteristic Polynomial

Theorem: Let A € C"*". A complex number A is an eigenvalue of A
iff det(A — X) = 0.

Proof: Letv € C"*!| v # 0. Then,

v is an eigenvector of A for the eigenvalue A € C

iff v is a nontrivial solution of the homogeneous system (A — Al)x = 0
iff rank(A — M) < niff det(A — X\) = 0. O
The polynomial det(A — ¢I) is called the characteristic polynomial
of the matrix A.

Fundamental Theorem of Algebra says that each polynomial of
degree n with complex coefficients has exactly n complex zeros.

The zeros of the characteristic polynomial are the eigenvalues of A.

Note: If a + if3 is an eigenvalue of a matrix with real entries, where
B # 0, then o — i3 is also an eigenvalue of this matrix.



Example 2
1 00
LetA=1]1 1 0
1 11
The characteristic polynomial of A is
1—¢+ O 0
detA—t)=| 1 1—t 0 |=(1-1>
1 1 11—t

The zeros are 1,1, 1. These are the eigenvalues of A.

To get an eigenvector, we solve A(a, b, c)T =1 (a,b,c)T or that
a=a,a+b=>b,a+b+c=c.

It gives a = b = 0 and ¢ € T can be arbitrary.
All eigenvectors are given by (0,0, ¢)7, for ¢ # 0.



Example 3

0 1
-1 0

Then i and —i are its eigenvalues.

LetA = [ ] . Its characteristic polynomial is * 4+ 1 = 0.

The corresponding eigenvectors are obtained by solving
A(a,b)" = i(a,b)" and A(a,b) = —i(a,b)".
For A\ = i, we have b = ia, —a = ib. Thus, (a, ia)” is an eigenvector
fora # 0.
For the eigenvalue —i, the eigenvectors are (a, —ia) for a # 0.

The maximum k such that (+ — \)* divides the characteristic
polynomial is called the algebraic multiplicity of the eigenvalue .

In Example 2, the algebraic multiplicity of the eigenvalue 1 is 3.



Some results

1. A and A have the same eigenvalues.
Reason: det(A” — tI) = det((A — tI)T) = det(A — tI).

Matrices A, B € C"*" are called similar iff there exists an invertible
matrix P € C**" such that P"'AP = B.

2. Similar matrices have the same eigenvalues.

Reason: det(P~'AP — tI) = det(P~'(A — tI)P)
= det(P~1)det(A — tI)det(P) = det(A — tI).

3. If A is a diagonal or an upper triangular or a lower triangular
matrix, then its diagonal elements are precisely its eigenvalues.

Reason: In all these cases, det(A — tI) = (aj; — 1) -+ - (aun — 1).



Trace & Determinant
4. Let A € C"*". Then det(A) equals the product and tr(A) equals the
sum of all eigenvalues of A.

Proof: Let A1, ..., )\, be the eigenvalues of A, not necessarily distinct.
Now,
det(A—1tl) = (A1 — 1)+ (Mg — 1).

Put r = 0. It gives det(A) = A; - - - A,
Expand det(A — #I) and equate the coefficients of /"~ to get
Coeff of 7"~! in det(A — tI) = Coeff of #"~!in (aj; — 1) - Ayy

(Here, A1 is the determinant of the matrix obtained from A — #/
deleting its first row and first column.)

= Coeffof "~ Vin (a;; — 1) - (axa — 1) -+ (@ — 1) = (—1)""tr(A).
But Coeff of #"~!in det(A — #) = (—1)""1- Y \. O



Cayley-Hamilton Theorem
Theorem: Any square matrix satisfies its characteristic polynomial.
Proof: Let A € C"™". Let p(t) = co + c1t + - - - + cpt" be the
characteristic polynomial of A. We show that p(A) = 0, the zero
matrix. Now, p(t)1 = det(A — tl) I = [adj (A — 1I)] (A — ).
The entries in adj (A — #I) are polynomials in 7 of degree at most
n— 1. Write adj (A — tI) :== By +tBy + - -+ + "~ 'B,_, where
By,....B,_1 € C"™" Then

col +clt4 -+ c " = p(t)] = (By+ By + - - " 'B,_1)(A —t1).
Comparing the coefficients of X, we obtain

col = BoA, c1l = BiA—By,...,cu—1I =B, 1A—B,,_», ¢yl = —B,_1.
Then, substituting these values in p(A), we have

p(A) = COI+C1A+"'+CnAn:COI+C11A+"’+C,,IA"
= BoA+ (BIA—Bo)A+ -+ (ByotA — By_2)A" ' — B, A"
= 0. 0



Two applications
Suppose that a matrix A € C"*" has the characteristic polynomial

ag+ait+ -+ a1+ (1)
By Cayley-Hamilton theorem, apl + a;A + - - - + (—1)"A" = 0. Then
A = (—l)n—l(aol + alA + .4 anilAn—l).

1. So, A", A1 can be reduced to computing A, A2, ..., A"

2. If A is invertible, then det(A) # 0. So, 0 is not an eigenvalue of A.
So, ag # 0. Then

aol + A(aI + -+ + a1 A" > + (—=1)"A" 1) = 0.

Multiplying A~! and simplifying, we obtain

I
ATl = (@l @A AT (1A,



Hermitian matrices

LetA € C"".

Let A € C be any eigenvalue of A with an eigenvector v € C"<!.
Now, Av = A\v.

Pre-multiplying with v*, we have v*Av = Av*v € C.

Taking adjoint, vA*v = \v*v.

1. All eigenvalues of a Hermitian matrix are real.

Reason: If A is Hermitian, then A* = A.

So, \v*v = A\v*v, where v # 0.

Thus A\ = \. Thatis, A € R.



Real symmetric

A real symmetric matrix is a hermitian matrix.
So, all its eigenvalues are real.
In addition, we have the following result.

2. If A is areal symmetric n X n matrix, then a real vector
corresponding to a (real) eigenvalue can always be chosen.

Reason: Suppose A(x + iy) = A\(x + iy), with A € R, x,y € R,
Then Ax = Ax and Ay = Ay.
Since x + iy # 0, at least one of x, y is nonzero.

If x # 0, then it is an eigenvector for the eigenvalue \; else, choose y.



Skew-hermitian

3. All eigenvalues of a skew-hermitian or a real skew-symmetric
matrix are zero or purely imaginary.

Reason: When A is skew-hermitian, A* = —A.
Earlier we had v*Av = A\v*v and v A*v = \v*v.
So, \v* v = —\v*y.

Again since v # 0, we have A = —\.

That is, 2Re(\) = 0.



Unitary & Orthogonal

4. Each eigenvalue of a unitary or an orthogonal matrix has absolute
value 1.

Reason: Let A be unitary. That is, A*A = I = AA*.

Now, Av = Av, v # 0 implies v*A* = (A\v)* = Av*. Then
VY = v Iy = vFA*Ay = AWty = [APvi

Since v'v # 0, |A| = 1.

The determinant of A is the product of its eigenvalues.

So, the determinant of a unitary matrix has absolute value 1.

Since an orthogonal matrix is a real unitary matrix, its determinant is
a real number, and its absolute value is 1.

Hence, the determinant of an orthogonal matrix is either 1 or —1.



Distinct eigenvalues

Theorem: Eigenvectors associated with distinct eigenvalues of an
n X n matrix are linearly independent.

Proof: Let A1, ..., )\, be all the distinct eigenvalues of A € C"*". Let
Vi, ...,V be corresponding eigenvectors. We use induction on
ie{l,...,m}.

For i = 1, since v; # 0, {v;} is linearly independent,

Induction Hypothesis: for i = k suppose {vi, ..., v} is linearly
independent. We want to show that vy, ..., vk, vry are linearly
independent. Towards this, assume that

avi +oovy 4 - - 4+ agvi + g1 vk = 0. (D



Proof Cont.

Then, A(avi + apvay + - - + agvk + sy 1vi+1) = 0. Since
Av; = \;jvj, we have

a1 A vy +axdovy + -+ g Akvk + Qg1 A1 Vir1 = 0. 2)
Multiply (1) with Mg . Subtract from (2) to get:
ar( A — Mep)vi + -+ (M — Mer1)ve = 0.

By the Induction Hypothesis, a;j(Aj — Ax+1) = O for each
j=1,...,k Since Ay, ..., A\¢s are distinct, we conclude that

a) = - = ag = 0. Then, from (1), it follows that a4 1vi+1 = 0. As
vir1 7 0, we have a1 = 0. Il



Using linearly independent eigenvectors

Suppose an n x n matrix A has n linearly independent eigenvectors

Vi,..., . Let A1, ..., A\, be the corresponding eigenvalues. We find
that
Avi = Ay, .. LAy, = Ao
Construct the matrix P € C"*" by taking its columns as the
eigenvectors vy, . . ., v,. That is, let
P = [vl Vo oot Vpq vn].
Also, construct the diagonal matrix D = diag(\y, ..., ;). That s,
Al
D=



Using LI eigenvectors Contd.
With P = [vl Vo o Vpeq vn} and D = diag(\, ..., \,), we can write
the products Av; = A\jvy, ...,Av, = \,v, as the single equation
AP = PD.
Now, rank(P) = n. So, P is an invertible matrix. Then
P~'AP =D.

Let A € C"*". We call A to be diagonalizable iff there exists an
invertible matrix P such that P~'AP is a diagonal matrix.

(That is, A is similar to a diagonal matrix).

We also say that A is diagonalizable by the matrix P iff P~!AP = D.

It follows that if an n x n matrix has » linearly independent
eigenvectors, then it is diagonalizable.



Diagonalizability

We ask whether diagonalizability of an n X n matrix implies that it
has n number of linearly independent eigenvectors.

Let A € F"*" be diagonalizable.

So,let P = [vl, S vn] be an invertible matrix so that
P'AP = diag(\1, ..., \y).

Then AP :A[vl, e vn] = [vl, e vn]diag()\l, ces An)-
Consequently, Avy = A\vy, ..., Avy, = Aoy,

That is, vy, . . ., v, are eigenvectors of A.

Moreover, P is invertible implies that vy, . .., v, are linearly
independent.

We have proved the following result.

Theorem: An n X n matrix is diagonalizable iff it has n linearly
independent eigenvectors.



Diagonalizability

We know that if an n X n matrix has n distinct eigenvalues, then the
corresponding eigenvectors are linearly independent.

Also, if an n X n matrix has n linearly independent eigenvectors, then
it is diagonalizable.

It follows that if an n x n matrix has » distinct eigenvalues, then it is
diagonalizable.

Another sufficient condition for diagonalizability is given by the
following theorem.
Spectral Theorem:

1. A is a normal matrix iff A is diagonalizable by a unitary matrix.

2. If A is real symmetric, then A is diagonalizable by an orthogonal
matrix.



Comments

Recall that A is a normal matrix iff A*A = AA*. Thus, hermitian
matrices and real symmetric matrices are normal matrices.

Spectral theorem says that if A is a normal matrix, then there exists a
unitary matrix P such that P~'AP is a diagonalizable matrix.

Since P is unitary, we have P* = P~!. Hence, P*AP is a diagonal
matrix.

In this case, P = [vl <o+ ), P*AP = diag(\y, ..., \y), and v; is an
eigenvector associated with the eigenvalue ); of A.

The Spectral theorem says that the vectors v; can be chosen in such a
way that they form an orthonormal set.

Similarly, when A is real-symmetric, these orthonormal vectors can be
chosen to be in R"*!.



Diagonalization

In each of these cases, our procedure of diagonalization is the same.
We find eigenvalues.

We choose the corresponding linearly independent eigenvectors.
Next, we form the matrix P by taking these eigenvectors as columns.

Then P~!AP is a diagonal matrix with diagonal entries as the
eigenvalues of A.

If A is normal or real-symmetric, then we may orthogonalize the
eigenvectors; and divide each with its norm; and then form P.

Then P*AP will be the diagonal matrix with the eigenvalues of A on
its diagonal.



Example 4

1 -1 -1
LetA=| —1 1 -1
-1 -1 1

It is real symmetric. It has eigenvalues —1, 2, 2.
We must find out the associated eigenvectors, by solving Ax = \x.

For the eigenvalue —1, the system Ax = —x gives
X] — X2 — X3 = —X1, —X| +X2 —X3 = —X3, —X] — X2 + X3 = —X3.

Then x; = x, = x3. One eigenvector is (1,1,1)7.

For the eigenvalue 2, we have the equations as
X| —Xo —x3 = 2x1, —Xx1 + X —x3 = 2xp, —X| — X2 + X3 = 2x3.

It gives x; + x + x3 = 0.



Example 4 Contd.

Since x; + x2 + x3 = 0, we can have two linearly independent
eigenvectors such as

—1 —1
and —1
2

Along with the earlier eigenvector [1 1 1]7, we see that the three
eigenvectors are orthogonal; we divide their norms to get the
orthonormal eigenvectors as

1/V3 —1/V/2 -1/V6
1/V3 |, V2 |, | —-1/V6
1/V/3 0 2/V6



Example 4 Contd.

Next, we take

V3 —1/v2 —1/V6
P=|1/V3 1/vV2 —1/V6
1/V3 0 2/V/6

We see that P~! = PT, that is, P is an orthogonal matrix. And,

N OO

-1 0
P 'AP = PTAP = 0 2
00

the diagonal matrix similar to A.



