MA 1101

Functions of Several Variables

Vector Integrals



Line Integral

Line integrals are single integrals which are obtained by integrating a
function over a curve instead of integrating over an interval.

Fi(xtoyhy

Let f(x, y, z) be a real valued function with region D. Let C be a curve
that lies in D given in parametric form as

) =x(0)i+y() f+z()k, a<t<b.

The values of f on the curve C are given by the composite function
f(x(2),y(t), z(r)). We want to integrate this composite function on the
curve C.



How to proceed?

Partition C into n subarcs. Choose a point (xg, Yk, zx) on the kth subarc.
Suppose the kth subarc has length As;. Form the Riemann sum

n
Sp = Zf(xk,yk,zk)ASk-

k=1

Suppose the partition is such that when n approaches co, the length s,
approaches 0.
If lim S, exists, then this limit is called the

n—oo

We write

/f(x,y, z)ds = lim §,.
C n—oo

Notice that the line integral is computed by parameterizing the curve
C.



How to Compute it?

Let C: #(f)=x()i+y(r) j+z()k, a<t<b bea
parametrization of the curve C lying in a region D C R3.
Let f : D — R have continuous partial derivatives and let the
component functions x(¢), y(¢), z(f) have continuous derivatives.
Then the line integral of f over C exists, and it is given by

[reevais= [ reo0201 (&) + (L) + (L)

We also write

ds= 17Ok = () (D) 4 ()




Examples

. Integratef(x, y, Z) =x— 3y2 +z over ann
the line segment from the origin to the point
(1,1,1).

i
(1, LO)

Parametrize the curve C : #(r) =ti+tf+tk, 0<r<]I.

Then x(7) = y(t) = z(t) = 1. So, | 7 /(1) = VI2 + 12 + 12 = V3.
1
d - - \/_d = - 2 '\/_d =
/fs / x(1) = 3y (t)+z(t)) t= /0 (t=3r +1)V3dr =0

: Evaluate fC(Z + x%y)ds, where C is the upper half of the
unit circle in the xy-plane.

Here, f = f(x,y) = 2+ x%y is a function of two variables.
Parametrize the curve. C : x(f) = cost, y(¢t) =sint, 0<t <.
Then

/ (2 +x%y)ds = / ”(2+cos2t sint)\/(x’(t))2+ (y'(1))2dt = 27t +2/3.
C 0




Piecewise Smooth Curve

IfCisa curve, i.e., it is a join of finite number of
smooth curves, written as C = C; U - - - U C,,, then we define

/f(x,y,z)dsz/f(x,y,z)ds+---+ f(x,y,z)ds.
c o

CITl
: Let C be the curve consisting of line segments joining
(0,0,0) to (1,1,0) and (1, 1,0) to (1, 1, 1). Evaluate
fc(x —3y? + 7)ds.

(L1L 1

Parametrize. The curve C is the join of C;
|(_‘ and C,, where
I Ci: F()=ti+tf,0<t<1;
Cr:#f)=1i+ j+tk, 0<r<1.
Then On Cy, |7 /(f)] = V2 and
on Cy, |77(1)| = 1. Now,

(0, 0,0y

/(x—3y2+z)ds:/(x—3y2+z)ds+/(x—3y2+z)ds

/(t—3t +0)V2dr + f (1—3+t)dt—_\/_ 3




Examples Contd.

: Evaluate fc 2x ds, where C is the

1,2

arc of the parabola y = x? from (0, 0) to (1, 1) c, I I
followed by the line segment joining (1, 1) to |

(1.2). y'n::,l

Here, C = C| U C, with 0.0

Ciix=t,y=r, 0<1<1; Cy:x=1,y=1 1<1<2.
Then fc2xds = /Cl 2xds + /Cz 2xds
- fol 212 + (2t)2d)6+f12 V07 + 12dr = D31 4 o,

: Evaluate fc ysinzds, where C is the
circular helix given by
x(t) = cost, y(t) =sint, z(t) =1, 0 <t < 2nm.

2, -
/Cysinzds = fo " sin? tVsin 1 + cos2 ¢ + 1 dt = V2n.



Line Integral on x-axis

If the curve C happens to be a line segment on the x-axis, then
ds = dx.
In that case, the line integral over the curve becomes

n
/f(x,y, 7)dx = nlim Zf(xk,yk, Zk) Ax.

In this case, we see that

b
f Fry,2) ds = / Flry,2) di = / PO, y(0), 2(0) (1) di.
C C a



Other Line Integrals

We generalize this observation and define the
as follows:

b
/f@%@dv /°ﬂaawnxmn«nm
C a

/f(x,y, z)dy
C

/f(x, y,2)dz
C

Notice that in order to be meaningful, we assume here that f(x, y, z)
has continuous first order partial derivatives and 7(¢) is smooth, that
is, if C has parmeterization as x = x(¢), y = y(¢), z=z(t), a <t < b,
then dx/dt, dy/dt and dz/dt are continuous.

b
/fU@J@J@WWML

b
/ F(x(2), y(1),2(2))7' (1) dr.



Example 6

Evaluate fc ydx + zdy + xdz, where C is the curve
joining the line segments from (2, 0, 0) to
(3,4,5) to (3,4,0).
Parameterize: C = C; U C,, where
Ci:x=2+t,y=4t,z=5t, 0<tr<1;
Cy: x=3,y=4,z=5-5t, 0<r<1.

Then

/ydx+zdy+xdz:/ ydx+zdy+xdz+/ ydx + xdz + zdx
C C G

1 1
:/ (4t)dt+(5t)4dt+(2+t)5dt+/ 3(=5)dt=49/2-15=9.5.
0 0



Vector Fields

We want to generalize line integrals to vector fields.

A is a function defined on a region D in the plane or space
that assigns a vector to each point in D. If D is a region in space, a
vector field on D may be written as

F(x,y,2) = M(x,y,2) T+ N(x,y,2) J + P(x,y,2) k.

Vectors in a gravitational field point toward the center of mass that
gives the source of the field.

The velocity vectors on a projectile’s motion make a vector field along
the trajectory.



Line Integral of Vector Fields
Let F(x,y,z) be a continuous vector field defined over a curve C given
by #(¢) = x(£) 1+ y(r) j + z(¢) k fora < t < b. The
, also called the
is

/CF-d?:/CF(F(t))-F’(t)dt:/cF-Tds,

where T(¢) = |:/((’t))| is the unit tangent vector at points on C.

: Evaluate the line integral of
the vector field F(x,y,z) = x*T —xy }
along the first quarter unit circle in the

first quadrant.
The curve C is given by () = costi+sintj, 0 <t < /2. Then

F(#(1)) = cos’ti —costsint j and 7’ =—sintf+costJ.

/2 2
The work done is /F-d?:/ F(#) -7 dt = —.
c 0



Line Integrals - Vector fields and Scalar fields
Let the vector filed F be given by

F(x,y,2) = M(x,,2) i+ N(x,y.2) ] + P(x,3,2) k.
Suppose the curve C is given by
C: H)=x()i+y(@) j+z(k, a<t<b.

Then

/F-d?
C

b
/ F(# (1)) -7 '(¢) dt

b
/ [M(x(1), y(1),z() x'(t) + Ny'(t) + PZ'(¢)] dt
= / Mdx + Ndy + Pdz.
C

This formula connects the line integral of a vector field to the line
integrals of the component scalar fields.



Example 8

Evaluate /C F - d7, where
F zxyi+yzj+leA<
and C is the twisted cube given by
x=t,y=t,z=0, 0<t<1.

JoMdx= [ 172 1di = 1/4,
fCNdy:fo1 23 2tdt =2/1,
chdz=f01 P 132 dr =3]/17.
So, [F-dF=1/4+2/7+3/7=27/28.

Also, a direct computation shows

1

1
/F-d?:/ [xyx’+yzy'+zxz’]dt=/ [ + 26 + 3% dr = 27/28.
C 0 0



Gradient Field

The of a differentiable function f (x, y, z) is the field of
gradient vectors
of . f Lo
df=Vf=—10i+—j+—=—k
grad f = Vf = == M
The gradient field of the surface . T
f(x,y,7) = ¢ may be drawn (typical) as: N \ B
- 4

At each point on the surface, we have a
vector, the gradient vector, which is A
normal to the surface. And we draw it _—T

there itself to show it.
For example, the gradient field of f(x,y, z) = xyz is

-

grad f = yzi +zx j + xy k.



Conservative Fields

A vector field F is called if there exists a scalar function
f such that F' = grad f. In such a case, the scalar function f is called
the of the vector field F.

For example, the gravitational force field F = _WIWII*G ¥ or written in the
F(x,y,z) form:
mMG A
F(x,y,2) = ————F——=5xi+yj+zk
(x.y,2) 2192+ 2P [xT+y]+zk]
is a conservative field. Reason?
mMG
Define f(x,y,z7) = ————————. Then
f(x.3.2) (2 +y2+22)112
0
grdf——fA+ fA —f k=F.

dy 8

Physically, the law of conservation of energy holds in every
conservative field.



Fundamental Theorem for Line Integrals

Recall: fa b f'(t)dt = f(b) — f(a) for a function f(¢). Gradient acts as a
sort of derivative.

: Let C be a smooth curve given by
F(t) =x(0) i+ y(£) f+z2(H) k for a <t <b.
Suppose C joins points (x1, y1,z1) to (x2,y2,22). That is,
Fa)=xit+y1J+zak and Fb)=x2i+yf+2k.

Let f(x, y, z) be a function whose gradient vector is continuous on a
region containing C. Then

/C VF - dF = f (D)) —f(7(a)) = f(v2,y222) — f (k131 20).

Proof: [Vf-di= ["Vf(#(1)-F'(1)d

_ (brofax  ofdy | Of dz
=[5 5+5a+aald

= [P Lp @) de = FGFO) = £ (b)) - [(7(a)). 5



Path Independence

Theorem 2 says that if F is a conservative vector field with potential f,
then the line integral over any smooth curve joining points A to B can

be evaluated from the potential: fc F-dr=f(B) -f(A).

Observe that the line integral in such a case, is independent of path of
C; it only depends on the initial and end points of C.

We say that a line integral f cF-d ris if for any
curve C’ that is lying in the domain of F, and having the same initial
and end points as that of C, we have fc F-dr= fc F-dr.

The line integral f cF-d 7 is path independent if F is conservative.

: Find the line integral of the field F' = yz7 + zx j + xy k
along any smooth curve joining the points A(—1,3,9) to B(1, 6, —4).

Notice that F is conservative since F' = grad (xyz). That is, with
f =xyz, we have F = Vf. Let C be any smooth curve. Then

B
/F-d?z/ Vf-di=f(B) -f(A) =3.
C A



Path independence implies Conservative

As a corollary to Theorem 2, we have the following result:

: Let F be a continuous vector field defined on a region D.
Let C be any smooth curve lying in D. The line integral /c F-dris
path independent iff /C, F - d 7 =0 for each closed curve C’ lying in D.
Note: A closed curve has same initial and end points.
In Theorems 2-3, “Smooth curve” may be replaced by “Piecewise

smooth curve.”
When C is a closed curve, we write

/F-d? as fF-d?.
c c

: Let F be a continuous vector field defined on an open
connected region D. If fc F - d ¥ is path independent for each smooth
curve C lying in D, then F is conservative.

We will not prove this theorem.



Checking Conservative

Consider a conservative vector field F = M(x,y) i+ N(x,y) j in the
plane. We have a scalar function f(x, y) such that f, = M, f, = N.
Suppose M), and N, are continuous.

Using Clairaut’s theorem, we have f,, = M, = f,, = N,. That is,

If F=Mi+N]j isconservative, then M, = N,.

Similarly, in 3d, if F is a conservative vector field, then
F=Mi+N j+Pk= Vf for some scalar function f. We have

M, =N,, N,=P,, P, =M,.

: Let F(x,y,2) = M(x,y,2) i+ N(x,y,2) j + P(x,y,z) kbe a
vector field, where the component functions have continuous partial
derivatives on a region D. If F is conservative, then on D, we have
My, =N,, N,=Py, P,=M,.



Converse of Theorem 5

The converse of Theorem 5 also holds provided the domain of F is a
simply connected region.

A is a curve which does not intersect itself.

A connected region D is said to be a if every
simple closed curve lying in D encloses only points from D.

simply-connected region

Y0
J\f/“\/" \

simple, not simple,
closed closed regions that are not simply-connected

:Let F=Mi+N j+ Pk be a vector field on a simply
connected region D, where M, N, P have continuous partial
derivatives. If M, = Ny, N, = Py, P, = M; hold on D, then F'is
conservative.

Again, we omit the proof.
These equations help in determining the potential function of a
conservative field.



Example 10

Are the following vector fields conservative?

(@) F(x,y) = (x-y)i+(x-2)].

() F(x,y) = (3+2xy) i + (x* = 3y?) J.

(¢) F(x,y,2) = 2x = 3) i+ 2 J +coszk.

@F=Mi+Nj, where M =x—-y, N=x-2.

M, = -1, N, = 1. Since My # N, it is not a conservative field.

(b) Here, M = 3+ 2xy, N = x2 - 3y2. M, =2x = N,.

The vector filed is defined on R?, which is a simply connected region.
The partial derivatives of M and N are continuous. Therefore, F is a
conservative field.

©F :Mi+Nj+PIA<, where M =2x -3, N=2, P=cosz.
M,=0, Ne=0, N;=1,P,=0, P,=0, M, =0.
Since N, # Py, the field F is not conservative.



Example 11

Find a potential for the vector field F = (3 +2xy) i + (x*> — 3y?) j. Then
evaluate /C F - d 7, where C is given by
F(t)=é€'sinti+e'costj, 0 <t <.

To determine the scalar function f(x, y, z) such that F = grad f, we take
fi=3+2xy, fy=x"-3y"

Integrate the first one with respect to x and integrate the second with
respect to y to obtain:

) =3x+x7y+3(y), flry) =x"y -y +h(x).
Taking g(y) = —y* + const. and /(x) = 3x + const., we have

f(x,y) =3x+ xzy - y3 +k for any constant k.

Next, fCF ~d7 =f(x(n),y(n)) = f(x(0),y(0)) = &7 + 1.



Example 12
Find a potential for the vector field F = y> i + (2xy + %) } + 3ye>* k.

Denote the potential by f(x, y, z). Then
fo=y5 fy = 2xy+ €%, f, = 3ye™.
Integrate with respect to suitable variables:
f=x"+8(0,2), f =xy" +ye¥ + h(x,2), f = ye* + $(x,y).
Sometimes matching may not be obvious. So, differentiate the first:
fy =20y + g,(3,2) = 2xy + €.
Thus, gy(y,2) = €**. Integrate: g(y,z) = ye** + ¢(z). Then
f=x7"+ye " +y(2).

This gives f, = 3ye’? + ¢’ (z) = 3ye>?. Thus, y(z) = k, a const.
Therefore,
f(x,y,2) = xy* +ye¥ + k.



Example 13

Show that the following vector field is conservative by finding a
potential for it:
F=(e'cosy+yz)i+ (xz—e€*siny) j+ (xy+2)k

Let the potential be f(x, y, z). Then
fr=€"cosy+yz, fy=xz—¢€"siny, f. =xy+z.
Integrate the first w.r.t. x to get
f=e"cosy+xyz+g(y,2).
Differentiate w.r.t. y to get
fy=—e'siny+xz+g,(y,2) =xz—¢e"siny = g,(y,2) =0.

Thus g(y,z) = h(z). And then f = ¢* cos y + xyz + h(z). Differentiate
W.I.t. z to obtain

f=xy+h (@) =xy+z= W (2) =2 h(z) = 2/2 + k.
Then f(x,y,z) = e*cosy + xyz +z%/2 + k.



Exact Differential Forms

If M, N, P are functions of x, y, z, on a region D in space, then the
expression

M(x,y,z)dx + N(x,y,z)dy + P(x,y,z)dz

Is called a . The differential form is called if
there exists a function f(x, y, z) such that

0 0 g
M(x,y,z) = a—i N(x,y,z) = B—J; P(x,y,z) = H_J;

Notice that if the differential form is exact, then
M(x,y,z)dx + N(x,y,z)dy + P(x,y, 2)dz = df

which is an exact differential. In that case, if C is any curve joining
points A to B in the region D, then

B
/[de+Ndy+sz]=/Vf.dF=/ df =f(B) — f(A).
C C A

Therefore, the differential form is exact iff F = M7+ N j + Pk is
conservative. Then the f is the potential of the field F.



Example 14

Show that the differential form ydx + xdy + 4dz is exact.
Evaluate the integral fc(ydx + xdy + 4dz) over the line segment C
joining the points (1, 1, 1) to (2,3, -1).

M=y, N=x, P=4.Then
My,=1=N,, N,=0=Py, P, =0=M,.

Therefore, the differential form is exact. Notice that

vdx + xdy + 4dz = d(xy + 4z + k). Hence it is exact.

In case, f is not obvious, we can determine it as earlier by
differentiating and integrating etc. Next,

(2,3,-1)
/(ydx+xdy+4dz) 2/ dxy+4z+k)
c (1,1,1)

_x+4z+k’ =-3.
(xy )(1)



Green’s Theorem

Let C be a simple closed curve in the plane. The

of C refers to a single counter-clockwise traversal of C. If C is given
by 7(f), a <t < b, then its positive orientation refers to a traversal of
C keeping the region D bounded by the curve to the left.

(a) Positive orientation (b} N egative orientation

: (Green’s) Let C be a positively oriented simple piecewise
smooth curve in the plane. Let D be the region with boundary as C.
(That is, C = 0D.) If M(x, y) and N(x, y) have continuous partial
derivatives on an open region containing D, then

1. §(Mdx +Ndy) = ffD(a—N——)dA
2. fo(Mdy = Ndv) = [, (%L + 2¥)aa.



Proof

Green’s theorem helps in evaluating an
integral of the type fa "F.fina
non-conservative vector field F. It gives a e
relationship between a line integral E [ o
around a simple closed curve C and the .
double integral over the plane region D o ;

bounded by this closed curve.
We only prove for a special kind of regions to give an idea of how it is

proved.
Consider the region D = {(x,y) :a < x < b, f(x) <y < g(x)}.
Assume that f, g are continuous functions. Then

b g(x) b
/ —dA /a " Mydydxz‘/a [M(x, g(x)) — M(x,f(x))]dx

Now we compute f ¢ Mdx by breaking C into four parts Cy, C, C3 and
Cy.



Proof Contd.
The curve Cy is givenby x = x, y = f(x), a < x < b. Thus

Mdx = ’ M(x,f(x))dx.
e

On C; and also on Cy, the variable x is a single point. So,

/ Mdx = Mdx = 0.
fe} Cy

As x increases, C3 is traversed backward. That is, —Cs is given by
x=x, y=g(x), a<x<b.So,

b

Mdx = — Mdx = — / M (x, g(x))dx.
(&) -C3 a

Therefore, ffD M A = fc Mdx. Similarly, express D using the

variable of 1ntegrat10n as y. Then we have ffD INJA = /c Ndy.
Next, add the two results obtained to get

/(de+Ndy) [/ B_N - 8—M

The second form follows similarly.



Example 15
Verify Green’s theorem for the field F = (x — y) i + x J, where C is the
unit circle oriented positively.

Here, we have C : 7(f) =xi+yj=costi+sintf, 0 <t < 2nm.
The region D is the unit disk.

M =cost—sint, N =cost.

dx = —sintdt, dy = costdt.

M,=1, M,=-1, N, =1, Ny, =0. Now,

fC(Mdy — Ndx) = /02”[(005 t —sint)cost —cost(—sint)|dt = m.
JJ, (M. + Ny)dA = [[(1+0)dA = Area of D = 7.

Similarly,
fC(de + Ndy) = f027r [(cost —sint)(—sint) + cos® t]dt = 2n.

JJ, (N —My)dA = [[ (1= (=1))dA = 2 x Area of D = 2.



Examples

: Evaluate the integral I = ggc xydy + y* dx, where C is the
square cut from the first quadrant by the lines x = 1 and y = 1, with
positive orientation.

Take M = y*, N = xy, D as the region bounded by C. Then

1= §.(Mdx+Ndy) = [[,(Ne~My)dA = [} ['(y—2y)dxdy = ~1/2.
Also, taking M(x,y) = xy, N(x,y) = —y* we have
I=§.(Mdy—Ndx) = [, (Mc+N)dA = [, ['(v = 2y)dxdy = -1/2.

: Evaluate the integral
— _ psi 4 . s
I= fc(3y M Ndx + (Tx + /1 + y*)dy, where C is the positively
oriented circle x> + y> = 9.

Take D as the disk x? +y? < 9. Then by Green’s theorem,
I= [[,[(Tx+ 1 +y%, = By - &¥"),]dA = [, (7 - 3)dA = 367



Examples Contd.

: Evaluate :
I= 51§C x* dx + xy dy, where C is the i
triangle with vertices at (0, 0), (0, 1) and boe
(1, 0); its orientation being from (0, 0) to 2
(1,0) to (0, 1) to (0,0). 2
The triangle is positively oriented. Let D be the region bounded by the
triangle. Take M = x*, N = xy. Then

I= ‘/]‘D[(x,y)x_ (x4)y]dA :‘/01 /(.)l_xydydx: %/(')1(1 _x2)dx: %

: Evaluate /C (xdy — y*dx), where C is the positively
oriented square bounded by the lines x = +1 and y = +1.

Here, M =x, N = yz, and D as the region bounded by C.

By Green’s theorem,
1,
$(Mdy — Ndx) = [[ (M, +Ny)dA = [ [ (1+2y)dxdy = 4.



Area and Green’s Theorem

Consider the formula ffD(Nx - M,)dA = fC(de + Ndy).
I.M=0, N=x= N, - M, = 1. So,

Area of D = // (Nx — My)dA = j{ (Mdx + Ndy) = f xdy.
D C C
2. M=-y, N=0= N,—-M, =1. Then

Areaof D = // (Nx = My)dA = 7{ (Mdx + Ndy) = — 75 ydx.
D c c
1
3. Combine both to get Area of D = 3 j{ (xdy — ydx).
c

2
For example, area enclosed by the ellipse C : ;‘—i + Z—z =1is
(Note: Cisx =acost, y=bsint, 0 <t < 2m.)

1 1 2r
= ‘;I{(xdy —ydx) = —/ [(acostbcost) — (bsint (—=bsint))]dt
2 Jc 2 Jo

1 2n
25/0 abdt = mab.



A Different Region

: Evaluate fc (y* dx + xydy),
where C is the boundary of the semi-

annular region between the semicircles D
x%> +y? = 1 and x> + y> = 4 in the upper ‘.
half plane. ¥ gy

Write, in polar co-ordinates, D = {(r,0) : 1 <r <2, 0 <6 < n}.
Then

f(y dX+xydy)—// [—( y)——(y )]dA——//DydA
/ / rsinfrdrdf = — / 2dr/ sinfdf = — 134.

In fact, Green’s theorem can be applied to regions having holes,
provided the region can be divided into simply connected regions.



Regions with holes

The boundary C of the region D consists
b’ of two simple closed curves C; (Outer)
= = and C, (inner). Assume that these
' D" boundary curves are oriented so that the
region D is always on the left as the curve
C is traversed.
Thus the positive direction is counterclockwise for the outer curve C;
but clockwise for the inner curve C,. Divide D into two regions D’
and D"’ as shown in the figure. Green’s theorem on D’ and D"’ gives

//(N — My)dA = /(N M)dA+‘/” ' — M,)dA

(Mdx + Ndy) + / (Mdx + Ndy) = /(de + Ndy).
oD’

This is the general version of Green’s Theorem.



Example 21

Let C be any positively oriented simple closed curve that encloses the
- X

2 +yy2dx + 2 +y2dy =2m.

Take a positively oriented circle C’, of \

radius a, around origin that lies entirely in ’ 2

the region bounded by C. Let D be the :

annular region bounded by C and C’.

Take F(x,y) = (—yi+x f)/(x*> +y?). Then the positively oriented

boundary of D is 0D = CU (-C’).

Here, F=Mi+ N j gives Ny = My, = (= x2) /(x> +y2)2.

Green’s theorem on D gives

$(Mdx +Ndy) + ¢ _,(Mdx + Ndy) = [[ (N, — My)dA = 0

Then fC(de + Ndy) = fc, (Mdx + Ndy).
But C’ is parameterized by x(¢) = acost, y(f) = asint, 0 <t < 2n.

origin. Show that

. ‘

So, fc,(de+Ndy) = /Ozﬂ(acostf+asintj) -(acosti+asintj)'dt =2n.



Curl of a vector field

If F=Mi+N j+Pkis avector field in R, where the partial

derivatives of the component functions exist, then is a vector
field given by
oP ON oM OP ON OM\ .
s IRC
cur dy 0z Jdz  0Ox ) ( ox Oy

Writing in operator notation, recall that

0 0 L0
d=V=7i—+ + k—.
g "ox ](9y 0z
Pk
ThencurlF:Vsz% g—y g—z.
M N P
For example, if F = zxi + xyz j — y* k, then

curl F = —y(2+x)i+x ] +yzk.



Curl of a Conservative Field

: Let F be a vector field defined over a simply connected
region D whose component functions have continuous partial
derivatives. Then F is conservative iff curl ¥ = 0.

Proof of =: Let f be any scalar function defined on D. Now,

N

Pk
carlVf=Vx (V=% & &
Lo h S

= (fyz _fzy)i"' (fox = fed) T+ (fxy _fyx)]; =0.
if F is conservative, then F' = Vf for some f. Thus, curl F = 0.

The converse follows from Stokes’ theorem, which we will discuss
later. O

Remember: The curl of gradient of any scalar function is zero:

curl grad f = 0.



Examples

: Is the vector field F = zx7 + xyz j — y* k conservative?
Here, curl F = —y(2+x) 7 +x j +yzk # 0. So, F is not conservative.

: Is the vector field F = y223 1 + 2xyz® J + 3xy?2% k
conservative?
Here, F is defined on R? and
i} J k (6xy%7% — 6xy*2?) ©
curl F = % g—y g—z = —-(3y’22-3y*2%) j = 0.
V22 2xyzd 3xy?Z +(2y73 - 292 k
Hence F is conservative.
In fact, F = grad f, where f(x,y, 2) = xy’z°.

The name game: curl F measures how quickly a tiny peddle
(at a point) in some fluid in a vector field moves around itself.
If curl F = 0, then there is no rotation of such a tiny peddle.



Divergence

If F=Mi+N j+Pkis avector field defined on a region, where its
component functions have first order partial derivatives, then

6M 6N oP
=V.F=
Ox By BZ
The divergence is also called
For example, if F = zx7 + xyz j — y* k, then div F = z + xz.

The divergence of the vector field F = (x> — y) i + (xy — y?) j is

o2-y) | ) _
o 5 = 3x — 2y.

Intuitively, div F measures the tendency of the fluid to diverge from
the point (a, b). When the gas (fluid) is expanding, divergence is
positive; and when it is compressing, the divergence is negative.

If div F = 0, then the fluid is said to be incompressible.



Divergence of Curl

letF=Mi+Nj+ Pk be a vector field defined on a
simply connected region D C R3, where M, N, P have continuous
second order partial derivatives. Then div curl F = 0.

Proof: divcurl F =V - (VX F)

— 90 (0P _ON), 0 (oM _oP), 0 (ON _ oM
x\dy ~ bz oy\ 0z ox 07\ Ox dy
= 0 due to Clairaut’s Theorem.

: Does there exist a vector field G such that
F=zxi+xyzj-y*k=curl G?

div F = z+ xz # 0. Hence there is no such G.

Divergence of grad f is the Laplacian of a scalar function f since

3
divgradf =V - (Vf) = axz ayf 622 =V,



Green’s Theorem - Tangent form

Let D be a simply connected region whose boundary is the simple
closed curve C. Let F =M1+ N j be a vector field defined on D.
Let C be parameterized by 7(1) = x(¢) i + y(1) J.

Let 7 be the unit tangent vector to C at the point (x(7), y(¢)). Then

F-T(t)ds = F - d ¥ = Mdx + Ndy.

The line integral of F over C is

ij-?(t)ds:jch-dfzyfc(MdHNdy).

Consider F as a vector field on R? with P = 0. Then
curl F = (Nx—My)lAcz>cur1F-lAc:Nx—My.

Thus Green’s theorem takes the form

ygc’F-f(t)ds:}IiF-d?z//D(curlF-lAc)dA.



Green’s Theorem - Normal form

Let C be given by 7(1) = x(¢) i + y() J.
Let 71 be the unit normal to C at the point (x(7), y(¢)). Then

YO YW L YO X

T=—= T+ = 7 = = I—— J
|77 |70 7@ |7

Then F-iv= [My'(1) = Nx'(0]/]7 /(1)
Now, ch. fds = /abf.ﬁlf '(f)| dt = fC(Mdy—Ndx).
Also, [ div FdA = [[ (M, + Ny)dA.

Hence the second form of Green’s theorem takes the form

fﬁ-ﬁdsz //dideA.
C D

Both the tangent-form and the normal-form are called of
Green’s theorem.



Surface area of Revolution

Consider a smooth curve y = f(x), f(x) = 0. Itsarc whena <x < b
is revolved about the x-axis to generate a solid. How do we compute
the area of the surface of this solid?

It is similar to computing the volume of revolution.

Partition [a, b] into n subintervals [x;_;, x;]. When each Ax;, is small,
the surface area corresponding to this subinterval is approximately
same as the area on the frustum of a right circular cone.

~.F

I
¥ - R \
Y g \Q i \I
i ]
e / A
d |
I
G |

-0




Area of Frustum

Suppose a circular cone has base radius R and slant height £.
Its surface area is mR{. So, the area of the frustum is

A= 7rr2(€1 +5) - 71'1”151 = 7T[(I”2 - }’1)51 + sz].

O O +¢
Using similarity of triangles, L
T r
So, rty = rily + ril = (ry — r1)t; = ri€. Therefore,
+
A=n(ri€+rft)=2rr{, where r= %

The slant height ¢ is approximated by v/ (Ax;)? + (Ayx)?2, where
Axy = xp = X1 and Ayg = f(xi) = f(xk-1)-

rn+n S Oao) +f ()
2 2 ’
Thus the area of the frustum is

_s S (xe-1) +f ()
= ﬂf

the average radius r =

A (Axp)? + (Ayr)?.



Approximating the area

Due to MVT, we have ¢, € [xr_1,xx] such that
Ay = f () = f(xr-1) = f'(ex) (o = xa—1) = f (cx) Ax.

S0, V(Ax)2 + (Ayp)? = 1+ (f'(c))? Axy.

The surface of revolution is approximated by

Zn:Ak = 2@2@ J1+ (F7(ci)? Ax.
k=1 k=1

Its limit as n — oo is the Riemann sum of an integral, which is the
required area:

b b
S:/ 2ry 4l +(f’(x))2dx:/ 2rf(x)+/1 + (f’ (x))%dx.




In summary

1. If the arc of the curve y = f(x) for a < x < b is revolved about the
x-axis, then write ds = /1 + (f”(x))? dx. The area of the surface of the
solid of revolution is given by

S:/27Tyds:/b2ﬂyw/1+(f'(x))2dx.

: |ﬂﬂlb . € v

i
i (E)

circumference = 2y % | circumference = 2ax

a1|

2. If the arc of the curve x = g(y) for ¢ < y < d is revolved about the
y-axis, then write ds = 4/1 + (g’(y))? dy. The area of the surface of the
solid of revolution is given by

d
q = /27'rxa’s: / Yy <1 + (o’ (V)2 Av



Particular cases

Suppose the curve is parameterized by x = x(), y = y(¢) fora < t < b;
it is traversed exactly once while ¢ increases from a to b.

Then ds = /(x'(1))2 + (y'(1))2 dt.

The surface area S of the solid generated by revolving the curve
about the coordinate axes are as follows:

1. If the revolution is about the x-axis, then

b
s= [ 20 w2+ ooy

2. If the revolution is about the y-axis, then

b
S= / 276(1) \ (o (1) + (57 (1)?



Examples

: Find the surface area of the solid obtained by revolving
about x-axis, the arc of the curve y = 24/x, I < x < 2.

Since y = 2+, ¥ = 1/4/x, Y1+ (") = y/1 + 1/x. Then

S:/lzzny(u[y']z)l/zdx:/zznzx/} ldx— —(3\f 2V2).

1

: The arc of the parabola y = x2, 1 < x < 2 is revolved
about the y-axis. Find the surface area of revolution.

Since x = 4fy, 1 <y < 4, the surface area is
2 4
/2nxx/1+(x’)2dy=27r/ Vy V1 +1/(4y)dy
1 1
4 T [ T 2
- [ Virma=G [ Vi ansan =5 S[ava]
1 1

T
— _(173/2_53/2)
6

S



Example 27

The circle of radius 1 centered at (0, 1) is

revolved about the x-axis. Find the surface area
of the solid so generated.

The circle can be parameterized as
x=cost, y=1+sint, 0 <t < 2nm.

Then (x'(¢))? + (y'(¢))? = 1. Thus the area is

2
S:/ 27 (1 +sin7) dt = 4.
0



Surface area in General

Let S be a surface given by z = f(x,y). For simplicity, assume that
f(x,y) = 0 over the region D, which is rectangular.

Divide D into smaller rectangles R;; with area A(R;;) = AxAy. For the
corner (x;,y;) in Ry, closest to the origin, let P;; be the point

(xi,¥j,f (xi,y;)) on the surface. The tangent plane to S at P;; is an
approximation to S near P;. The area T}; of the portion of the tangent
plane that lies above R;; approximates the area of S;, the portion of S
that is directly above R;;. Therefore, we define the

as
69~ i jm 3337

i=1 j=1



Surface Area - Formula

Let G and b be the vectors that start at Pjj and lie along the sides of the
parallelogram whose area is Tj;. Then T = d X b. However, f,(x;, y;)
and fy(x;, y;) are the slopes of the tangent lines through P;; in the
directions of a and I;, respectively. Therefore,

d=Axi+fo(x,y)Axk, b=Ayj+f(x.y)Avk.
Ty=|axb|=|-fu(xiy) = f,(xiy) J+kl ARy)
= P2 ) + [ (i) +10A,

Summing over these T; and taking the limit, we obtain:

A(S) ://D,/fx2 +f7 + 1dA.




Example 28

Find the surface area of the part of the surface z = x> + 2y that lies
above the triangular region in the xy-plane with vertices (0, 0), (1, 0)
and (1, 1).

T={(xy):0<x<1,0<y<x}, f(xry =x>+2y.

The required surface area is

1 X
ﬂ\/(2x)2+22+1dA:/ / V4x2+5dydx:L(27—5\/§).
T o Jo 12



Surface Area - A generalized form

Recall that for a surface S given by f(x, y) = z, the surface area is

ffD 2+ fy2 + 1dA. Here, D is the rectangle on the xy-plane obtained

by projecting S onto the plane.

Look at this surface as f(x,y) —z=0.Then Vf = f, i +f, ] — 1 k.

If j is the unit normal to the projected rectangle, then p = k. Then
1vfl \/fxzﬂivzﬂ

Wfpl— 12

A derivation similar to the surface area formula gives the following:

, which is the integrand in the surface area formula.

Let the surface S be given by f(x, y,z) = ¢. Let R be a closed bounded
region which is obtained by projecting the surface to a plane whose
unit normal is p . Suppose that Vf is continuous on R and Vf - p # 0

on R. Then
The surface area of S = // V/]
RIVf-D |

Of course, whenever possible, we project onto the co-ordinate planes.




Example 29

Find the area of the surface cut from the bottom of the paraboloid
x? +y? = z by the plane z = 4.

f(x,v,2) = x> +y?> — 7= 0. Project it onto
i | xy-plane to get the region R as
x> +y?> < 4. Then Vf = 2xi+2yj - k.

. 4 V] = V1 +4x2 + 4y2.
/‘ \ p=k |Vf-p|=1.
Risgivenby x =rcosf, y=rsinf, 0 <0 <2x,0<r < 2.
So, the surface area is

2 2
//,/1+4x2+4y2dA:/ / \/1+4r2rdrd9=%(17\/ﬁ—1).
R 0 0

‘L Surface S is given by



Example 30

Find the surface area of the cap cut from N
the hemisphere x* + y> + 72 =2, z > 0 by 4
the cylinder x> +y? = 1. "

The surface projected on xy-plane gives R as the disk x> + y* < 1. The
surface is f(x,y, z) = 2, where f(x,y,2) = x> + y*> + 2.
Vf=2xT+2yf+2zk. |Vf| =22 +y2+22=2V2.p =k.

|Vf - p| = |2z] = 2z. Thus the surface area is

// dA = \/_// “1dA = \/_//(2 2 —y?) 12 4A.

Risgivenbyx=rcosf,y =rsinf, 0 <6 <2m, 0 <r < 1. So,

G \/_/2"/0 rdrdé o 2-2).




Integrating over a surface

Suppose a function g(x, y, z) is defined over a o, g
surface S given by f(x,y, z) = c. To compute the ! i
integral of g, as area elements are taken over the

surface, we look at the region R on which this MJ
surface is defined as a function. . o4

Divide the region R into smaller rectangles AA;. Consider the
corresponding surface areas Aok. Then

|V/] )
IVf-pl/K

Assuming that g is nearly constant on the smaller surface fragment
0%, we form the sum

Zg(xk Vi 2) ATy ~ Zg(xk yk’zk)(|v|ff| |)

If this sum converges, then we define that limit as the integral of g
over the surface S.

Aa‘kz(




In Summary

We summarize:

Let S be a surface given by f(x,y,z) = c.

Let the projection of S onto a plane with unit normal p be
the region R.

Let g(x,y, z) be defined over S.

Then the
//gdcr //g(x y,Z)WIJYfl |

V/I
IVf - Pl

dA.

Also, we say do =



Linearity

If the surface S can be represented as a union of non-overlapping
smooth surfaces Sy, ..., S,, then

[ e o

If g(x,y,2) = g1(x,,2) + - + gu(x,y, z) over the surface S, then

//Sgd0'=//sg1da+...+//sgmda.

Similarly, if g(x,y,z) = kh(x,y, z) holds for a constant k, over S, then

‘//Sg(x,y,z) do :k//sh(x,y,z) do.



Example 31

Integrate g(x, y, z) = xyz over the L
surface of the cube cut from the first

octant by the planesx =1, y =1, and

z=1 / s

We integrate g over the six surfaces and add the results. As g = xyzis
zero on the co-ordinate planes, we need integrals on sides A, B and C.
Side A is the surface defined on the region R4 : 0 <x<1,0<y<1
on the xy-plane. For this surface and the region,

P=k Vf=k IVfl=1,|Vf-pl=1k-kl=1, g(x,y,2) =
Therefore,

VS [ Sty 1
//g(xy,Z)dtT //R]xyIVf pldA—/O/Oxydxdy_/o 5=7

Similarly, ffB g(x,y,z)do = Z ffc g(x,y,z)do.

3
Thus, //ng' =—.
s 4

=1 =



Example 32

Evaluate the surface integral of g(x, y, z) = x> over the unit sphere.

It can be divided into the upper hemisphere and the lower hemisphere.
Let S be the upper hemisphere f(x,y,z) :=x>+y>+z> =1, z > 0.
Its projection on the xy-plane is the region

R: x=rcosf,y=rsin0, 0 <r<1,0<0 < 2n.
Here, p = k, |Vf] = 2x2+y2 +22 = 2,
IVF-pl=2lz =241 = (x2 +y2) =2V1 — 72,

2 _ 2 _|Vf]
Henceffsx do--/fR |pr|dA /fRF

_f0277f0 cojrg rdrdf = /(; CcoS Gdej(; m :27”'

Since the integral of x> on the upper hemlsphere is equal to that on the

lower hemisphere, the required integral is 2 x 2% 4{‘




A simplification
Recall that when j = k, that is, when the region R is obtained by

projecting the surface S onto the xy-plane, ||v;€;|| =1+ +2.
Now, if the surface f(x, y,z) = ¢ can be written explicitly by

z = h(x,y), then the surface integral takes the form

J[etwardo = [ stxrntu) i m o axar
S R

Similarly, if the surface can be written as y = h(x, z) and R is obtained
by projecting S onto the xz-plane, then

ﬂg(x,y,z) do-://g(x,h(x,z),z) 1 +h2 + h2dxdz.
s R

If the surface can be written as x = h(y, z) and R is obtained by
projecting S onto the yz-plane, then

// ¢(x,y,2) dor = // g(h(y.2).y.2) L + 2 + 12 dydz.
S R




Example 33

Evaluate /fs ydor, where S is the surface z = x + y%, where 0 < x < 1
and 0 <y < 2.

Projecting the surface to xy-plane, we obtain the region R as the
rectangle 0 <x <1, 0<y <2,

Here, the surface is given by z = h(x,y) = x + 2. So,

//Syd(r://’?ymd“/ol/:ﬁymdydh133—‘5.



Another Formulation

Suppose the surface S is given in a parameterized form:
Fu,v) = x(u,v) i+ y(u,v) f+z(u,v) k,

where (u, v) ranges over the region D in the uv-plane. Here, a change
of variable happens. Then

do=|F, X7, dudv,

where 7, = x, T+ y, f+z,kand 7, = x, T +y, j +z, k.

Then
//Sf (5,y,2) dor = //D )P X F ol dudy.



Example 34

Evaluate //s zdo, where S is the surface whose sides Sy, S», S3 are:
S is given by the cylinder x*> +y? = 1,

bottom S, is the disk x% + y2 <1, z=0, and

whose top S3 is part of the plane z = 1 + x that lies above S,.

Sy is givenbyF:xi+yj+zlA<withx=cosQ, y=sin, z =z,
where D is givenby 0 < § <2rand0<z<1+x=1+cosé.
Then |7 g X 7,| =|cos@i+sinf j|=1. So,



Example 34 Contd.

2r 1+cos 6 I
//Zda:ﬂzlfngzlddeZ/ / dzdd = X
s D 0o Jo 2

S, lies in the plane z = 0. Hence,

// zdo = 0.
S

S3 lies above the unit disk and lies in the plane z = 1 + x. So,

//sfd‘r //D(“X)mcm

2r 1
/ / (1+rcos9)\/1+1+0rdrd9:\/§7r.
0 0
Hence,

3
”//Zda://zdo'+/f zd0'+//zd0':—7r+0+\/§7r.
S M S> S3 2



Oriented Surface
A smooth surface is called if it is possible to define a vector
field of unit normal vectors 7 to the surface which varies continuously
with position. Once such normal vectors are chosen, the surface is

considered an surface. q
nh ﬂl ng o St
o "/ &
\ \ p / & tn ‘gr G Jf Finish pT
an '\' “’ ;’n 5 [ a8 / 3 e
R J / A :

If the surface S is given by z = f(x, y), then we take its orientation by
~fi=fy j+k

NS

If S is a part of a level surface g(x, y, z) = ¢, then we may take
~ Vg
n=t5>.

Vgl

If S is given parametrically as 7(u, v) = x(u, v) T + y(u,v) j +z(u, v) k,

A TyXFy,
then 7 = T

considering the unit normal vectors 71 =

Sometimes we may take negative sign if it is preferred.
Conventionally, the outward direction is taken as the positive direction.



Examples of Parametrization

1. The cone z = /x> + ¥, 0 < z < 1 can be parametrized by
x=rcosf, y=rsinf, z=r,where0 <r < 1land0 < 6 < 2x. Then
its vector form is

7(r,0) =rcos0i+rsiné j+rk.

2. The sphere x* + y* + z> = a” can be parametrized by

x=acosfsing, y=asinfsing, z=acos¢. Here,0 < 0 < 27 and
0 < ¢ < m. In vector form the parametrization is

7(6,¢) = acosOsing?+asinfsin j +acos ¢ k.
3. The cylinder x* + y> = a?, 0 < z < 5 can be parametrized by

7(0,z) =acosOi+asinb j+zk.



Surface Integral of a Vector Field

Let F be a continuous vector field defined over an oriented surface S
with unit normal 7. The , also called, the

is
ﬂF-ﬁda.
N

The flux is the integral of the scalar component of F along the unit
normal to the surface. Thus in a flow, the flux is the net rate at which
the fluid is crossing the surface S in the chosen positive direction.

If S is part of a level surface g(x, y,z) = ¢, which is defined over the

region D, then do = IVlZiL - So, the flux across S is

. +Vg +Vg
F-ndo = //F- —do = ”//
//s s |Vgl Vg - pl

If S is parametrized by 7(u, v), where D is the region in uv-plane, then
o =|7,xnr|dA. So, flux across § is

//SF.ﬁdU://S |: z::fl‘f //F(r(” V) - (P X 7y) dA.




Example 35

Find the flux of F = yz j + 7% k outward Fres 1 ;
through the surface S which is cut from /

the cylinder y?> + z> = 1,z > 0 by the £ B
planes x =0 and x = 1. o il

S is given by g(x,y,z) := y> + 22 — 1 = 0, defined over the rectangle
R = Ry, as in the figure.

The outward unit normal is 7 = +% =yj+zk.
- _ 7 _ _|Vsl _ 1
Here, p = k. So, do = _|Vg-12|dA =5 dA.

Therefore, outward flux through S is

1
ﬂF-ﬁdszfsz:ﬂz—dA:%AreaofR:I.
s s R 22



Example 36

Find the flux of the vector field F = zi +y j+x k across the unit sphere.

If no direction of the normal vector is given and the surface is a closed
surface, we take 7 in the positive direction, which is directed outward.

Using the spherical co-ordinates, the unit sphere § is parametrized by
7(¢,0) =singcos i +singsinb J +cos p k,

where 0 < ¢ < mand 0 < 6 < 2 give the region D. Then
F(7(¢,0)) = cos ¢ 7 +sin ¢ sin@ j + sin ¢ cos 6 k.

7o XTg=sin®@cosdi+sin® $sinf j+sin ¢ cos o k.

JLF iido = [[|F-(7yxFe)dpdd

= 02” fon (2 sin? ¢ cos ¢ cos 6 + sin® ¢ sin” 0) d¢p d6

= 2/0” sin%&cosq&dzﬁ fozn cos@dé)+f07r sin® ¢ d¢p fOZR sin® 0 d6
:0+f07r sin3¢d¢f0 " sin? 6 do = 47”.



Example 37

Find the surface integral of

F = yzi +x j — 22 k over the portion of the
parabolic cylinder
y=x},0<x<1,0<z<4.

We assume the positive direction of the normal 7.

On the surface, we have x = x, y = %, 7=12 giving the
parametrization as 7(x, z) = x7 + x> ] + zk,

whereas D is givenby 0 <x <1, 0 <z< 4.
Again, on the surface, F = x’zi +x j — 22 k. So,
JGF - ado = [[ F-(FcXF.)dxdz

= [[,(Pzi+xj—22k) - (2x0 - f)dxdz

= [ @tz —ndrdz= [} (z-1)/2dz=2.



A Simplification
If S is given by z = f(x, y), then think of x, y as the parameters u and v.
We have

F:M(x,y)i+N(x,y)j+P(x,y)lAcandf:xi+yj+f(x,y)fc.
Then 7y X 7y = (1 + £ k) X (f+f, k) = ~fii—f, 7+ k.

Therefore, the flux is

//SF' ﬁd‘“//DF'(7x><7y>dxdy=//D(—MﬁC—N]wP)dxdy.

: Evaluate ffSF - iildo, where N I ./
F:yi+xj+zlA<andSistheboundaryof ~ /;,
the solid enclosed by the paraboloid e o
z=1-x>—y? and the plane z = 0. V l N

The surface S has two parts: the top portion S; and the base S;. Since
S is a closed surface, we consider its outward normal 7. Projections of
both S; and S, on xy-plane are D, the unit disk.



Example 38 Contd.
By the simplified formula for the flux, we have
ffs, F- ado = [[ (-Mf, - Nfy + P)dxdy
= //D[—y(—Zx) — x(=2y) + 1 = x* = y?]dxdy
= OZH fol (1 +4r%cos@sin6 — r?) rdr do
= fOZH(‘—Il +cos@sinf)do = 5.

The disk S has positive direction, when 7 = — k. Thus

//SF. ﬁd(r:/s (_F'i{)dg://l)(—z)dxdyzo

sinceon D = S5, z=0. Then

[/F-ﬁdaz// F-ﬁd0'+// F-hdo=".
s s, S, 2



Boundary of an Oriented Surface

g Consider an oriented surface with a
& . normal vector 7. Call the boundary curve
oy of S as C. The orientation of .S induces a

If you walk in the positive direction of C keeping your head pointing
towards 7, then S will be to your left.

Recall that Green’s theorem relates a double integral in the plane to a
line integral over its boundary.

We will have a generalization of this to 3 dimensions.

Write the boundary curve of a given smooth surface as JS.

The boundary is assumed to be a closed curve, positively oriented

unless specified otherwise.



Stokes’ Theorem

: Let S be an oriented piecewise-smooth surface that is
bounded by a simple, closed, piecewise-smooth boundary curve 95
with positive orientation. Let F=MT+N J+ Pk be a vector field
with M, N, P having continuous partial derivatives on an open region
in space that contains S. Then

jf F~d7://cur1F~ﬁdcr.
oS S

In particular, if S is a bounded region D in the xy-plane, 0S = C, the
smooth boundary of D, then 71 = k and do = dA. We obtain

. y=d x=b
y{F-dF:”//curlF-dez‘/ / (Ny — My) dx dy.
C D y=c x=a

This is Green’s theorem. We omit the proof of Stoke’s theorem.



Example 39

Consider S as the hemisphere x* + > + 72 =9, 7 > 0. Let

F(7) = yi — x J. The bounding curve for S is in the xy-plane;

itis 0S givenby x> +y> =9, 7 =0.

Its parameterization is 7(6) = 3cos @i +3sinf ffor 0 < 6 < 2n.

$ F-di= ["[(3sin6)i-(3cos8) j1-[(~3sin6) i+(3cos 6) j] d6
=- fozn [9sin® @ + 9 cos? 0] d = —18x.

This is the line integral in Stokes’ theorem.

For the surface integral, we have

curl F = (Py = N,) i+ (M, — P) j + (N, = My) k = -2 k.

On the surface g := x* +y* +z> = 9, we have

i=(Vg)/|Vgl = (xi+yj+zk), p=k,

do = |Vg|/[Vg- pldA = Z2dA = 2dA,

where dA is the differential in the projected area D : x> +y? < 9.

Jgeul F-ido = [[. 5 do = [ 55 2dA = [[(-2)dA = —18x.



Example 40

Evaluate ggc((xz—y)i+4zj+x2fc)-d17,
< where C is the intersection of the plane

N 5 z =2 and the cone z = y/x? + y?.

A 4 Parameterize the cone as

\ #(r,0) = rcos0i+rsinb j+rk,
for0<r<2, 0<6<2n.

S:r(1) = (rcos )i + (rsin 6)j + rk

f o Epxie 1 N
Then n_|rr><r9|_\/j( cos @7 —sinf j+ k).

curl F = (Py—N,) i+ (M, - P,) j+ (Ny—My) k = —47—2rcos 6 j + k.
curl F -7 = \/%(40050 +rsin(20) + 1) and do- = rV2drd6.
By Stokes’ theorem,

fCF-d?:ffScurlF- ndo

2n

=/, 02%(4cos9+rsin(29)+ 1)rV2drdf = 4x.



Example 41

Evaluate fc(—y2i+xf +22k) - d 7, where C is
the curve of intersection of the plane y + z =2
and the cylinder x*> + y*> = 1, oriented
counter-clock-wise when looked from above.

F=Mi+Nj+Pk where M = —y*, N=x, P =z

cutl F = (Py = N,) T+ (M, — P,) J + (Ny — My) k = (1 +2y) k.
Here, there are many surfaces with boundary C.

We choose a convenient one:

the surface S on the plane y + z = 2 with boundary as C.

Its projection on the xy-plane is the disc D : x> +y> < 1.
Thus, with z = g(x,y) = 2 — y, Stokes’ theorem gives

$.F-di= [[jcurl F- ado = [[(1+2y)dA

= [ [l +2rsing) rdrdo = [T (L + 2sin6) d6 = 7.



Example 42

Compute ffs curl F - ndo, where
F =xz7+yzj +xyk and S is the part of
the sphere x* + y + z> = 4 that lies inside
the cylinder x*> + y* = 1 and above the
xy-plane.
The boundary curve C is obtained by solving the two equations to get
Z2 = 3. Since z > 0, we have the curve C as x2 +y2 =1,z=V3. In
vector parametric form,

C: #6)=cosfi+sinfj+V3kfor0<6<2n.
Then F(7(6)) = V3cos 07 + V3sin6 j + cos 0 sin 6 k.

By Stokes’ theorem,
. ) -,
ffscurlF-nd0'=y§CF-dr=fo “F-7(0)do

= fozn(—\/gcos 6 sin 6 + V3 sin 6 cos 0) d6 = 0.



Conservative Field Again

Stokes’ theorem can be generalized to piecewise smooth surfaces like
union of sides of a polyhedra.

Here, we take the integral over the sides as the sum of integrals over
each individual side.

Similarly, Stokes’ theorem can be generalized to surfaces with holes.
The line integrals are to be taken over all the curves which form the
boundaries of the holes.

The surface integral over S of the normal component of curl F equals
the sum of the line integrals around all the boundary curves of the
tangential component of F, where the curves are to be traced in the
direction induced by the orientation of S.

Recall that in a conservative field curl F = 0.

Then by Stokes’ theorem, it follows that fc F-dr=0.

: If curl F = 0 at each point of an open simply connected

region D in space, then on any piecewise smooth closed path C lying
inD, §.F-dF=0.



Unification

We have seen how to relate an integral of a function over a region with
the integral of possibly some other related function over the boundary
of the region.

For definite integrals on intervals: fa b f(e)ydt=f(b) —f(a).

For a path from a point P to a point Q in R : fc Vf-ds=f(Q)-f(P).
For a region D in R? : //D(NX -M,)dA = faDF -dr.

For a surface S in R3 : //ScurlF-fde' = fCF-d?.

It suggests a unification; and we use the divergence of a vector field
for this purpose.



Gauss’ Divergence Theorem

Recall that div F = V - F. That is, the divergence of a vector field
F=M(x,y,2)i+N(x,y,2) j + P(x, y, z) k is the scalar function
div F=M,+N, +P,.

Our generalization is ffD div FdV = ffs F-ndo.

: Let S be a piecewise smooth simple closed bounded
surface that encloses a solid region D in R3. Suppose S has been
oriented positively by its outward normals. Let F be a vector field
whose component functions have continuous partial derivatives on an
open region that contains D. Then

//SF- fzda:///DdideV.

Again, we omit its proof.



Example 43

Consider the field F = x7 + y j + z k over the sphere
2

S: X +y* +7% =d’.
The outer unit normal to S computed from Vf, where
2(xi+yj+z k)

VA2 +y2 +7 )

1
On the given surface, F - iido = —(x*> +y* + %) do = ado.
a

Therefore, //F - ndo = //a do = ax Area of S = 4na’.
N S

0x By 0z
Ox é?y 0z
Therefore, with D as the ball bounded by S,

///dideV=///3dV=3XVolumeofD:4ﬂa3.
D D

f=x*+y’+72-a% n=

(xl+y] +zk).

Now, div F =M, +N, +P, = =3,



Example 44

Find the outward flux of the vector field xy 7 + yz J + zx k through the
surface cut from the first octant by the planesx =1, y=1and z = 1.

The solid D is a cube having six faces. Call the surface of the cube as
S. Instead of computing the surface integral, we use Divergence
theorem.

With F = xyi + yz j + zx k, we have

0(xy) N 0(yz) N 0(zx)

div F =
e 0x oy 0z

=y+z+x.

Therefore the required flux is

1,1l pl
//F-ﬁdaz‘/‘[/dideV:/ / / (y+z+x)dxdydz:§.
s D o Jo Jo 2



Example 45

Evaluate //,;, F - fndo, where S is the .0 e
surface of the solid D bounded by the ‘ -
parabolic cylinder z = 1 — x?, and the o
planesy=0,z=0, and y + z = 2; and !
F=xyi+y*+ &7 7+ sin(xy) k.

0,0

20 X 0,278
X ‘\ 2

S has four sides. Instead of computing the surface integrals, we use
Divergence theorem. We have

div F = (xy)e + (0 + %)y + (sin(xy)). = 3y.
AndDisgivenby -1 <x<1,0<z<1-x*,0<y<2-2

Therefore,

F.iado = div FdV = 3ydV
N b A
=/_11 fol_x2 02_Z3ydydzdx:f_]1 fol_ﬁ@dzdx

=L 2 +1) -8l dx= 18,



Example 46

Find the outward flux of the vector field ]

F=(xt+yj+zk)/(>+y* +7%)3? 4 \ -~
across the boundary of the solid \“ | :
D:0<a?><x?+y*+72 <% k s,

d N
Writepzx/x2+y2+z2.Thend—p - With F=Mi+N j+ Pk, we
X p

A(xp?) 4 L0p 1 32
have M, = o P - 3xp E:,?_F‘
1 3y? 1 372
Similarly, N, = - - ls and P, = — - is
Y Y Y 1Y
3 3 2 3 2 3 2
ThendiVF:?—L:Z:(),
Y Y

Thus the required flux is f/D div FdV = 0.

In fact, flux through the inner surface and flux through the outer
surface are in opnosite directions.



Example 47

Consider the same vector field F = (xi+y J +zk)/(x% + y* + 22)3/2 of
Example 46. Let S be any sphere centered at the origin. Show that the
flux through S is a constant.

We compute the flux directly. Let S be the sphere x? + y? + 7> = a® for
any a > 0. The gradient computed from f = x> + y* + 72 — a® gives the
outward unit normal to S as

2xi+2yf+2zk  xi+yj+zk
\VAx2 + 4y? + 472 a '

Therefore, on the sphere S,

n=

Foa=—"2 7% o~

1 1
[/F-fzdazﬂ—daz—xAreaofS:47r.
S s a? a’

Then



Review Problems
: Compute the line integral of the vector function

X i+32° f - xyk
along the straight line segment L from the point (3,2, 1) to (0,0, 0).
The parametric equation of the line segment joining these points is

x=-3t,y=-2t, z=—tfor -1 <t <0.
The derivatives of these with respect to ¢ are
xr==-3, yy=-2, zz=—1.

Then the required line integral is
‘/Lx3 dx + 3zy2 dy — xzy dz

O f—
) [1 [(-30%(=3) +3(=0)(-202(-2) ~ (-302(-20)(~D)] di = .



Problem 2

Let C be the portion of the curve y = x> from (1, 1) to (2, 8). Compute
/(6x2y dx + 10xy? dy).
c

C has the parametrization: x =1, y=1, 1 <t < 2.
Thenx; = 1, y, = 3¢%.

The line integral is

2
/(6x2ydx+10xy2dy)=/ (68 -1+ 10¢" - 3¢%) dr = 3132.
C 1



Problem 3

Let a closed smooth surface S be such that any straight line parallel to
the z-axis cuts it in no more than two points. Let n3 denote the
z-component of the unit outward normal 7 to the surface S. Then what

is ffs 3z do?
In this case, S has an upper part and a lower part.

Suppose they are given, respectively, by the equations

ZIfM(X,y), szb(x>Y)-

Let D be the projection of S on the xy-plane. Then

//Szmdfr:‘/‘/Df“(x’)’)do'—//l)fb(x,y)d(r.



Problem 4

Prove that the integral of the Laplacian over a planar region is the
same as the integral, over the boundary curve, of the directional
derivative in the direction of the unit normal to the boundary curve.

We rephrase: Let f(x, y) be a function defined over a simply connected
region D in the xy-plane. Let C be the boundary curve of D. Denote
by D,f (x,y) the directional derivative of f in the direction of the unit
outer normal 7 to C. Show that ffDchx +fyy)dA = fc D,f ds.

Let 8 be the angle between 7 and 7, the x-axis. Then
n=cosfi+sind j. If o is the angle between the tangent line to C
and the x-axis, then cos @ = —sin 6§ and sina = cos 8. Then
dx =cosads = —sinfds and dy = sina ds = cos 6 ds.
Consequently, the directional derivative D, f is given by
Dyf(x,y) = (fii+f, ) -t = frcos 6 + f, sin 6.
For the vector function F' = f, 7 + f; j, by Green’s theorem, we obtain

I Fe + fiy)dA = [ fudy = fydx = [.(ficos 6 +fy sin@)ds = [ Dyf ds.



Problem 5

Let f and g be functions with continuous partial derivatives up to
second order on a region D in space, which has a smooth boundary
0D. Denote by Af and Ag their Laplacians. Prove the Green’s

formula: ffD(gAf —fAg)dV = ffaD (gan f )

Let F = M7 +N j+Pk. Gauss® divergence theorem says that

JIl,divFav = [[[F- ado.
Suppose the unit normal 7 has the components a, b, ¢ in the

X, y, z-directions. Then
JIl, (M + Ny +P)dV = [[ (aM + bN + cP) do-.
Substitute M = gf, — fgx, N = gfy — fgy, P = gf; —fg,. Then

Mx+Ny+Pz = g(fux +fyy +fzz) _f(gxx+gyy+gzz) = gAf ng
aM + bN + cP = g(af, + bf, + cf2) — f(agx + bgy + cg;) —gan f

Now Green’s formula follows from Gauss’ divergence theorem.



Problem 6

Evaluate fc(—yi —xy f) - d F, where C is the circular arc joining (1, 0)
to (0, 1) of a circle centered at the origin.

Prameterize C by 7(6) = cos @i +siné j, for0 < 6 < n/2.

Thus x(6) = cos 8, y(0) = sin§. Then

/F-d?
C

/2
/ F(7(0))-7'(0)do
0

/2
/ (—sin@i—cosfsinf j) - (—sinfi+cosb j)do
0

AN
W | ==

/2
/ (sin® 6 — cos® sin §) dO =
0



Problem 7

Let F = 5z0 +xy j +x2zk. Is /cF - d ¥ the same if C is a curve from
(0,0,0) to (1,1, 1), given by

() () =ti+tj+thkfor0<t<1;
() A1) =ti+tf+2kfor0<t<1?

A

(@) F(7(1)) = 5ti+ 2+ k. d7(t) = i+ j+ k. Thus

! s ;3 37
/F-dr:/ St+tr-+1)dt = —.
c 0 12

(b) F(7(1)) =5t1+ 2 f+ 2 k. d7(t) = T+ j+2tk. Thus

> : 2 5 28
/F-dr:/ 5t+r +2r)dt = —.
C 0 12



Review Problems Contd.

: Let D be a simply connected region containing a smooth
curve C from (0, 0, 0) to (2,2,2). Evaluate fC(Zxdx + 2ydy + 4zdz).

F =2x7+2y]+4zk = grad f, where f = x? + y*> + 222.
Therefore, the line integral is independent of path C.
Hence its value is f(2,2,2) —£(0,0,0) = 16.

: Evaluate I = ffs(7xi — zk) - Ado over the surface
S: X>+y*+72 =4
div F = div (7xi—zk) =7 -1 =6.

So, I = 6 X volume of § = 64x.



Problem 10

Evaluate I = fc(3x2 dx + 2yzdy +y* dz), where C is a smooth curve
from (0, 1,2) to (1,—1,7) by showing that F here is a potential.

In order that F = grad f, we should have
fo=M =37 fy =N =2yz, f.=P=y%

To obtain such a possible f, we use integration and differentiation:

f=X+g(n2), fi=g =2z g=yz+h(2),
f.=y*+h'(z) =y*, K() =0, h(z)= constant.
Then f = x> + y?z. We verify that F = grad f. Therefore,
I=F(1,-1,7) - f(0,1,2) = 6.



Problem 11

Determine whether the following integral is independent of Path:

I= /(2xyz2 dx + (x> + zcos(yz2)) dy + (2x*yz + y cos(yz) dz)

c

and then evaluate it for a line segment joining (0,0, 1) to (1, 7/4,2).
Here, M = 2xyz?, N = x’z> + zcos(yz), P = 2x*yz + ycos(yz). Then
M, = 2xz2 = Ny, N, = 2x*z+cos(yz)—yzsin(yz) = Py, Py =4xyz=M,.
Hence the line integral is independent of path.
We find f such that F = grad f. Now,

f= / Ndy = xX*2y +sin(yz) + g(x, 2), fx = 2x2°y + gc = M = 2xyz°.

g+ =0, g = h(2), f. = 2x*yz+y cos(y2)+h'(z) = P = 2x*yz+y cos(yz), h'(z) = 0.

Taking h(z) = 0, we get f(x, y, z) = x2yz> + sin(yz) as a possible
potential. Then I = f(1,7/4,2) - £(0,0,1) =7 + 1.



Problem 12
Use Green’s theorem to compute the area of the region
(a) bounded by the ellipse x?/a® + y*/b* = 1.
(b) bounded by the cardioid r = a(1 —cos ) for 0 < 6 < 2.
(a) Recall: Green’s theorem gave Area of D = % 5650 (xdy — ydx).

The ellipse x*>/a” + y*/b* = 1 has the parameterization
x(t) =acost, y=>bsint for 0 <t < 2x. Then its area is

1 2n 1 2n
5 /0 (xy" —yx")dt = 2 ), (abcos® t — (—absin’ 1)) dt = rab.

(b) In polar form, x = rcos @, y = rsin 6. Then

dx =cosfdr—rsinfdfd and dy = sin6 dr + rcos 6 d6.
Consequently the area is equal to % .9§6D r?df. Thus the area of the
region bounded by the cardioid r = a(1 — cos 8) for 0 < 6 < 2nx, is

2 2n
3
%‘/0 (1 —cosf)>do = gaz.



Problem 13

Compute the flux of the water through the parabolic cylinder
S:y= 22, 0<x<2, 0<z<3ifthe velocity vector
v=F =327 +6 ] + 6zxk, speed being measured in m/sec.

Write x = u, z=v. We have y = x> = u?. The surface is
S: F=ui+u?j+vk, forO<u<2 0<v<3.

Then
fi=Fuxiy=(1+2uf)x k=2ui- j.

On S,
F(F(u,v)) = 3V*i+6 ]+ 6uvk.

Hence F(#(u,v)) - i1 = 6uv*> — 6. Consequently the flux is

3 2 3
//F-ﬁ dA = / / (6u*—6) du dv = / (12v2=12) dv = 72 m> /sec.
S 0 0 0



Problem 14

A torus is generated by rotating a circle C about a straight line L in
space so that C does not intersect or touch L. If L is the z-axis and C
has radius b and its centre has distance a (> b) from L, then compute
the surface area of the torus.

The surface S of the torus is represented by
#(u,v) = (a+bcosv)cosui+ (a+bcosv) sinu j+bsinv k.

Here, v is the angle in describing the circle and u is the angle of
rotation. Thus O < u,v < 27. And

ru = —(a+bcosv)sinui+ (a+bcosv)cosu
7, = —bsinvcosui—bsinvsinu j+bcosvk
FuXr, = bla+bcosv)(cosucosvi+sinucosv j+sinvy k)

Hence | 7, X 7| = b(a + bcosv) and the area is

2 2
”//lfuvaldudv:/ / b(a+ bcosv) dudv = 4n’ab.
C 0 0



Problem 15

Let S be the closed surface consisting of the cylinder

x*>+y? =a?, 0 <z < b and the circular disks x> + y* < a® one with
z = 0 and the other with z = b. By transforming to a triple integral
evaluate

2

I= //(x3 dy dz + x>y dz dx + x>z dx dy).
s

F=Mi+Nj+Pk where M = x>, N =x%y, P =x’z.
Then div F = 5x%.

Let D be the solid bounded by S. In cylindrical co-ordinates, using
Gauss’ divergence theorem,

b a 2n 3
I = ”/'// 5x%dV =5 / / / r*cos? 0 rdrdfdz; = —na’b.
D o Jo Jo 4



Problem 16

Compute the flux of the vector field

F = (Z+xy%) i+cos(x+2) f+(e¥ =22 k
through the boundary of the surface given
in the figure:

0 0 J
div (F) = 5(12 +xy%) + H_y cos(x+z) + a—z(e_y -2%) =0.

Let D be the region enclosed by S. By the Divergence theorem,

Flux through § = [// div FdV = 0.
D



