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78 Motivation

LONDON

Integration of a (smooth) function is simply the ‘area under the curve’.

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




78 Motivation

LONDON

Integration of a (smooth) function is simply the ‘area under the curve’.

\y=r \\»y=r \»y=re

1 LEFT 8 1 RIGHT 8 1 MID 8

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




78 Motivation

LONDON

Integration of a (smooth) function is simply the ‘area under the curve’.
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When function are ‘rough’ can we do the same?
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78 Motivation

LONDON

Integration of a (smooth) function is simply the ‘area under the curve’.

\y=r \\»y=r \»y=re

1 LEFT 8 1 RIGHT 8 1 MID 8

When function are ‘rough’ can we do the same? NO!!!
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7l Sequences of partitions

LONDON

A sequence of partitions 7 of [0, 7] is a sequence (7"),,>1:

™= 0=ty <t} <. <thm =T).
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7l Sequences of partitions

LONDON

A sequence of partitions 7 of [0, 7] is a sequence (7"),,>1:

™= 0=ty <t} <. <thm =T).

Example: dyadic partition

" 1
m={0< =< =<..<
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7l Sequences of partitions

LONDON

A sequence of partitions 7 of [0, 7] is a sequence (7"),,>1:
™= 0=ty <t} <. <thm =T).

Example: dyadic partition

"={0< ! < . <. < 2
™ = - -
2n - 2n 2n

}.
Example: Lebesgue partition: tJ' = 0 and

b (@) = inf{t > £, w(t) — w(tp)| = T2},

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




27l p-th variation for continuous functions

LONDON

x € C°([0, T], R) has finite p-th variation along = = (7™, n > 1) if and only if
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27l p-th variation for continuous functions

LONDON

Proposition
z € C°([0,T], R) has finite p-th variation along = = (7™, n > 1) if and only if the
sequence of functions [x]gfl) defined by

@Rt = > |ty At) —z(t] AP

t;‘Eﬂ'"
converges uniformly on [0, T'| to a continuous (increasing) function

[ € C°(10, T, R).
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Quadratlc variation for continuous functions

For the case of continuous function, there is an analogue definition of quadratic
variation in R%.
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248 Quadratic variation for continuous functions

LONDON

For the case of continuous function, there is an analogue definition of quadratic
variation in R?.
Proposition (Cont (2012))

z € C°([0,T], R?) has finite quadratic variation along © = (7", n > 1) if and only
if the sequence of functions [x|. defined by

[len(t) = D7 (@t A) —2(t] A1) (2(t7yn A2) —2(t7 A1)

n n
tj e

converges uniformly on [0, T'| to a continuous (increasing) function
[z]x € C°([0, T, S7)-
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78 Motivation: Pathwise It6 formula

LONDON

Theorem (Follmer (1981))

Assume that w € D([0,T],R%) N Q,([0,T],R%) and f € C*(R% R).
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78 Motivation: Pathwise It6 formula

LONDON

Theorem (Follmer (1981))

Assume that w € D([0,T],R%) N Q,([0,T],R%) and f € C*(R%,R). Then the
limit of Riemann sumes:

/ "V f(w(s))d"w = lim

n—o0

> VW) (Wi At) —w(t] At)),

n T
tj S

exists
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78 Motivation: Pathwise It6 formula

LONDON

Theorem (Follmer (1981))
Assume that w € D([0,T],R%) N Q,([0,T],R%) and f € C*(R%,R). Then the

limit of Riemann sumes:

/ "V f(w(s))d"w = lim

n—o0

> VW) (Wi At) —w(t] At)),

n T
tj S

exists and also one has:
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Dependence on the partition sequence

Consider now two sequences of partitions 7, 7 and a continuous path

w € Q([0,7],R?) N Q-([0,T],RY).
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Dependence on the partition sequence

Consider now two sequences of partitions 7, 7 and a continuous path

w € Q([0,7],R?) N Q-([0,T],RY).

Since Vf € C*(RY),

F@®) = F@O) = [ Vi)t [ <V fw), diol >
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A Dependence on the partition sequence

Consider now two sequences of partitions 7, 7 and a continuous path

w € Q([0,7],R?) N Q-([0,T],RY).

Since Vf € C*(RY),

Flw(®) /Vf &+ - /<v2 (@), djwl, >

—/Vf drw+ - /<V2()d[w]7>.
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A Dependence on the partition sequence

Consider now two sequences of partitions 7, 7 and a continuous path

w € Q([0,7],R?) N Q-([0,T],RY).

Since Vf € C*(RY),

Flw(®) /Vf &+ - /<v2 (@), djwl, >

—/Vf drw+ - /<V2()d[w]7>.

The pathwise integrals are equal if and only if [w|, = [w],.
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A Dependence on the partition sequence

Consider now two sequences of partitions 7, 7 and a continuous path

w € Q([0,7],R?) N Q-([0,T],RY).
Since Vf € C%*(RY),

Flw(®) - /Vf &+ - / < V2 f(w), dlw], >

—/Vf drw+ - /<V2()d[w]7>.

The pathwise integrals are equal if and only if [w|, = [w],.
But the pathwise quadratic variation does depend on the sequence of partitions...

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




Quadratlc variation is path dependent

The following construction (Freedman 1983) shows that the notion of pathwise
quadratic variation depends on the sequence of partitions:

Proposition (Freedman (1983))

Letw € C°([0, T],R%). There exists a sequence of partitions (™) such that
[w]r = 0.

.
°
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Loﬁ".!"’ge Quadratic variation is path dependent

The following construction (Freedman 1983) shows that the notion of pathwise
quadratic variation depends on the sequence of partitions:

Proposition (Freedman (1983))

Letw € C°([0, T],R%). There exists a sequence of partitions (™) such that
[w]r = 0.

.
°

¢ In fact Davis, Obt6j and Siorpaes (2018) extend this construction to show that
given any increasing function A : [0, 7] — [0, co) one can construct a
sequence of partitions 7 = (7") such that [w].(t) = A(t).
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ING’S
College

NG Motivation for intrinsic quadratic variation

e On the other hand, we know for Brownian paths (Dudley 1973), for any
sequence of partitions 7 = (7"),,>; with mesh o(1/logn):

P (Z W (th, At) — W (A1) 250 ) 1
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NG Motivation for intrinsic quadratic variation

e On the other hand, we know for Brownian paths (Dudley 1973), for any
sequence of partitions 7 = (7"),,>; with mesh o(1/logn):

P (Z W (th, At) — W (A1) 250 ) 1

e So there must be a (big) class of functions for which one can obtain an

invariance property of quadratic variation with respect to a class of partition
sequences.
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ING’S
College

NG Motivation for intrinsic quadratic variation

e On the other hand, we know for Brownian paths (Dudley 1973), for any
sequence of partitions 7 = (7"),,>; with mesh o(1/logn):

P (Z W (th, At) — W (A1) 250 ) 1

e So there must be a (big) class of functions for which one can obtain an

invariance property of quadratic variation with respect to a class of partition
sequences.

e Intuitively, such an invariance result should hold for functions that ‘locally
behave like Brownian motion’.
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78 Motivation for intrinsic quadratic variation

LONDON

e On the other hand, we know for Brownian paths (Dudley 1973), for any
sequence of partitions 7 = (7"),,>; with mesh o(1/logn):

P (Z W (th, At) — W (A1) 250 ) 1

e So there must be a (big) class of functions for which one can obtain an
invariance property of quadratic variation with respect to a class of partition
sequences.

e Intuitively, such an invariance result should hold for functions that ‘locally
behave like Brownian motion’.

e We identify a set of paths and a class of partition sequences for which such
an invariance property holds.
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78 Motivation for intrinsic quadratic variation

LONDON

e On the other hand, we know for Brownian paths (Dudley 1973), for any
sequence of partitions 7 = (7"),,>; with mesh o(1/logn):

P (Z W (th, At) — W (A1) 250 ) 1

e So there must be a (big) class of functions for which one can obtain an
invariance property of quadratic variation with respect to a class of partition
sequences.

e Intuitively, such an invariance result should hold for functions that ‘locally
behave like Brownian motion’.

e We identify a set of paths and a class of partition sequences for which such
an invariance property holds.

(Joint work with Rama Cont)

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




7l Balanced sequence of partitions

LONDON

Let " = infig... N(rm)-1 [ty — ¢ and [77] = SUD;—g,... N(rm)—1 [tie1 = 7 -

Definition
We say a sequence of partitions 7 = (7"),,>; balanced if

de > 0, Vn>1, — <ec. (1)
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7l Balanced sequence of partitions

LONDON

Let Ln — infi:07...7]\[(ﬂ-n),l |t’7+1 - t7| and |7Tn| — SU.I),L':O7 7I-'n. |tb+1 |
Definition
We say a sequence of partitions 7 = (7"),,>; balanced if

de > 0, Vn>1, — <ec. (1)

Notation: B([0, 7)) the set of all balanced partition sequences of [0, T].
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78 Balanced sequence of partitions

LONDON

Let " = infig... N(rm)-1 [ty — ¢ and [77] = SUD;—g,... N(rm)—1 [tie1 = 7 -

Definition
We say a sequence of partitions 7 = (7"),,>; balanced if

de > 0, Vn>1, — <ec. (1)
Notation: B([0, 7)) the set of all balanced partition sequences of [0, T].

This condition means that the intervals in the partition 7 are asymptotically
comparable.
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ING'S . -
Quadratic roughness along along partition sequneces

Definition (Quadratic roughness)

Let T = (T"),>; be the dyadic (Reference) partition of [0, 7] and

" = (O =sp<sT << s},(wn) = T) be a balanced sequence of partitions of
[0, T'] with vanishing mesh |7™| — 0. We say that z € C°([0, T], R%)N

Qr([0, T],R%) has the quadratic roughness property with coarsening index

0 < 5 < lalong 7 on [0, T if there exists a subsequence or super-sequence

d" = (O =t <ty < < t?v(dn) = T) of T with the following properties:
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Quadratic roughness along along partition sequneces

Definition (Quadratic roughness)

Let T = (T"),>; be the dyadic (Reference) partition of [0, 7] and

" = (O =sp<sT << s},(wn) = T) be a balanced sequence of partitions of
[0, T'] with vanishing mesh |7™| — 0. We say that z € C°([0, T], R%)N

Qr([0, T],R%) has the quadratic roughness property with coarsening index

0 < 5 < lalong 7 on [0, T if there exists a subsequence or super-sequence

d" = (O =t <ty < < t?v(dn) = T) of T with the following properties:

) |d"|” = O (|="]), and
(i) forallt € [0,7]:

N(z™)—1

> (e A —a@ A t))t (2(th0 A1) — a(th A1) 2= 0.
Jj=1 t?#t?,e(s?,sﬁ_l]

We denote by R?([0, 7], R?) the set of paths satisfying this property.
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74 Intuition behind quadratic roughness

LONDON
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74 Intuition behind quadratic roughness
LONDON

¢ |n other words, the quadratic roughness property states that cross-products

of increments along the dyadic partition d" average to zero when grouped
along 7.
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74 Intuition behind quadratic roughness

LONDON

¢ |n other words, the quadratic roughness property states that cross-products
of increments along the dyadic partition d" average to zero when grouped
along 7.

¢ Note that, since 8 < 1, the number of terms in the inner sum in (ii) grows to
infinity as n grows, so (ii) is the result of compensation across terms,
reminiscent of the law of large numbers.
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74 Intuition behind quadratic roughness

LONDON

¢ |n other words, the quadratic roughness property states that cross-products
of increments along the dyadic partition d" average to zero when grouped
along 7.

¢ Note that, since 8 < 1, the number of terms in the inner sum in (ii) grows to
infinity as n grows, so (ii) is the result of compensation across terms,
reminiscent of the law of large numbers.

e This quadratic roughness plays a crucial role in the stability of quadratic
variation with respect to the partitions.
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27 Choice of reference partition

LONDON

The dyadic partition may be replaced by any other balanced sequence of
partitions o with vanishing mesh |0"| — 0 satisfying
sup "] < 00
n ‘0’"+1|

without changing any of the statements of the results.
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mge Quadratic roughness for Brownian paths

LONDO

As expected, Brownian paths satisfy this roughness property:
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C‘o//ege Quadratic roughness for Brownian paths

LONDO

As expected, Brownian paths satisfy this roughness property:

Theorem (Quadratic roughness of Brownian paths)

Let W be a Wiener process on a probability space (2, F,IP), T > 0 and (1"),>1 a
balanced sequence of partitions of [0, "] with

(logn)?|7"| "=°0. (2)

Then, for any 0 < 3 < 1, the sample paths of W almost-surely satisfy the
quadratic roughness property with coarsening index [3:

¥B € (0,1), P(W e RI0,T],R))=1.
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78 Necessicity of quadratic roughness

LONDON

The quadratic roughness property is a necessary condition for the stability of
quadratic variation with respect to the choice of partition sequence.
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78 Necessicity of quadratic roughness

LONDON

The quadratic roughness property is a necessary condition for the stability of
quadratic variation with respect to the choice of partition sequence.

Lemma (Cont & Das 2022)

Let z € C*([0,T],R?) N Qr([0,T], RY). Let m = (7™),,>1 be a balanced partition
sequence of [0, T such that z € Q. ([0, T],R?). Then:

(vt € [0,T)), [z].(t) = [z]r(t)) = VB € (0,20a), x € RE([0,T],R%).
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74 Uniqueness of pathwise QV for rough functions

LONDON

Our main result is that quadratic roughness along such a sequence implies the
uniqueness of pathwise quadratic variation:
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74 Uniqueness of pathwise QV for rough functions

LONDON

Our main result is that quadratic roughness along such a sequence implies the
uniqueness of pathwise quadratic variation:

Theorem (Uniqueness of quadratic variation (Cont & Das 2022))

Let 7 be a balanced sequence of partitions of [0, T] and
x € C([0,T],R%) N R2([0, T], R?) for some 0 < 3 < 2c. Then

z € Q([0,T], R%), and  Vte[0,T], [z].(t) = [z]r(t).
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748 Invariant definition of quadratic variation

LONDON

Let T = (T"),,>1 be the dyadic sequence of partitions of [0, 7']. Define,

Q([0,7),RY) = C2([0, 7], R?) N Qx([0, 7], RY). (3)

Lemma
The class Q([0, T], RY) is non-empty and contains all ‘typical’ Brownian paths.
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7 Quadratic variation map [Cont & Das 2022]

LONDO

We have the following invariant quadratic variation map.

Theorem (Quadratic variation map)

There exists a unique map:

[.] : 9Q(o,T),RY) — C°J0,T),S])
r — 7]
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7 Quadratic variation map [Cont & Das 2022]

LONDO

We have the following invariant quadratic variation map.

Theorem (Quadratic variation map)
There exists a unique map:
[.] : Q(0,TI,RY) — C°(0,T1],57)

r — 7]

such that: Y= € B([0,T]), VS € (0,1),
v

Vz € RA([0,T],R%) N Q([0,T],RY), € [0, T], we get:
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7 Quadratic variation map [Cont & Das 2022]

LONDO

We have the following invariant quadratic variation map.

Theorem (Quadratic variation map)

There exists a unique map:

[.] : 9Q(o,T),RY) — C°J0,T),S])
r — 7]

such that: Y= € B([0,T]), VS € (0,1),
v

Vz € RA([0,T],R%) N Q([0,T],RY), € [0, T], we get:

We call [x] the quadratic variation of x.
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Pathwise integration and pathwise It6 formula

Theorem (Invariance of the Féllmer integral (Cont & Das 2022))

There exists a unique map

I C*RY x 9([0,T],RY) — Q([0,T],R)
(fz) — I(f,x)z/o'(Vfox).dx
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Pathwise integration and pathwise It6 formula

Theorem (Invariance of the Féllmer integral (Cont & Das 2022))
There exists a unique map

I C*RY x 9([0,T],RY) — Q([0,T],R)
(fz) — I(f,x)z/o'(Vfox).dx

such that: Vr € B([0,T1]), VB € (0,1), Vze
RZ([0,T],RY) N Q([0, T],RY), V¥t € [0,T],

1(f,2)(t) = /(fo:c>dx—hmZVf )-(2(t2y At) = (8 AL)).

n—oo

We denote I(f,z) = [;(V fox)dx
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Pathwise integration and 1t6 formula (cont.)

Theorem (Pathwise change of variable formula)

Vf e C*(RY), VreB([0,T]), VBe€(0,1),and, Vz € R2([0,T],R%) N
([0, T],R%), we have the following change of variable formula:

.
.

Fz@) — f(z(0)) = /Ot(Vf o x).dz + % /Ot < V2f(z),d[z] >
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74 So far...

LONDON

1. Quadratic variation heavily depends on the choice of partition sequence.
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74 So far...

LONDON

1. Quadratic variation heavily depends on the choice of partition sequence.
2. Invariant notion of stochastic internal <= invariant quadratic variation
across partitions.

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




74 So far...

LONDON

1. Quadratic variation heavily depends on the choice of partition sequence.

2. Invariant notion of stochastic internal <= invariant quadratic variation
across partitions.

3. Balanced partition 7 + quadratic roughness on path © = [z, = [Z]ret part.-
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74 So far...

LONDON

1. Quadratic variation heavily depends on the choice of partition sequence.

2. Invariant notion of stochastic internal <= invariant quadratic variation
across partitions.

Balanced partition 7 + quadratic roughness on path © = [z]; =[] ef. part.-
4. Brownian motion satisfies this quadratic roughness property almost surely.

w
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2l So far...

LONDON

1. Quadratic variation heavily depends on the choice of partition sequence.
2. Invariant notion of stochastic internal <= invariant quadratic variation
across partitions.

3. Balanced partition 7 + quadratic roughness on path © = [z, = [Z]ret part.-
4. Brownian motion satisfies this quadratic roughness property almost surely.
5. In fact, for any deterministic partition sequence © = (7") with

|7 logn — 0, there exists 2, C Q of full P-measure such that
Yw € Qy, [w](t) =t.

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




2l So far...

LONDON

1. Quadratic variation heavily depends on the choice of partition sequence.
2. Invariant notion of stochastic internal <= invariant quadratic variation
across partitions.

3. Balanced partition 7 + quadratic roughness on path © = [z, = [Z]ret part.-
4. Brownian motion satisfies this quadratic roughness property almost surely.
5. In fact, for any deterministic partition sequence 7 = (7") with

|7 logn — 0, there exists 2, C Q of full P-measure such that
Yw € Qr, [w](t) =t.
6. On the other hand, we know from Freedman’s result there exists for each
w € Qapartition m = 7(w) such that [w](,)(t) = 0, and therefore

Q,=0.
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2l So far...

LONDON

-

Quadratic variation heavily depends on the choice of partition sequence.
Invariant notion of stochastic internal <= invariant quadratic variation
across partitions.
3. Balanced partition 7 + quadratic roughness on path © = [z, = [Z]ret part.-
4. Brownian motion satisfies this quadratic roughness property almost surely.
5. In fact, for any deterministic partition sequence 7 = (7") with
|7 logn — 0, there exists 2, C Q of full P-measure such that

Yw € Qr, [w](t) =t.
On the other hand, we know from Freedman’s result there exists for each
w € Qapartition m = 7(w) such that [w](,)(t) = 0, and therefore

Q,=0.

N

o

So even for Brownian motion, quadratic roughness does not ensure an almost
sure invariance of quadratic variation across all deterministic partitions
(partitions purely on time variable).
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274 Some obvious questions!!

LONDON

e |s there any notion of roughness which ensures almost sure invariance of
guadratic variation across a large (uncountable) class of partition sequence?
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274 Some obvious questions!!

LONDON

e |s there any notion of roughness which ensures almost sure invariance of
guadratic variation across a large (uncountable) class of partition sequence?

e Is this notion also ensures invariance of p-th variation?
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274 Some obvious questions!!

LONDON

e |s there any notion of roughness which ensures almost sure invariance of
guadratic variation across a large (uncountable) class of partition sequence?

¢ Is this notion also ensures invariance of p-th variation? even for non-integer
p.
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274 Some obvious questions!!

LONDON

e |s there any notion of roughness which ensures almost sure invariance of
guadratic variation across a large (uncountable) class of partition sequence?

¢ Is this notion also ensures invariance of p-th variation? even for non-integer
p.

(Joint work with Rafat tochowski, Toyomu Matsuda & Nicolas Perkowski)
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78 What we know: Brownian motion

LONDON
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78 What we know: Brownian motion

LONDON

e The result of Chacon, Jan, Perkins, and Taylor(1981) proves that Brownian
motion has a single measure zero set outside which quadratic variation along
any sequence of Lebesgue partitions with vanishing mesh is equal to ¢.
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28 What we know: Brownian motion

LONDON

e The result of Chacon, Jan, Perkins, and Taylor(1981) proves that Brownian
motion has a single measure zero set outside which quadratic variation along
any sequence of Lebesgue partitions with vanishing mesh is equal to ¢.

e Unlike in Dudley’s result, there is no condition on the decay of meshes of
partitions and the null set is uniform over all (uniform) Lebesgue partitions.
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1274 fractional Brownian motion analogue
LONDON

The quantity V; (L, w) measures the (1/H)-th variation along a Lebesgue
partition defined by I on the interval [s, t].
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7 fractional Brownian motion analogue
LONDON

The quantity V; (L, w) measures the (1/H)-th variation along a Lebesgue
partition defined by L on the interval [s, t].

Theorem (Fractional analogue of Chacon et al. (D-L-M-P 2023))

Let H < 1/2 and let ¢y be a constant. Then, there exists a measurable set
Qn C C([0,00); R) with the following property.

e P(Bf € Qp) =1.

e Foreveryw € Qg andT € (0,00), we have

8o, [1oellow) —entl =0

t<T
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78 A non-intuitive Conjecture

LONDON
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78 A non-intuitive Conjecture

LONDON

] — deterministic partition 173 —— deterministic partition
—— Lebesgue partition / L]~ Lebesgue partition
"

i % o
Time. Time

n R
—— deterministic partition
—— Lebesgue partition

Variation

Time

Figure: 1/ H-th variation of fBM. H = 0.4, 0.6, 0.5 respectively.
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&7 Horizontally rough
LONDON

We denote by K ;(e, w) the number of e-level crossings in the interval [s, ]

Definition (Horizontally rough: an invariance notion for p-th var)

A function z € C°([0, T, R) is called horizontally rough if for any t € [0,T], p € R
and € = {e, } withe, | 0,

lim KO,t<€n; xr + ,0)

=1.
=2 KO,t(GTM .’17)
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Kcozzege Horizontally rough

We denote by K ;(e, w) the number of e-level crossings in the interval [s, ]

Definition (Horizontally rough: an invariance notion for p-th var)

A function z € C°([0, T, R) is called horizontally rough if for any t € [0,T], p € R
and € = {e, } withe, | 0,

lim KO,t<€n; xr + ,0)

=1.
=2 KO,t(GTM .’17)

Example
e From the definition, any linear function is horizontally rough.

p-th variation and roughness Purba Das Email: purba.das@kcl.ac.uk




Kcozzege Horizontally rough

We denote by K ;(e, w) the number of e-level crossings in the interval [s, ]

Definition (Horizontally rough: an invariance notion for p-th var)

A function z € C°([0, T, R) is called horizontally rough if for any t € [0,T], p € R
and € = {e, } withe, | 0,

lim KO,t<€n; xr + ,0)

=1.
=2 KO,t(GTM .’17)

Example
e From the definition, any linear function is horizontally rough.

e Using results from Chacon et al.(1981) one can show that Brownian motion
and more generally continuous semimartingales are horizontally rough
almost surely.
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Kcozzege Horizontally rough

We denote by K ;(e, w) the number of e-level crossings in the interval [s, ]

Definition (Horizontally rough: an invariance notion for p-th var)

A function z € C°([0, T, R) is called horizontally rough if for any t € [0,T], p € R
and € = {e, } withe, | 0,

lim KO,t<€n; xr + ,0)

=1.
=2 KO,t(GTM .’17)

Example
e From the definition, any linear function is horizontally rough.

e Using results from Chacon et al.(1981) one can show that Brownian motion
and more generally continuous semimartingales are horizontally rough
almost surely.

e Our result shows that fractional Brownian motion with Hurst index H < 1/2

almao e
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