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(1) Show that C is a field under the addition and multiplication defined for complex
numbers.

2) Show that the map f : R — C defined by f(z) = (x,0) is a field isomorphism.

3

(2)

(3) For a nonzero complex number z, show that 27! = z/|z|.
(4) Show that for z1, 25 in C, |21 + 22| < |z1| + |22/
(5)

5) Show that d(z1,22) := |21 — 22| defines a metric on C, and it is a complete
metric.
(6) Show that |z3 — 25| > |21| — |22| for all zy, 25 € C.
(7) Suppose a, 3, are nonzero complex numbers such that |o| = |5 = |7].
11 1
Show that a + f+7=0 <— —+ -4+ —-=0.
a [y

(8) Suppose z1, 29, 23 are vertices of an equilateral triangle. Show that 27 + 22 +
234 = 2129 + 2223 + 2321
(9) Show that the equation of a straight line using complex variable z is given by
az + az+ v =0 for some a € C and v € R.
(10) If |z] = 1 and 2z # 1, then show that 11_;
(11) For n € N, derive a formula for the n'™® root of a complex number z using its

= b for some b € R.

polar representation.
(12) Let S? be the unit sphere in R® with centre at the origin, i.e., S := {(«, 3,7) €
R3 : a? + 3% + 4% = 1}. Show that the steriographic projection
2z 2¢ |z*—1
L4227 1+ 227 1+ 22

z::$+iy»—><

is a bijective continuous function from C onto S?\ {(1,0,0)} with its inverse

a4+ 10

(@, 8,7) = T

Y

which is also continuous.
(13) Show that the functions z — R(z), 2z — $(z), 2z — |z| are continuous
functions on C.

(14) Show that lintl) ﬁ does not exist.
Z—> A
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(15) Suppose u is a real valued function defined on an open set Q C R2 Let
(0, y0) € €.
(i) When do you say that v has partial derivatives u, and wu, at (zo,yo)?
(i) When do you say that u is differentiable at (z¢,yo)?
(iii) What is gradient of u at (xq,yo)?
(iv) What is the relation between gradient and derivative of u?
ow that a function f is differentiable at zg € Q if and only if its real part u
16) Show that a functi is differentiable at Q if and only if it 1 part
and imaginary part v are differentiable at (zo, yo) and u,, uy, vy, v, satisfy the

equations
uz(20) = vy(20), uy(20) = —vz(20),

and in that case

f'(20) = uz(20) + 1v.(20) = vy(20) — tuy(20).

(17) Find points at which the following functions are differentiable:
(i) f(z)==, (i) f(2)=z2=2x—1y,

(i) f(2) = |2, (v) £(z) = 22
(18) Find points at which the functions in the last problem satisfy CR-equations.
(19) Prove that the CR-~equations in polar coordinates are qru, = vg, ug = —10,.
(20) Suppose f is holomorphic on an open set €. Prove that if f satisfies any of the
following conditions, then f is a constant function.
(i) f'is constant on €,
(ii) f is real valued on ,
(iii) |f| is constant on €2,
(iv) arg(f) is constant on .
(21) Suppose f is holomorphic on an open set €. Prove that the function z —
g(z) = f(Z) is holomorphic in Q* := {Z: z € G}.
(22) (i) Show that the equation of a straight line is given by
az+az+v=0
for some «a, # in C and v € C.
(ii) Show that the above line passes through 0 if and only if v = 0.
(23) Show that the equation of a circle with centre at zy and radius r > 0 is given
by

|22 — (Zoz + 202) + |20)* =72 =0
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(24) Prove the following:
(i) For nonzero a € C, the function z +— az maps a straight line into a
straight line and a circle into a circle.
(ii) For nonzero b € C, the function z — z + b maps a straight line into a
straight line and a circle into a circle.
(25) For nonzero a,b € C, the function z +— az+b maps a straight line into a straight
line and a circle into a circle - Why?

(26) Given a curve v : [0,1] — C, let 4 : [a, b] — C be defined by

7(t) =y(a+ (b= a)t).

If T and [ are the images of v and 7 respectively, then show that I" and T are
homeomorphic.
(27) Find the points at which the curve v : [0,4] — C defined in the following are

not regular. Justify your answer:

t, 0<t<1,

1+ (t—1)4, 1<t<2,
v(t) == ( .>

3—t+i, 2<t<3,

(4 —1)i, 3<t <4

(28) Let f be defined on an open set €2 and differentiable at a point z; € Q and
f'(z0) # 0. Then prove that f preserves angle between curves which are regular

at zp and intersecting at zj.
0 0
(29) Define —f and —f, and show that the real and imaginary parts of f satisfy the

ox dy
CR-equations if and only if

0 0
(30) Define the operators a—f and a—f and show that the real and imaginary parts
z z

of f satisfy the CR-equations if and only if 8_f =0.

0z
(31) Show that
rf _1(or of
020z 4 \0x2  0y*)’
: 0 f
and deduce that f harmonic on ) <— —— =0
0z0z

(32) Prove that v is a harmonic conjugate of u if and only if —u is a harmonic

conjugate of v.
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(33) Prove that v; and vy are harmonic conjugates of w if and only v; — v, is a
constant.

(34) Prove that if u is a real valued harmonic function on an open set 2, then any
two harmonic conjugates of u differ by a constant.

(35) Prove that if u is a real valued on an open set  such that both u and u* are
harmonic on €2, then u is a constant function.

(36) Prove that if v and v are harmonic functions on an open set €2 such that v is a

2

harmonic conjugate of u, then uv and u? — v? are harmonic.

(37) Prove that the Laplace equation Au = 0 can be written in polar coordinates
as r’uy, + ru, + upr = 0.

(38) Prove that if u is a real valued harmonic function on an open set €2, then % is
holomorphic on €.

(39) Suppose ¢ and s are fractional linear transformations. Prove that ¢ o ¢
and @ 0 1 are fractional linear transformations.

(40) Consider a fractional linear transformation ¢ given by

az+b ~
= — C.
#(2) cz+d’ Z€

(i) Show that ¢ is one-one and onto and its inverse is given by

—dz+b -
gp’l(z)zz—+, zeC.
cz—a
(ii) Show that ¢ is differentiable at every z € C and its derivative is given
by

'(z) = %, z e C.

(41) Show that the set of all fractional linear transformations is in one-one corre-
spondence with the set of all 2 x 2 nonsingular matrices with complex entries.

(42) Let F be the set of all fractional linear transformations. Define a binary oper-
ation on F so that F becomes a group.

(43) Show a fractional linear transformation maps every circle and straight line in
C onto either a circle or a straight line.

(44) Prove that the identity function is the only fractional linear transformation

having more than two distinct fixed points.
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(45) Given distinct points 21, 22, 23 and distinct points wy, we, w3 in the plane @,
show that the fractional linear transformation w = ¢(z) defined by
(w — wy)(we — ws) _ (z — 21)(22 — 23)
(w—ws)(we —wy) (2 —23)(22 — 21)

map 21, 22, 23 onto wy, wsy, ws, respectively.

(46) Find the fractional linear transformation ¢ that maps —1, 0, 7 onto the points
0, 1, —z, respectively.
What is the image of the circle passing through —1, 0, 7 A circle or a straight
line? Why?
(47) Find the fractional linear transformation ¢ that maps 0, 1, co onto the points
1, 72, —1, respectively.
What is the image of the real axis under this transformation? Why?
(48) Find the fractional linear transformation ¢ that maps 1, ¢, —1 onto the points
1, 0, —1, respectively.
What is the image of the unit circle (with centre at 0) under this transfor-
mation? Why?

(49) Suppose
(2) az+0b
z) =
7 cz+d
is the fractional linear transformation that maps the real axis onto the unit
circle (with centre 0). Show that

la] = el #0,  [b] = |d| # 0.

ZE(E.

(50) If the fractional linear transformation in the last problem maps the upper half
plane onto the open unit disk, then show that it is of the form

zZ— 20

90(2)2042_50

for some «, zg in C such that |a| =1 and $(z) > 0.
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