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Integration

(1) A curven : [a, 5] — Cis called a reparameterization of the curve v : [a,b] — Cif
there exists continuous increasing bijection ¢ : [, 5] — [a, b] such that n = oy,
and in that case we may say that 7 is equivalent to v and we write n ~ 7.

(a) Given a curve v : [a,b] — C and a closed interval [, 5], find a curve
n: [a, 5] — C such v ~ 7.

(b) If 7 is the reverse of v : [a,b] — C and 7 : [-b, —a] — C is defined by
n(t) = ~v(—t) for —b <t < —a, then show that n ~ 7.

(c) If v and n are piecewise smooth curves such that n ~ ~, then show that
() = €(T5).

(2) Given a piecewise smooth curve 7 : [a,b] — C and a partition II,, := a = to, <
t1 < ... <ty =0bof [a,0], let S, := >77_ |y(t;) —v(t;-1)] If maxicjcn [t; —
tj_1] — 0, then show that S, — f: |y (t)|dt.

(3) If n is a differentiable reparamterization of a piecewise smooth curve =, and if
f is continuous on T';, then show that [ f(2)dz = [ f(2)dz.

(4) Prove: / f(x)dz= | f(2)dz+ | f(2)d=.
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(5) Given a piecewise smooth curve 7 : [a,b] — C, a partition II,, := a = ty, <

ty < ... <t, =0bof [a,b], and a continuous function f on T, let S,(f) :=
Yo FO@) () — v(t-1)]. I maxicjcn [t; — tj—1| — 0, then show that

Su(f) = Jp f(2)dz.
(6) If ¢ : [a,b] — C is continuously differentiable, then show that

/ (1) dt = o(b) — pla).

(7) Let T be a closed curve and f has a primitive on an open set € containing T,

i.e., there exists a continuously differentiable function g such that ¢’ = f on Q.
Then /f(z) dz = 0. Justify.
r
(8) Let I',, be the circle with center at zp and radius r traced n times, i.e., I, :=

{zo +re™, 0 <t < 2nw}. Then, show that /
T, # — 0

= 2nmi,.
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(9) If p(z) is a polynomial, then prove that / p(z)dz = 0.

d
(10) If I is the circle with centre 2z, and radius r, then show that / B

r(z—20)"
for every n € Z\ {—1}.
(11) Given distinct points o and ( in C, evaluate the integrals f (o,6] 2"dz and
f[ a7 "dz, where [, 5] denotes the line segment joining « to 3.
(12) If f is a real valued function defined on the interval [a,b] and if v(t) = t,
a <t <b, then show that [ f(z)dz = [} f(t)dt
(13) Let I' be a closed piecewise smooth curve in the disc of convergence of a power

series » >~ an(z — z9)" and let f(z) represent this series in that disc. Then
/f(z) dz = 0. Justify.

(14) Evaluate the integrals f f(2)dz in following, where

(a) ~is the curve joining z; = —1—1i to zo = 141 consisting of the line segment
from —1 — 4 to 0 and the portion of the curve y = 2% from 0 to 1 + ¢ and

1, y<0,

-0
Answer: —g + gz
(b) 7 is the curve consisting of the line segments joining the points 0 to 1 and

1to 14 2iand f(z) = 32° —y + iz

Answer: 2 + 3¢
(c) f(z) = z and # is the curve joining 1 to 1 + i along the parabola y = 2.

Answer: 1+ %2

(d) ~ is the positive oriented circle z—1| = 4 traced once and f(z) = A5+ (2_61)2

Answer: —671
(15) Show that | [ ydz| <

(16) For piecewise smooth curve 7 : [a b] — C and continuous function f : I' — C,

deﬁne/f )|dz| —/ flg (t)|dt. Show that

| ﬂf<Z>dz < / £z

(17) If T, is the circle () = 29 + re”, 0 < ¢ < 27 and if f is continuous on and
inside I',., then prove that

lim L /()

r—0 211 Jp 2 — 2

3, where 7 be the line segment joining 2 to 2 + .

———dz = f(2).
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(18) For every closed piecewise smooth curve T', / e dz=0. Why?
r

(19) For positive real numbers, let I, I5, I3, I4 be the integrals of e~ over the line
segments
[—a,a]l, [a,a+7ib], [a+ib,—a+ib], [—a+ib,—a],

respectively. Prove that

(i) I :/ e dx,

a

(i) |1y < be=@*+0,
(iii) Iy = —e” ’ e~ cos(2bt)dt,
(iv) L] < be—o"+¥"
(v) /OO e~ cos(2bt)dt = /OO e " da.
(20) Suppose fnii f uniformly on F.i%ohen show that

Afn(z)dzﬁ/rf(z)dz.

o 1
(21) Prove that / e~ cost?dt = Zﬁ 1+ /2, by integrating e =" over the posi-
0 .
tive oriented triangle with vertices at 0, R, Re'™/® for R > 0 and letting R — oo.
(22) Evaluate the integrals / cos t*dt, / cos tdt by integrating e~ over the
0 0

positive oriented triangle with vertices at 0, R, Re”™/* for R > 0 and letting
R — oo.

(23) Let (€2,,) be a sequence of nonempty compact sets in C such that €, D §,,,; for
all n € N and diam(€2,) — 0 as n — oo. Let zp € N°2,Q,. If f is a continuous

function defined on €2;, show that

max |f(z) — f(z)] = 0 as n— oco.

(24) Suppose 2 be a simply connected domain and f be holomorphic on 2. Suppose
integral of f over every positively oriented triangle is zero. Prove that if I'y

and I'y are two polygonal lines joining any two points zp and (p in 2, then

Jo, F(2)dz = [, f(2)dz.
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