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FOURIER ANALYSIS: ASSIGNMENT - III

M.T. NAIR

Throughout, {2 denotes a nonempty open subset of R?, where d € N.

(1) Let ¢ be a mollifier. For a € Q and € > 0 be such that B.(a) C €, let
Ve o) = aidcp(xs;“ Show that ., € D(€2) such that supp(¢.,.) C B.(a) and
Jo e adx = 1.

(2) Let v., be as Problem 1, and let 9. := t.o. Prove that for f € C.(R?),
f*1. — f uniformly.

(3) Show that D(Q) is sequentially complete. That is, if (¢,) in D(Q) is such
that for every ¢ > 0 and for every a € N@ there exists N € N such that
10%(©n — ©m)|lo < € for all n > N, then there exists ¢ € D(Q) such that
10%(0n — ©)|lc = 0 as n — oo for each o € NY.

(4) Corresponding to f € L (), let

loc

we) = [ f@plads, o€ D), e

Show that uy is a distribution, and it is of order 0.
(5) Show that the delta-distribution is not a regular distribution.
(6) Show every delta-distribution is a limit of a sequence of regular distributions.
(7) Let (f,) in LL (Q) and f : Q — C be such that f, — f a.e. on Q and for every
compact K C , there exists g € L'(Q) such that |f,| < |g| a.e. on K. Prove
that f € Li.,.(R2) and f,, — f in the sense of distribution.
(8) Let f,, f € C(Q) such that f, — f uniformly on compact subsets of 2. Prove
that f, — f in the sense of distribution.
(9) Let fn(z):= €™, x € R. Show that (uy,) converges to the zero distribution.
(10) Making use of necessary results, prove that for f,g € Li.,
f=gae.
(11) Let u be a linear functional on D(£2). Prove that u is a distribution if and only

(), ur = u, implies

if for each compact K C €2, there exists a constant C' > 0 and an N € Ny such
that
u(@)] < C Y 100l (1)
|| <N
for all ¢ € D(2) with supp(y) C K.
(12) Define u(p) = > 272, ©9(5), ¢ € D(R). Show that u € D'(R), and it is of

infinite order.
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(13) Prove that
(a) supp(da) = {a}.
(b) For f € Li,.(2), supp(us) = supp(f).
(c) For u € D'(Q2) and ¢ € D(Q), supp(u) Nsupp(f) =0 = u(p) =0.
(14) If f € C>(Q), then prove that fo € D(Q) for every ¢ € D(2).
(15) For f € C*(Q)) and u € D'(QY), prove that the map ¢ — u(fp), ¢ € D(Q),
is a distribution.
(16) If f € C>(Q2) and a € (2, show that fo, = f(a)o.
(17) For f,g € Li.(Q), show that fu, = uy,.
(18) Let f € £() and u € D'(R2). Prove that supp(fu) C supp(f) Nsupp(u).
(19) If w is a distribution with compact support, then prove that for any f € £(2),
fu is also of compact support.
(20) If u € D'() is with compact support, then prove that u € £'(€2) in the sense
that for every v € D'(Q2), there exists a unique % € D'(€2) such that u|p) = .
(21) If uw € £'(Q?), then prove that u|pi) € D’'(£2) is with compact support.
(22) Prove that 7,0, = dq4n. (Recall: For u € D'(R?) and h € R?, the distribution
mpu is defined by (m,u)(¢) == u(r_np), ¢ € D(RY).
(23) For each h € R? show that the map u — 7,u is continuous on D’(R?) in the
sense that u,, — u in D'(R?) implies 7,u,, — m,u in D'(R?).
(24) For u € D'(Q) and a € N¢, show that the map 9%u : D(Q) — C defined by
(0%u) () = (=1D)lu(9%p), € D(0), is a distribution.
0, =<0,
1, =>0.
(26) For a € N¢, 2y € Q, prove that u defined by u(¢) = (0%p)(zo) defines a
distribution of order a.

(25) Let H be the Heaviside function, i.e., H(z) = { Show that H' = dy.

(27) Let (,) be a sequence in  without a limit point in © and (a(™) be a sequence
in Nd. Let u(p) := > 07, 0“¢(x,). Prove that u is a distribution, and it has
finite order if and only if sup || < co and in that case the order is sup |a™|.

(28) If u € D'(Q) and ¢ € D() such that supp(u) Nsupp(y) = 0, then prove that
u(yp) = 0.

(29) Suppose u is a linear functional on £(£2) such that there exists compact K C €,
C' > 0and m € Ny satisfying [u(p)| < C 32, <., 10%0llc,x Vo € E'(CY). Prove
that u € £'(Q2).

(30) Suppose u € £'(2) and there exists compact K C Q, C' > 0 and m € Ny
satisfying [u(@)] < O3 < [10%¢llcx Vi € E'(2). Prove that ulp) is a
distribution with compact support.
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