Linear Algebra: Assignment Sheet-111

In the following, V' is an inner product over F € {R, C}.
1, =y,

For 7,7 € N, we denote d;; =
0, i#J,

1. Verify:

(a) On the vector space coo, (,y) := > 52, #(j)y(j) defines an inner product.

(b) On the vector space Cla,b], (,y) := ff x(t)y(t)dt defines an inner product.

(c) Let 71,...,Tnt1 be distinct real numbers. On the vector space P,

(p,q) == " p(r:)q(7;) defines an inner product.
2. Prove the following:
(a) Forx € V, (z,u) =0Vu € V=12 =0.
(b) Forue V,if f:V — F is defined by f(x) = (z,u) for all z € V, then f € V'.
(c) Let uy,ug,...,u, be linearly independent vectors in V' and let x € V. Then
(x,u;) =0 Vie{l,...,n} < (z,y)=0 Vyecspan{uy,...,up}.

In particular, if {uj,ug,...,u,} is a basis of V, and if (x,u;) = 0 for all i €
{1,...,n}, then x = 0.

3. Recall that d : V x V' — R defined by d(z,y) = ||z — y|| is a metric on V, called the
metric induced by the inner product. Then, with respect to the above metric, prove

the following:

(a) The map = — ||z|| is continuous on V.

(b) For each u € V, the linear functional f : V — F defined by f(z) = (z,u), z € V,

is continuous.

(c) For every S C V, the set S+ is closed in V.

4. Consider the standard inner product on F". For each j € {1,...,n}, let
ej = (01,025, ...,0pn;). Show that (e; +e;) L (e; —e;) for every i,5 € {1,...,n}.

5. Consider the vector space C[0,27] with inner product defined by
(f,g) = O%f(t)@dt for f,g € C[0,27]. For n € N, let

up(t) :=sin(nt), wv,(t) = cos(nt), 0<t<2nm.



Let wo,,—2 = v,, and wy,,—1 = u,, for n € N.Show that the sets
{un :n eN}, {v,:neN}, {w,:neN}
are orthogonal sets.

. Suppose {u1,...,u,} is an orthonormal set in an inner product space V and z € V.
Then

n

x — Z(:L‘,u)uz 1 span{ui,...,un}

i=1

and
n
>l ui)? < ).
=1

Further, the following are equivalent:

(a) x € span{uy,...,u}
(b) = =370 (@, ui)u
(©) llzll* = 323y [, ui) |

. Let V = F? with standard inner product. Form the given vectors z,y,z € F3 in the
following Construct orthonormal vectors u, v, w in F? such that span{u, v} = span{x,y}

and span{u, v, w} = span{z,y, z}.

. For (aq,...,ap) € F" and (B4, ..., B,) € F", show that

n n % n %
>l < (X lasl?)* (X185
j=1 j=1 j=1
. For z,y € F(N) prove that

S lagyl < (iiaﬂz)é(i’ﬁm) -
j=1 j=1 g=1

N

Hint: Use Exercise 8.
Let ~
P ={zeFN):> |z < oo}.
j=1

Prove that



10.

11.

12.

13.

14.

15.

16.

(a) £% is a subspace F(N).

(b) For =,y € £2, Z |z(j)y(j)| converges.
j=1

(c) (x,y) := Z |z(7)y(5)| defines an inner product on £2.
j=1

For (aq,...,a) € F* and (f1,...,0,) € F", show that
n 1 n 1 n 1
2
(Z\aj+5j|2> < (Z\%‘P) + (Z\@'F) :
j=1 j=1 j=1
For x,y € F(N) prove that
2
(D las+82)" < (X laslP)* + (X 182) "
j=1 j=1 j=1
Hint: Use Exercise 10.

Let dim(V) = n and let E = {uy,...,u,} be an ordered orthonormal set which is a

basis of V. Let A:V — V be a linear transformation.

(a) Show that [A]g g = ((Auj,u;)). [Hint: Use Fourier expansion.|
(b) Define B : V — V such that (Az,y) = (z, By) for all z,y € V.

Let dim(V) = n and let E = {uy,...,u,} be an ordered orthonormal set which is a

basis of V. Let A, B : V — V be a linear transformations satisfying (Az,y) = (x, By)

for all z,y € V. Show that [B]g g = [A]p g, conjugate transpose of [A]g .

Let V be finite dimensional and Vj is a subspace of V. Prove that every x € V can be
written uniquely as x = y + z with y € Vy and z € VOL. [ Hint: Obtain a basis of Vj,

extend it to a basis of V, and consider the orthonormalization of that basis.]

Let V be an inner product space and V be a finite dimensional subspace of V. Then

for every x € V, there exists a unique pair y € Vj such that

—y|| = inf — u|.
Iz =yl = inf flo = u|

Let V be an inner product space and Vj be a subspace of V and let z € V and y € V.

Prove the following;:

() f(z—yu)=0 VueVy = Jo—yl= nf fo—ul.
ueVp



17.

18.

19.

20.

(b) If span(S) =Vp and (z —y,u) =0 VueS = |z—y| = iné |z — u]|.
ueVo

Let V be an inner product space, Vj be a finite dimensional subspace of V and x € V.

Let {ui,...,ux} be a basis of V. Prove that for y = Zk_l ajug,

k
(x—y,u)=0 Yuel < Z(uj,ui>aj:<a?,ui>, i=1,...,k.
j=1

Further, prove that there exists a unique (a1, ...,ax) € F* such that

k
Zuj,uloz] (x,u;), i=1,...,k,
7=1
and in that case ||z — y|| = inf [z —ul.
u€eVp
Let V = C0,1] with inner product: (f,g) / f(t)g(t)dt. Let 2(t) = t°. Find best

approximation for z from the space Vj, where

(1) Vo = Pu, (1) Vo = Pa, (tii) Vo = Ps, (tv) Vo = Pu, (v) Vo = Ps.

Let V = C[0, 27| with inner product: (f,g) := f( )g(t)dt. Let 2(t) = t>. Find best
0
approximation for x from the space Vj, where

Vo = span{1,sint, cos t, sin 2t, cos 2t }.

Let V be finite dimensional and Vj is a subspace of V. For x € V, let y, z be as in the
last problem. Define P,Q : V — V by P(z) = y and Q(z) = z. Prove that P and @

are liner transformations satisfying the following:
R(P)=Vo, R@Q=Vy, P’=P, Q' =Q, P+Q=I,

(Pu,v) = (u,Pv) Yu,veV, |z—Pz|<|z—ul| Yuel.



