MA2030: Linear Algebra and Numerical Analysis
Assignment Sheet 8

(1) Find a best approximate solution for the system Az = b for the matrix A and
vector b as in the following. Also, check whether the best approximate solution
is unique or not.

11 0
(a)A—_OO]andb—{l].
11 1 0
(b)A__lo 1]andb—{1}.
11 0
(c) A= Oo]andb—{l].
[1 2 1 0
dA=1{2 0 1 ]andb= |1
011 1

(2) Let A € R™™. Prove that columns of A are orthonormal (with respect to the
usual inner product) if and only if ATA = 1.

(3) Prove that if columns of A € R™ ™ are linearly independent, then there exist
Q € R™" with QTQ = I and an upper triangular matrix R € R™ " such that
A=QR.

(4) Suppose columns of A € R™*" are linearly independent. Prove that zyp € R™ is
a best approximate solution of Az = b if and only if Rzy = QTb, where Q is as
in Problem 3.

Is the above best approximate solution unique? Why?

(5) Suppose columns of A € R™ ™ are linearly independent and vq,...,v, are
orthonormal vectors obtained from the columns of A by Gram-Schmidt orthog-
onalization process. Let Q = [v; vy -+ v,] and R = QT A. Prove that zy € R"
is a best approximate solution of Az = b if and only if Rz, = Q7b.

(6) Let A € R™™ and for x € R", let

1<j<n

n n ) 1/2
ol i=>"lasls Nlzlle = (D laal?) s Nzl = max fal
j=1 j=1

Prove that || - [|1,] - ||2, ||  [[oc are norms on R”, that is, if || - | denotes any of
-l - fl2s [ - floos then
(a) [|[z]| >0 VzeR" and |z|| =0 <= z=0,
(b) lz +yll <zl +llyll  Va,y e R",
(c) |laz|| = |af ||=]| VreR" a€eR.
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(7) Let A € R™*™ and let

m n no 1/2
2
m = max > lagl, 1o = max > lagl, e = ( > ) lasj] ) :
Sjsn £ sesm T j=1 i=1
Let || - [|1, || - ll2, || - oo be as in Problem 6. Prove the following:

(a) [|Az[ly <mllz[, VaeR",
(b) [[Az]lo < necllzllee V2 € R™,
(¢) [Azlls < mpllzfla Vo eR™
(8) Let A € R™™ and || - || denote a norm on R"™ or R™. Let
n := max ||Az||.
[lzf|=1
Prove that
(a) | Az <nllz]| VzeR",
(b) If 5 > 0 is such that ||Az| < B||z|| for all x € R™, then n < j.
(9) For A € R™ " let n; and 7 be as in Problem 7. Prove that there exist
non-zero vectors u, v € R" such that

| Aully = mf[ull, [AV]|0o = Moo [|V]|0o-
Deduce that

n = max ||Az|, Noo = Max [|AZ||co.
l[z]li=1 l[#]loo=1

(10) Let A € R™". Prove that the eigenvalues of AT A are non-negative.
(11) Let A € R™". Let Ay,..., \; be the distinct eigenvalues of AT A. Prove that

el < (s V) llolls v € R

Prove also that
max [|[Az||; = max \/A;.

[J]l2=1 1<5<k
(12) Suppose A € R"™™™ is an invertible matrix and x(A) = ||A]| ||A~!||. For nonzero
b,b € R" let x, 7 € R™ be such that Az = b and Az = 0.
(a) Prove that

L o= _ Jlz—2] b~ b]
< < k(A)
r(A) ol | 18]
(b) Prove that there exist nonzero vectors b, b € R” such that
[l — ] Ib — b
—— =k(A) .
] 2]

(13) For the matrix A = { c } compute k. := k(A). What is lir% Ke?
e—



Following problems are recommended, but not mandatary:

For A € R™" let [|A| = Hm”ax |Az||, where for v € R |ju]| denotes any of

llly; full2, lelloc-

(1) Suppose A, B in R™" are invertible matrices, and b,b are in R™. Let z, T are
in R™ be such that Az = b and BZ = b. Show that

= — 2] L A=B]  o—7
S S IANE (S )

Hint: Use the fact that B(z — i) = (B — A)z + (b—b), and use the fact that
(B = A)z| <[|B = Al ||z]|, and

; [Az]| ]
1o — Bl| = 11b — bl = < 1o — Bl Al 3
18] llell”
(2) Let B € R™". If ||B]| < 1, then show that I — B is invertible, and
1
I =B) < m—5m
(1 —1BI)

Hint : Show that [ — B is injective, by showing that
(L = B)zl| = (1 = |B)[lz]] VzeR"
and then deduce the result.

(3) Let A, B € R™™ be such that A is invertible, and ||A — B|| < 1/||A"||. Then,
show that, B is invertible, and

- 1A~
15 1H_l A—B||| A1
— A= B[ [|A~]
[Hint: Observe that B = A — (A — B) = [ — (A — B)A™'|A, and use the
previous exercise. |
(4) Let A, B € R™™ be such that A is invertible, and ||[A — BJ| < 1/2||[A7!||. Let
b,b,xz, T be as in Exercise 1. Then, show that, B is invertible, and
[A—B|| b 5H>
1Al 1]

[Hint: Apply conclusion in Exercise 3 to that in Exercise 1.]

|l — 2|

< 2x(4)(!

]



