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MA1010: Calculus I : Functions of one variable!

Problem Sheet VI

Suppose (a,) in R is such that )" a, is absolutely convergent. Show that

00 apzi™ . .
Do § wt is a dominated series on R.

Show that for every r with 0 < r < 1, the series Y~ 2™ and > - nz" are
dominated series on [—r, r].

Show that > 7 is a dominated series on R.

n=1 n(1+n12)

Show that >°°7 —2Z - is a dominated series on [¢,c0) for any ¢ > 0.

n=1 1+na:

Show that >~ °  (ze ™)™ is a dominated series on [0, 00) for any ¢ > 0.

. Show that >>°7 (1 — x)z"! is not a dominated series on [0, 1].

Show that the series Y | £+ is dominated on any closed interval [a,b]. Is it domi-
nated on R?

Justify the statement: For each p > 1, the series >~ , ﬁ—; is convergent on [—1,1]
and the limit function is continuous.

Show that the series Y o {(n + 1)22""! — n?2"}(1 — x) converges to a continuous
function on [0, 1], but it is not dominated.

1 1
1+ (k+ 1z 1+ka |
not a dominated serles Show also that the series can be integrated term by term
over the interval [0, 1].

Show that the series Z

is convergent on [0, 1], but it is

Suppose ZZO:O a,x™ converges at a point xg. Prove that it converges at every x €
(—|zol, |xo]) and diverges at every x & [—|zo], |zo|]-

Show that the series > -, na™! converges pointwise. Is it dominated on (—1,1)?
Why?

Find the radius of convergence of the following power series.
oo

0> i) >

n=1 n=1

(i) ix* i n— 1)
n=1

n=0

IProblems are taken from the book Calculus of One Variable by M.T. Nair.



14. Find the interval of convergence of the following power series.

() Z na" ; 4n—1 xn

(i) Z n(z+5)" Z 2" sin” x

n=1 n=1

[Answers: (i): (—o0, —1) U[1,00); (ii): (—o0, —3) U [3,00); (iii): [—6, —4];
(iv): [=§ +km, § +kn], k€ Z.]

15. Find the radius of convergence and interval of convergence of the following series:

(i) Z a"z" fora >0 (ii) Z o™z for a> 0
n=0 n=0
oo [e.e] _1 n
(111) an' (IV) Z( n) T (n+1)
n=0 n=0
_~ sin(nm/6) " — (=0)"
(v) Z on (z—1) (vi) Z Anpe z?
n=0 n=0
16. Show that
(i) log(1 +2) =3 (=)™ for -1 <z <1,
n
n=1
0 2n+1 0 1
(ii) tan~'a = ;(—1)”2xn for -1 <z <1, and derive = 1 nz_;(—l)"zn 1
(iii) = Z(—l)"“nm”‘l for -1 < < 1.
n=1



