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Assignment-2
Linear Algebra and Numerical Analysis

Jan-May, 2012

Consider the system of equations

ap1r1 + appr2 + + ATy, = bl
a1T1  +  Ary + +  agr, = b
+ + + =
Am1T1 + amT2 + + UnnTn = by
Let
a1 19 Ain
— | | Q22 _ | @2n
Uy = , U9 1= gy, Uy 1=
Am1 Am?2 Amn
(a) Show that the above system has a solution vector z = [z, ..., z,]” if and only
if b=[by,...,b,]7 €span({uy,...,u,}.
(b) Show that the above system has atmost one solution vector x = [y, ..., x,]"
if and only if {uy,...,u,} is linearly independent.

. Is union and intersection of two linearly independent sets linearly independent?

Justify yoiur answer.

. Is union (resp., intersection) of two linearly dependent sets a linearly dependent?

Why?

Show that vectors u = (a, ¢), v = (b, d) are linearly independent in R? iff ad —be # 0.
Can you think of a generalization to n vectors in R".

. Show that Vy := {z = (z1,22,73) : 1 + 22 + 23 = 0} is a subspace of R®. Find a

basis for V4.

Show that E := {1 + "t + ", ¢ + ", ... "1 + 1" t"} is a basis of P,,.

. Let uy(t) = 1, and for j = 2,3,..., let u;(t) =1+t +...+ /. Show that span of

{uy,...,u,} is Py, and span of {uy,usy, ...} is P.

. Let pi(t) = 1+ ¢+ 3t2, pa(t) = 2+ 4t + 2, p3(t) = 2t + 5t*. Are the polynomials

p1, P2, p3 linearly independent?

Suppose V; and V, are subspaces of a vector space V' such that V; NV, = {0}. Show
that every x € V; + V5, can be written uniquely as x = x1 + x5 with 7 € V; and
To € V5.

Suppose Vi and V5, are subspaces of a vector space V. Show that V; + V5 = V; if
and only if V5 C V;.
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Let V' be a vector space.

(a) Show that a subset {uy,...,u,} of V is linearly independent if and only if the
function (aq,...,a,) — ajug + - -+ + ayu, from F” into V' is injective.

(b) Show that if £ C V is linearly dependent in V', then every superset of E is
also linearly dependent.

(c) Show that if £ C V is linearly independent in V', then every subset of E is
also linearly independent.

(d) Show that if {uy,...,u,} is a linearly independent subset of V', and if W is a
subspace of V' such that (span{ui,...,u,}) N W = {0}, then every V in the
span of {uy, ..., u,, W} can be written uniquely as x = aquq + -+ - + apu, +y
with (aq,...,a,) € F" y e W.

(e) Show that if F; and E, are linearly independent subsets of V' such that
(spanky) N (spanky) = {0}, then E; U E, is linearly independent.

For each k € N, let F* denotes the set of all column k-vectors, i.e., the set of all
k x 1 matrices. Let A be an m x n matrix of scalars with columns a,,a,,...,a,.

Show the following:

(a) The equation Az = 0 has a non-zero solution if and only if a;,a,,...,a, are

linearly dependent.

(b) For y € F™, the equation Az = y has a solution if and only if a,,a,,...,a,,y

are linearly dependent, i.e., if and only if y is in the span of columns of A.

Fori=1,...,m; j =1,...,n, let E;; be the m x n matrix with its (¢, j)-th entry
as 1 and all other entries 0. Show that

is a basis of F™*™,

If {uy,...,u,} is a basis of a vector space V', then show that every x € V, can be
expressed uniquely as r = auy + -+ - + Quuy,; i.e., for every x € V', there exists a
unique n-tuple (aq, ..., a,) of scalars such that © = aju; + -+ - + a,uy,.

Suppose S is a set consisting of n elements and V' is the set of all real valued
functions defined on S. Show that V' is a vector space of dimension n.

Given real numbers ag, ay, . . ., ax, let V be the set of all solutions x € C*[a, b] of the
differential equation

dkx dFlx

aodtk +a1dtk_1 + -+ apz = 0.

Show that V' is a linear space over R. What is the dimension of V7
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