MA2030: Linear Algebra and Numerical Analysis
Assignment-4

January — May 2012
In the following V, W, Vi, V, denote finite dimensional vector spaces over I, which is R or C.
1. Let By ={uy,...,u,} and Fy = {vy,..., v} be bases of V; and V3, respectively.
Let Fy ={fi,..., fu} be the dual basis of L(V;,F) with respect to Ej.

Fori=1,...,n;5=1,...,m,let T;; : Vi — V5 be defined by T};(x) = f;(x)v; for x € V;.
Show that {T;; :i=1,...,n;j =1,...,m} is a basis of L(V4,V3).

2. Let By = {uy,...,u,} and Ey = {vq,...,v,} be bases of V] and V3, respectively. Show the
following;:
(a) If T e L(V1,V3), then T is one-one iff columns of [T)g, g, are linearly independent.
(b) If T'e L£(V4, V3), then T is not one-one iff det[T]g, g, = 0.

(¢) If {g1,...,9m} is the ordered dual basis of L(V5,F) with respect to the basis Ey of V5,
then for every T' € L(V1,Va), [T]5y,5, = (9:(T'u;)).

(d) If 70,15, T € L(V1, V) and a € F, then
[Tl + TQ]E17E2 = [TI]ELEz + [TQ]EI:E2 and [O‘T}El,f% = a[T]E17E2'

(e) Suppose {M;; :i=1...,m;j = .,n} is a basis of F"™*". Let T;; € L(V},V3) be the
linear transformation Wlth [TZ]] B1.8, = M;;. Then

{Tij:i=1...,m;j=1,...,n} is a basis of L(V1, V3).

3. Let V4 and V5 be finite dimensional vector spaces and T : V; — V5 be a linear transformation.
Give reasons for the following:
(a) rank(7T") < dimVj.
(b) T is onto implies dimV; < dimV}.
(¢) T is one-one implies dimV; < dimVa.
(d) T is one-one if and only 7T is onto.
(e) dim(V4) > dim(V3) implies T is not one-one.
(f) dim(V}) < dim(V5) implies 7" is not onto.

4. Let V be the vector space of real valued functions on R which have derivatives of all orders.
Let T': V — V be the differential operator: Tz = 2’. What is N(T")?

5. Let T : V — V be a linear operator such that T2 = T. Let I denote the identity operator.
Prove that R(T) = N(I —T) and N(T) = R(I —T).

6. Find bases for the null space N(7') and the range space R(T") of the linear transformation 7T’
in each of the following:
(a) T : R?* — R? defined by T'(x1,22) = (71 — 2, 272),
(b) T :R? — R3 defined by T'(z1, z2) = (z1 + 29,0, 225 — 2),

(¢) T :R™™ — R defined by T'(A) = tr(A).
(Recall: tr(A), the trace of a square matrix A, is the sum of its diagonal elements.)



7. Let T : Vi — V4 be a linear transformation, where dim(V;) < oo,dim(V2) < oo. Prove the
following;:

(a) There exists a subspace Vy of V; such that V; = N(T') + V and Vo N N(T') = {0}.
(b) If Vy is as in (a) and {vy,..., v} is a basis of V{, then R(T) = span{T'vy,...,Tvg}.
8. Let T': V — V be a linear transformation. Prove the following:
(a) If T is a bijection and 0 # A € F, then A is an eigenvalue of 7" if and only if 1/) is an
eigenvalue of 771,
(b) If X is an eigenvalue of T then A* is an eigenvalue of T*.
(c) If X is an eigenvalue of T"and a € F, then A 4 « is an eigenvalue of T' + .
(d) If p(t) = ag + ait + ... + axt® for some ag,ay,...,a, in F, and if \ is an eigenvalue of T

then p()\) is an eigenvalue of p(T) := agl + a1T + ... + a,T*.

9. Let Ty and T3 be linear operators on V', A is an eigenvalue of 7T} and p is an eigenvalue of
T,. Is it necessary that Ay an eigenvalue of 71757 Why? What is wrong with the following
statement?

Ap an eigenvalue of 117, because, if Tix = A\x and Tox = px, then
T\ Tox =Typxr = pTix = ple.

10. Let A be an n x n matrix and « be a scalar such that each row (or each column) sums to a.
Show that « is an eigenvalue of A.

11. Let V be finite dimensional, 7' € £(V') and E be a basis of V. Suppose [T|g g is a an upper
triangular, or a lower triangular, or a diagonal matrix. Prove that the diagonal entries of [T|g g
are the eigenvalues of T

12. Let V be a finite dimensional vector space with dim(V') =n and T € L(V'). Prove that T is a
diagonalizable if and only if T" has a basis consisting of eigenvectors.

13. Which of the following linear transformation 7' is diagonalizable? If it is diagonalizable, find
the basis F and the matrix [T]g .

) T :R3 — R3 such that T(z1, zo, 13) = (21 + 22 + T3, Ty + To — T3, T1 — To + T3).
) T : P3 — Ps such that T'(ag + ait + ast? + azt®) = a; + 2ast + 3ast®.

(c) T:R?®— R3 such that Te; =0, Tey=¢e;, Tesz= es.

(d) T:R3? — R3 such that Te; = ey, Tey =e3, Tez=0.

(e) T:R3>— R3 such that Te; =e3, Tey =ey, Tez=e.

14. Show that the linear transformation 7' : R* — R? corresponding to each of the following matrix
is diagonalizable. Also find a basis of eigenvectors of T' for R.

3/2 —1/2 0 3 —1/2 —3/2
(@ | -1/2 3/2 0| (b 1 3/2 3/2
12 -1/2 1 ~1 —1/2 52

15. Check whether the linear transformation 7' : R* — R* corresponding to each of the following
matrix is diagonalizable. If diagonalizable, find a basis of eigenvectors for the space R?:

1 1 1 111 10 1
@ |1 -1 1 @ |0 11 ¢ |1 10
1 1 -1 001 011



