M.T.Nair (IIT Madras) March 12, 2013

MA-5340: Measure and Integration
Assignment Sheet - 111

In the following, (X, .4, 1) is a measure space.

1.

Suppose ¢ is a non-negative simple measurable function and FE is a measurable set.
Let u, be the restriction of u to the restricted o-algebra A := {A C E : A € A}.

Show that fE pdp = fE wdj,.

Let ¢ and 1 be non-negative simple measurable functions such that ¢ <. Prove that
JxW —@)du = [y ddu— [y pdp.

Prove that if f > 0 is a measurable function and E € A is such that u(E) = 0, then
fx f= fEc /-

Suppose X = {z1, xs, ...} with the counting measure p. If f is an extended real valued
non-negative measurable function on X, then show that

/X fp = f} Fa).

Suppose X = {z1,...,x,}, and wy, ..., w, are non-negative reals. Let w(z;) = w; for
i=1,...nand u(E) =), pw(z) for EC X. Show that x is a measure on (X, 2%),
and for every extended real valued non-negative measurable function f on X,

/X fdu =Y fla

Suppose X = {x1,xs,...}, and wy, wy, ... are non-negative reals. Let w(x;) = w; for
ie€Nand pu(E) =Y, pw(z) for E C X. Show that p is a measure on (X,2%), and
for every extended real valued non-negative measurable function f on X,

/deu = if@z‘)wr

Suppose a;; > 0 for all 7,5 € N. Then show that
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Suppose (f,) is a sequence of extended real valued non-negative measurable functions
on (X, A, pu) such that f; > fo > ... and f,(z) — f(z) forevery x € X. If [, fdu < oo,
then show that [, f.du — [y fdu. Show that the condition that [, fdu < co cannot
be dropped.

Show that the condition that [ « fdp < oo in Fathou’s lemma cannot be dropped.

If f € L(p) such that [, f >0, then show that

|r= [ rer< [ 11

Show that £(u) is a vector space over C, and the map f — [ « f 18 a linear functional

on L(p).
Show that the map f — [, |f| is a semi-norm on the vector space L(y).

Show that the set N := {f € L(u) : [ |f| = 0} is subspace of the vector space L(u),
and the map [f] — [, |f] is a norm on the quotient space L£(u)/N .

If f € L(u) such that |fX f| = Jx|f], then show that there exists ¢ € C such that
f(z) = c|f(x)| for almost all x € X.

Suppose f and g are complex measurable functions such that f = 0 a.e. on X and
f=0a.e. on X. Show that f+¢g=0 a.e. on X.

Suppose f € L(y) such that [, f =0 for all E € A. Show that f =0 a.e.

Hint: First observe that it is enough to prove for the case of real valued f, and then take
E={x e X : f(z) >0} and show that [, f* = 0. Similarly show that [, f~ =0.



