Chapter 9

Parabolic Equations

9.1 One - Dimensional Unsteady Diffusion with
Homogenous Boundary Conditions

One dimensional unsteady diffusion is governed by the parabolic equation

PDE u; = a’uy, O<z<L,t>0
Initial Condition wu(z,0) = f(x) 0<z<L (9.1)
Boundary Conditions u(0,t) =u(L,t) =0 t >0
where a? = 05 is the thermal diffusivity, K is the thermal conductivity, o is the

specific heat, p is the density. With this nomenclature, u represents the temperature
distribution at any point x on a one dimensional object, say, a very thin rod of length
L, and f(z) is the initial temperature distribution over the thin rod which is main-
tained at 0° at the end points for all times.

Following the method of separation of variables, choose
u(z,t) = X(z) T(t)

to get
L dr 1 d*X
a@T dt — X da?
Since the left hand side of the above equation is a function of ¢ alone and similarly,

the right hand side is a function of x alone, the equality enforces the constant nature
of these two. That is

L dr 1 d*X B
a?T dt X da?
where k is a constant. Equivalently, we have
dr d*X

— —ka®T =0, —— —kX=0
a g2
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Further, the boundary conditions on u at * = 0 and x = L gives

that is, either X is zero at + = 0 and x = L or T" = 0. Since the latter condition
makes u = 0 for all times, for a possibility of any non-zero solution choose X is zero
at r =0and x = L.

1. Case i: k= \? (a positive constant)
Solving the ODE for X gives X (z) = c1e™ + cpe ™, which gives X = 0 for the
boundary conditions X is zero at x = 0 and z = L.

2. Caseii: k=0
Once again solving for X gives X (x) = ¢; + cor, which again gives X = 0 for
the boundary conditions X is zero at x =0 and = = L.

3. Case iii: k= —\? (a negative constant)
Solving the ODE for X gives X (x) = ¢; cos Ax + ¢ sin Az
X(0)=0 = ¢ =0
X(L)=0 = csin AL =0
If ¢ = 0, then once again X = 0, therefore, sin A\ = 0 must be zero. That is,
nm

AL = Ap = —
nr = 7

forn=0,£1,£2,---.

Now using the fact that sine function is odd and sin0 = 0, we have

Now, solving

ar .,
— +a°N T =0
It + a A

for T" gives
To(t) = Ape Mt for n=1,2,---

where A, are constants. Now, using the superposition principle, the solution for
u(z,t) can be written as

(e}

. NI _ 242

u(z,t) = E A, sin e " Ant
n=1
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Finally, the initial conditions must be applied to find A,, in the solution. That is,
= 2 Ansin = e O = f(2)
n=1

ZA” smw = f(z)

The last equation is a Fourier sine series, therefore, A, can obtained as

9 L
An:L/O f(x)sin? dx
forn=1,2,---
Therefore, the required solution is
t = A 2>\?"t - E 2
() Z wsin T mesie oy, T 92)
A, = / () sin @ dx (9.3)

9.1.1 Numerical Example

1. Consider an insulated bar of 80cm length with ends kept at 0°C' (Use the thermal
diffusivity of the material a® = 1.158cm?/sec).

(a) Find the temperature distribution w if the initial temperature distribution
is given by 100sin g5 °C.
(b) How long will it take for the maximum temperature in the bar to drop to
50°C.
(c) If the initial temperature distribution is changed to 100 sin =&* 3” C' with all

the other data same as above, how much time it will take for the maximuin
temperature in the bar to drop to 50°C.

Solution : For the given conditions we have a*\% = a*(%5)* = .001785n7, the
solution of the problem is given by

- nwx >
N o= A, i —.001785n2t
u(x,t) ng_l sin —-- e
5 [80 9 80
A, = f(z )Slnnﬂdx—— 100sin —+ sin L dy
80 80 80 Jo 80 80
2 80
A; = 100 —= — =100
80 2
(Ay = A3 =---=0) from the orthogonality of the sine function n = 1

e
= u(z,t) = 100sin %0 e YOI g the required solution.
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For the maximum temperature to drop to 50°C, due to symmetry of the solution,
the maximum temperature must happen at x = 40 or one can argue that, sin 5
must be 1 for maximum of u to happen, therefore, we have

50 = 10060017850 _ 4 _ In(0.5)

= = 388sec = 6.bmin
.001785

If the initial condition is changed to 100 sin ?gr—O””OC , then from the orthogonality

condition, the integral will survive for n = 3, that is A3 = 100 and all other
coefficients of the infinite series are zero, therefore the solution is

3
u(gg,t) =100 sinﬂ 6—32 001785t __ u(a:, t) — 100 sin mr 01607t

80 80
Therefore, the time required for the maximum temperature to drop to 50°C' is
In(0.5)
50 = 100 ¢~ 01007 t=-——"> = 43
‘ T 01607 see
Observation:  The drop in the temperature will be faster for the initial

temperatures with larger n.

. Find the temperature u(z,t) if the initial temperature distribution is given by

f()— €T if 0<z<40
V=Y 80— if 40 <2 <80

Solution: A, is given by

9 [40 80
A, = — wsin oL dr + — (SO—x)sin@ dx
80 Jo 80 80 Jao 80
A 2 80 nra\ ™ . 80 [ nmx d
n = — || ——zcos—— — cos — dx
80 nm 80 ), nmj, 80

2 80 80 ( . n7rx)40 ( . mra:)so
= — — — |(sin — — (sin ——
80 nm nmw 80 /o 80 /40

2 80 80 .onr 320 .onr
= — — —[25111—] = —— sin —
80 nm nw 2 n? w2 2
=0 if n is even
320
= R ifnis 1,59, -
= —320 ifnis3,7,11---



Lecture Notes MAZ2020 Differential Equations 105

9.1.2 Problems to Workout
1. Find u(x,t), satisfying u; = 2uy,, u(x,0) =sin2x, u(0,t) = u(w,t) =0.

2. Find u(z,t), satisfying vy = 2ug,, u(x,0) =25, w(0,t) = u(3,t) =0 and |ul is
bounded.

3. Find u(x,t), satisfying u; = 2uz,, u(z,0) =25z, u(0,t) = u(4,t) =0 and |u|
is bounded.

4. Find u(z,t), satisfying u; = 2uy,, u(x,0) = 5sindrr—3sin8rr+2sin 10wz, u(0,t) =
u(3,t) =0 and |u| is bounded.

5. Find u(x,t), satistfying u; = 4uy,, u(z,0) = 10sin 272 — 6sindnz, u(0,t) =
u(3,t) = 0 and |ul is bounded.

T O<ax<1

29—z 1<z<2’ u(0,t) =

6. Find u(z,t), satisfying vy = 4,0 <z < 2,t > 0, u(x,0) = {
u(2,t) = 0 and |ul is bounded.

9.2 Bar with Insulated Ends

PDE u; = a’uy, O<ax<L,t>0
Initial Condition wu(zx,0) = f(z) 0<zx<L (9.4)
Boundary Conditions u,(0,t) = u,(L,t) =0 ¢t>0

Solution : Once again if we choose u(z,t) = X (x)7T'(t) then substituting u in the
given PDE gives two ODE

dT d*X

— —ka®T =0, —— —kX =0, kisa constant

dt dx?
but with conditions on x as u,(0,t) = u,(L,t) = 0. The problem ends up with trivial
solutions with k& > 0, therefore choose k = —\? to get X (z) = ¢; cos Az + ¢y sin Ax.

Now, applying the boundary conditions gives

X:(0) = A—csin(0) +coc08(0)) =0 = =0

X,(L) = =XegsinAL=0sinA\L=0 = AL=nwm, n=0+1,42, -
= A= = 0,41,42. -
L
Therefore,

xn(x):cos?, n=0,1,2,---

since cos is an even function. The eigenfunctions are

oo

NnNmwr _ 2,2

u(z,t) = E AncosTe a"Ant
n=0
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nmww
0) = A, cos — =
ul0) = 3 Aneos "7 = 11a)
Using the Fourier cosine series give
1 [t 2 [*
AOZZ/O f(x) dx, An:Z/O f(x) cos?dm n=0,1,2,---

9.2.1 Numerical Example

Find the temperature u(x,t) if the initial temperature distribution is given by

fz) = €T if 0<ax<40
V=Y 80—a if 40 <z <80

for an insulated ends of a rod.

Solution : The solution of the problem is

nmtr —a2)\2t

u(z,t) = ZA" cos —— ¢
n=>0

where
1 [0 80
Ay = — d — 80 —x)dr = 20
0 50, xdr + 30 /. ( x) dx
9 40 9 [0
A, = — Teos ot dy + (80—x)coswdx
80/, 80 80 /i 80

2 80 . nmz\™ 80 [* . nmx
A, = — || —xsin — - sin —— dx
80 | \ nm 80 J, nm.)y 80

2 80 nrz\% 80 % nwx
= ==(80 — 2) sin — = [ sin—=g
%0 [(mr( @)sin g5 >40+n7r o T Mso

80 .onm 80 80 nmx 40
—40sin — | + — — (cos —)
0 nmw 2 nmT nw 80 /o
n 2 8040 .onm 80 80 < mm)SO
— |— —40sin — | — — — (cos —
80 nmw 2 nw nmw 80 /40
2 80 &0 ( mrz) 40 ( nwx ) 80
= — — — |(cos—— — [ cos ——
80 nm nmw 80 /o 80 /40
160 nmw nm

= 2 [COS7 — 1 — cosnm + cos 7} =

160
n2m?

[2 Cos % — cosnmw — 1}

In this case, unlike in the earlier case where in u — 0 as n — oo, u — 20 as n — o0
due to the insulation of the end points of the rod (heat can’t escape from the end

points).
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9.2.2 Problems to Workout

1. Determine the steady-state solution of u; = ., u(0,t) = Ty, u(1,t) =0t >
0, where Tj is a constant.

2. Find u(z,t), satisfying uy = e, u(x,0) =z, u,(0,t) = u,(1,¢) =0 and |ul is
bounded.

3. Find u(z,t), satisfying u; = ugz, u(z,0) =2 — 2% u,(0,t) = u,(1,¢) =0 and

|u| is bounded.

4. Find u(w,t), satisfying u; = uze, u(z,0) =z — 2%, u(0,t) = Ty, uy(1,¢) =0
and |u| is bounded.

9.3 Heat Equation with non-homogenous Bound-
ary Conditions

PDE w; = a?uy, O<ax<L,t>0
Initial Condition wu(z,0) = f(x) 0<z<L (9.5)
Boundary Conditions u(0,t) =Ty, u(L,t) =Ty t>0

where 77 and 75 are some constants.

Solution : If u(x,t) = ¢(x,t) + ¢(x) is the solution of the given heat equation
such that v (z) is the solution of the corresponding steady state equation ¢, = 0
with non-homogeneous boundary conditions ¢ (0,t) = T1,¢(L,t) = Ts then ¢ is the
solution of u; = a®ugy, u(z,0) = f(z) — (), u(0,t) = 0,u(L,t) = 0.

Solving the steady equation for ¢ gives, ¥ (z) = ax + b, applying the boundary
conditions (0,t) = Ty, (L, t) = Ty, gives b = T; and a = %, that is

_L-T

L I’+T1

()

The ¢ is the solution of

T, — T
L

Up = Uy, u(z,0) = f(2) — ( T+ Tl) ,u(0,t) = 0,u(L,t) =0

Therefore,

nim

Bo,t) = Ay sin e, =

n=1 L
2 [t T, —T
A, = Z/o {f(a: ( 2 1x—|—T1>} SinnLLx dx

nmTx
L
) - L
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9.3.1 Numerical Example

1. Solve uy = 2uy,, u(z,0) =25, w(0,t) = 10,u(3,t) = 40 and |u| is bounded.

Solution : If u(z,t) = ¢(x,t) +1(x) is the solution of the given heat equation
such that v (x) is the solution of the corresponding steady state equation then

40-10

5 r+ 10

()

Further, ¢ must be the solution of
Up = 2y, u(x,0) =25—(10z 4 10),u(0,t) = 0,u(L,t) =0

Therefore

Oat) = D Awsinzre ™ A=7F
n=1

3
2 [? 30 30
A, = 5/0 [15 — 10x] sin% de = E(l—i—cosmr) = E(l—i— (—1)™)
Finally, the solution of the given problem is
u(z,t) = 10z + 10 + iA L S WU S S S
i - n 3 ) - 3 ) n ni

n=1

2. The ends of a rod of 10 cm length have the temperature at 30°C' and 70°C' until
steady state prevails. Then the temperature of the ends are changed to 40°C
and 60°C. Find the temperature distribution in the rod at any time ¢ (Assume
the thermal diffusivity of the rod as 1).

Solution : The steady state temperature distribution is us = ax + b, with
boundary conditions us(0) = 30 and u,(10) = 70, therefore, us = 4z + 30.

u, becomes the initial temperature distribution of the unsteady problem, that
is, u(x,0) = 4z + 30.

If u(x,t) = ¢(x,t) + 1(z) is the solution of the given heat equation with non-
homogenous equation such that ¢ (x) is the solution of the corresponding steady
state equation then

60 — 40

10 r + 40

(r) =

Further, ¢ must be the solution of

Up = Uy, u(x,0) = (4o + 30— (22 +40)),u(0,t) = 0,u(10,¢) =0



Lecture Notes MAZ2020 Differential Equations 109

Therefore
> NTT 2 nm
7t = An n —— _)\ntv n — T
¢>($ ) ; sin 10 e 10
9 10 . nmw 2
A, = 10/, [2x—10]sm1—0 dx = —%(1+10cosmr)

Finally, the solution of the given problem is

NTLT _y2, nm

- 2
u(z,t) = 235—1—40—}—2 A, sin ——e )\, = A, = ——(1+10cosnm)
n=1

10 10° nmw

9.3.2 Problems to Workout

1. Find u(x,t), satisfying u;, = uz,, w(z,0) =0, u(0,t) =20,u(1,t) =10 and |u|
is bounded.

2. The ends of a rod of 10 cm length with insulated sides has its end A and B
maintained at temperatures have the temperature at 50°C' and 100°C, respec-
tively, until steady state conditions prevails. Then the temperature of A is
suddenly raised to 90°C" and at the same time the that atB is lowered to 60°C'.
Find the temperature distribution in the rod at any time ¢ (Assume the thermal
diffusivity of the rod as 1).

3. The temperature at one end of a rod of length 50 cm, with insulated sides, is kept
at 0°C' and that the other end is kept at 100°C' until steady state conditions
prevails. The two ends are then suddenly insulated so that the temperature
gradient is zero at the ends thereafter. Find the temperature distribution in the
rod at any time ¢ (Assume the thermal diffusivity of the rod as 1).



