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MA-6110: Topics in Advanced Analysis
Assignment Sheet - I

. Let (ay) and (b,) be sequences in [—o0, oo]. Prove the following:

(i) limsup,,_,..(—a,) = —liminf, . (a,)
(i) a, <b,Vn €N = liminf, , a, < liminf, . b,.
Let f : [a,b] — R be a bounded function. Corresponding to a partition P of [a,b]

let L(P, f) and U(P, f) denote the lower sum and upper sum. Show that for any two
partitions P and @ of [a,b], L(P, f) < U(Q, f).

Prove the following:

(a) Every continuous function f : [a,b] — R is Riemann integrable.

(b) Every bounded function f : [a,b] — R having atmost a finite number of disconti-

nuities is Riemann integrable.

(c) Every monotonic function f : [a,b] — R is Riemann integrable.

Give an example of a sequence (f,,) of Riemann integrable functions on [a, b] such that
fa(z) = f(z) as n — oo for every z € [a,b] for some f : [a,b] — R, but f is Riemann
integrable.

Show that if (1,,) is a sequence of open intervals, then m*(|J 1,,) < >, (1,).

If £ C R, then prove that for every € > 0, there exists an open set G C R such that
G DO FE and m*(G) < m*(E) +e.

Show that every non-degenerate interval is an uncountable set.

Show that the relation m*(A;UAy) = m*(A;)+m*(Az) need not hold for every disjoint
subsets A; and Ay of R.

. Show that, if m*(A; U As) = m* (A1) + m*(As) holds for any two disjoint subsets A;

and A, of R, then m* ( U, An> = >, m*(A,) holds for any denumerable disjoint
family {A,,}>2; of subsets of R.

Prove that there exists £ C R such that £ ¢ M.

Assuming that (a, 00) € M for every a € R, show that every G subset of R and every
F, subset of R belongs to M.
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If £ € M with m(E) < oo then show that for every € > 0, there exists an open set
G C R such that G O E and m(G\FE) < e.

If £ € M with m(F) < oo then show that there exists a Gs-set G O E and F,-set
F C E such that m(G\F) =0 and m(E \ F) = 0.

Suppose (X,.A) is a measurable space and Xy € A. Then show that

(i) Ag:={F C Xy: E € A} is a g-algebra on Xy, and

(i) Ap={ANXy: Aec A}

Let X be a set and p* : 2% — [0, oo] satisfies

(a) p*(=2) =0 and

(b) p* ( U, An> < > w*(A,) for every countable disjoint family {A,} in 2.

Prove that

i) A={EFCX : VACX, p*(A) = (ANE)+ p* (AN E)} is a o-algebra on X,
(i) p:= p*|4 is a measure on A.

Let p* be as in Problem 15. Prove that

ACX, pwA)=0= AcA

Let p be as in Problem 15. Prove that

Ace A, pu(A)=0, FECA = FEcA

Show that Lebesgue measure has the property described in Problem 16.

This property is called completeness of .

Let (X, A, pt) be a measure space and
A:={ECX:3A,Be A such that AC EC B, u(B\ A) =0}
For E € .Z, let A,B € A be such that A C E C B and u(B \ A) = 0. Define
i(E) = p(A).
(i) Prove that A is a o-algebra.
(ii) Prove that, m is a well-defined function on A and it is a measure on A.
(iii) Prove that fi is a complete measure (as defined in Problem Prob-gen-meas-2.)
Recall that if (A, A, 1) be a measure space and if (A4,) is a sequence in A such that

A, D Apy foralln € Nand pu(A;) < oo, then pu(A,) — p((Niey Ak). Give an example
to show that the condition “u(A;) < 00” cannot be dropped.



