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MA-6110: Topics in Advanced Analysis

Assignment Sheet - 111

1. For complex valued measurable functions f on a measure space (X,.A4,u) and for
1 <p<oo,let

1 .
17l = 4 (xlfPdn) » if 1<p<oo
P inf{e>0:|f|<c ae} if p=oc.

Let £P(1) be the set of all complex valued measurable functions f on (X, .A, u) such
that || f]|, < co. Show that

(i) LP(u) is a vector space,

(ii) f— |Ifll, is a semi-norm on L£P(u).

(iii) N == {f € LP(p) : [ |f| = 0} is subspace of the vector space LP(u),
(iv) [f] = fX |f| is a norm on the quotient space LP(u) := L(p)/N.

(v) LP(p) is a Banach space w.r.t. | - |[|,.

2. Realize the spaces £P(u) and LP(u) in the following cases:
(a) X =N, X = Z with counting measure on 2%,
(b) X ={1,...,k} with counting measure on 2.
(c) X =10,1] with Lebesgue measure.

3. If u(X) < oo, then show that for 1 < p <r < oo, L®(u) C L"(p) € LP(u) C L' (),
and if X =N or Z, then L>®(u) D L"(u) 2 LP(u) 2 L' (p).

4. Show that every Cauchy sequence in LP(u) for 1 < p < oo has a subsequence which
converges a.e. to a function in LP(u). In particular, if f, and f are in LP(u) such that
| fn. — fll, = 0 as n — oo, then a subsequence (fi,) which converges a.e. to f.

5. Let S be the set of all step functions on R'. Show that S is dense in LP(R') for
1 <p<oo.

6. Let ¢ : (a,b) — R. Show that the following conditions on ¢ are equivalent:
(i) (1 =Nz + Ay) (1 =Np(z) + Ap(y) Va,y € (a,b) and VX € (0,1).

(if) 2=l < “"(“) — 20) s t,u such that a < s < t < u < b.

t—s —




10.

11.

(Jensen's inequality) Suppose that (€2,.A, ) be a probability measure space and f €
L'(p) is real valued with a < f(z) < b for all z € Q. If ¢ : (a,b) — R is convex, the

show that
v (/Qfdu) = /X(wf)du-

If f e LP(R), 1 < p < oo, then show that [ |f(x +h) — f(2)[Pdx — 0 as h — 0.

Let f € LP(R), 1 < p < oo. For each y € R, let f,(z) := f(z —y) a.a. x € R. Show
that the map f, € LP(R) for all y € R, and
(i) the map f+ [/ f]|, is a linear isometry from LP(R) into itself,

(ii) y — f, is uniformly continuous from R into LP(R).

For f,g € L'(R), show that

(i) the function (z,y) — f(z — y)g(y) is measurable on R? and let (f * g)(x) :=
Je f(z —y)g(y)dy is well-defined a.e. on R,

(ii) f=fe L'(R),
(i) [[f =gl < I f11llgll-
For f € L'(R), let f(t) := [, f(z)e " dz. Show that f € Cy(R) and || f]le < || -



