Assignment Sheet 3 on Legendre Polynimials
MA2020 Differential Equations (July - November 2012)

1. Using the governing differential equation of the Legendre polynomials show that

_ n(n+)
(a) P,(1) = =5—

(b) P,/L(—l) = (_1)n_1w

2. Prove the Rodrigue’s formula P,(x) = —i- < (22 —1)»

nl2n dx™

3. Prove that P,(z) = SN, 2n(r'1(ZL (f)" (jr)zr) 2" 2N where N is 2 or 251 depend-

ing on n is even or odd

4. Prove that (1 — 2zt +12)72 = (1—t(2z —t))"2 = 3°° 1" P,(z)

5. Using the generating function of p,(z), prove the following

)
)

(¢) Pon(0) = (=1)" gy
) (

6. Prove that

37 ((n/2))2 * n 1s even

0, n is odd
P(0) =9 co2my

7. Prove the following recurrence formulae for P, (x)
(a) (n+1)Pu(z) = 2n+ DaP,(z) —nP,_1(x)
(b) nPu(x) = P (z) — F,_(x)
(¢) @n+1)Pu(x) = Poyy(x) = B (2)

) Pu(x) = xP i (x) +nbya(x)

e) (1—2*)P.(z) = n(Po1(x) —xP,())

9. Prove the following orthogonal property of the Legendre polynomials P,(x)

/_l Po(e) Py(a) dm:{ 0 mtn

1 iy =N

10. Prove the following

1 2n(n+1)
a f_15”2pn—1( ) Poi1(z) doe = (2n—1)(2n+1)(2n+3)

1 - 3 1
b f 11’2P3 ) dr = 8(2n b + 4(2n+1) + 8(2n+3)

(
(

)

)
() J., Pi(w) do =3
(d) [', 2P(z) dz =0



11.

12.

13.

14.

15.
16.

17.

18.

19.

Solve (1 — z?)y” — 22y’ = 0 (Legendre equation with n = 0). Show that
its general solution is y(z) = c1y1(x) + coye(z) with yi(z) = FPy(z) = 1 and

B 2 . (=3)(—1)24 | 1 14w
yg(:zs)—xjtgx +Tx +m_§1n1—:c

Solve (1 — 2?)y” — 2zy’ + 2y = 0. (Legendre equation with n = 1)

(2n)!
27(nl)?’

Show that the coefficient of 2™ in P, (z) is

Show that there are constants «g, v, ..., a,, such that

" = agPo(x) + a1 Pi(x) + ... + a, Py ()

Show that any polynomial of degree n is a linear combination of Py(x), Py (z), ..., Py(x).

Find the first three terms of the Legendre series of

0, —-1<x<0
. _ P -~ .o — T _1 < < 1
i) /() { o i) ()= 7,1 <0 <
Let P,(z) be the Legendre polynomial. Show that
0, m<n
() ['amP,(z)dz={ 27+ (nl)?
“1 —, m=n
(2n +1)!
2 1
(i) (1~ ) PLe) Py = D

The function on the left side of
1 —_
V1 —2xt +t2

is called the generating function of the Legendre polynomials. Assuming that
this relation is true and use it
a) To verify that P,(1) =1, P,(—1) = (—=1)™.
1.3...2n — 1)
b) P, 11(0) =0, P, (0) = (—1)"—————=
) Paa(0) =0, Py (0) = (1) =520
c) Differentiate (1) with respect to ¢ and show that

Po(z) + Py(2)t + Py(2)t* + ... + Py (x)t" + ...

(x—1) i P, (x)t" = (1 — 2at + ¢?) inPn(x)t"_l

n=1

d) Equate the coefficients of t” in (c) and obtain the recurrence relation
(n+1)Pii(x) = 2n+ 1)xP,(z) — nP,_1(z)

e) Use recurrence relation in (d) to find Py(x), P3(x), Py(z) and Ps(x) assuming
that Py(z) =1, Pi(z) = x.

Find the first few terms of the Fourier-Legendre series.

(a) f(x) = cos E(x) (b) f(:c):{o’ —1l<x<0

2 r, O0<z<l



