M.T.Nair (March 14, 2011)

MA 6150: BASIC OPERATOR THEORY
ASSIGNMENT SHEET-3

1. In the following, X is any of the sequence spaces cqg, co, ¢, .

(a) Let (A,) be a bounded sequence of scalars. Let A : X — X be the diagonal
operator defined by (Az)(j) = Ajz(j), x € X;j € N. Then show that
Teig(A) = {1, A2, ...}

(b) Let A: X — X be the right shift operator. Show that oey(A) = @.

(¢) Let A: X — X be the left shift operator. Prove the following.

i. If X = cop, then oeig(A) = {0}.

. If X =c¢por X = for 1 <p < oo, then oeg(A) = {A: [N <1}
ili. If X = ¢, then oee(A) = {A: [N\ <1} U{1}.
iv. If X = ¢, then 04y(A) = {A: |A] < 1}

2. If X is a normed linear space and A € B(X), then show that oe.(A) C {A € K:
Al < (1A}

3. Let X be a normed linear space and A : X — X be a linear operator. Suppose
A € K is such that A — AT is injective. Show that (A —A)™': R(A— ) — X
is continuous if and only if A is not an approximate eigenvalue.

4. Give an example of an approximate eigenvalue which is neither an eigenvalue nor
a limit of a sequence of eigenvalues.

5. Let X = ¢! and A be the right shift operator on (*. Find a sequence (z,,) in £*
such that ||z,|| =1 for all n € N and ||Az,, — x,| — 0.

6. Let X be a Banach space and A € B(X). If R(A) is not closed in X, then
0 € Oapp(A). Why?

7. Let X = /P for 1 < p < oo. Prove the following.
(a) Let A : X — X be a diagonal operator, i.e., (Ax)(i) = A\x(i) for all

xr € X, i € N, where (\,) is a bounded sequence of scalars. Then o,,,(A) =
c{\, :n € N}.

(b) Let A be the right shift operator on 7. Then o,,,(A) = {A € K: [\ =1}.
(c) Let A be the left shift operator on ¢?. Then o,,,(A) = {A € K: || < 1}

8. Let X = Cla,b] with || - ||oo, and A : X — X be defined by (Ax)(t) = tz(t), Vz €
X; t € [a,b]. Show that eig(A) = @ and o,pp(A) = [a, b].

9. If X is a finite dimensional space, then oeig(A) = 0app(A) = 0(A). Why?
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If X is a Banach space and A € B(X), then o(A) = {\ € K: A—AI is not bijective}.
Why?

Give an example of a Banach space X and A € B(X) such that ||A]] > 1 and
I — A is bijective.

Let X be a Banach space and A € B(X). Prove the following.

(a) If [JA|| < 1, then the series Y 2 A" converges to (I — A)~'.
(b) There exists ¢ > 0 such that for every A € K with [A\| > ¢, A € p(A) and
(A=A — 0as |A] — occ.
Let X = /P for 1 < p < oo. Show the following.
(a) If A is the diagonal operator defined by (Az)(i) = \x(i), v € X, i € N,
where (),) is a bounded sequence of scalars, then o(A) = cl{\, : n € N}.
(b) If A is the right shift operator on X, then o(A) = {X: |\ < 1}.
(c) If A is the left shift operator on X, then o(A) ={\ € K: || < 1}.

Let X = Cla,b] with |||, and let A : X — X be defined by (Ax)(t) = tx(t), x €
X; t € [a,b]. Show that o(A) = [a, b].

Give examples of Banach spaces and operators such that equality and strict
inequality can hold in the relations r,(A) < ||A|| and r,(A4) < ]ing || AF||1/%.
€

Let X be a Banach space and A € B(X). Then, prove that if 1 € p(A), then
c(A—pul)™My={(A—p)t:Xeo(A)} and r, (A — pul)™) = 1/dist(p, 0(A)).
Let X be a Banach space over C, A € B(X), and ¢ € p(A). Prove that z € p(A)
and R(z) = R(C) 320 [R(O)F (= = ¢)F if

(i) |z = ¢l < /RO (1) |z = ¢] < dist(, o(A)).

Let X = C[0,1] with || - ||oc and A : X — X be the Volterra operator defined by
(Az)(t) = [ x(s)ds, « € C[0,1]. Prove that o(A) = and o(A) = {0} = 0, (A).

Suppose A and B in B(X) such that AB is invertible in B(X) and AB = BA.
Then show that both A and B are invertible in B(X).

Give an example of a normed linear space X and bijective operator A on a X
such that 0 € o(A).

Let 2 be a compact subset of K. Give an example of a Banach space X and an
operator A € B(X) such that 0(A) = Q = gapp(A).

Let X be a Banach space. If A € B(X) is invertible, and B € B(X) is such that
|A— BJ| < 1/||A7|, then show that B is invertible,

|A~"|
1—[[A=BJ[[|AM

A7 <
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and s
|A™H*||A - B]|

—[A=B[[[[A7

A= B < <

Let X be a Banach space and let G(X) be the set of all invertible operators in
B(X). Show that G(X) is an open subset of B(X), and the map A — A~! is

continuous on G(X).

Suppose X is a normed linear space (not necessarily a Banach space), and A €
B(X). If A € Kis such that |A| > ||A||, then show that

(a) A — A is bounded below,
(b) R(A— AI) dense in X, and
(c) (A= XI)"': R(A— M) — X is continuous.

Let X be a Banach space and A € B(X). Then show that

(a) A € 0eg(A) if and only if there exists a nonzero B € B(X) such that
(A—\)B =0,

(b) A € gapp(A) if and only if A’ — AI is not surjective,
Let X be a Banach space and A € B(X). Prove the following.

(a) If A € p(A), and if B € B(X) is such that ||A — B|| < 1/|[(A— XI)7!||, then
A € p(B).

(b) If © is a compact subset of K contained in p(A), then there exists ¢ > 0
such that 2 C p(B) for every B € B(X) with ||[A — B| <e.

Let X be a normed linear space and A : X — X be a compact operator. For a
nonzero scalar A and k € N, let N}, := N ((A — AI)¥) and Ry, := R ((A — XI)F).
Prove the following.

(a) There exist non-negative integers m and n such that
Ny = m+j Rn:Rn+j Vj € N.

(b) If £ :==min{m : N, = Npp,y; Vj € N}, kK :=min{n: R, = R,; Vj € N},
then ¢ =k, and X = R((A—AXI)") & N ((A— AI)"), where r = k = (.

Let X and Y be an inner product spacesand A : X — X be a linear operator.
Show that there exists atmost one linear operator B : Y — X such that (Az,y) =
(x,By) forallz € X, yeY.

Suppose dim X < oo and A : X — Y is a linear operator. If {u;,...,u,} is an
orthonormal basis of X, then show that

1Al < O |1 Auy |22,
j=1



30. Let X and Y be C[a,b] or L?[a,b] with || - |l2. Find A* in the following cases.
(a) For u € Cla,b], A: X — X is defined by
(Az)(t) = u(t)z(t), ze€ X, t€la,bl.

(b) For k(-,-) € C([a,b] x [a,b]), A: X — X is defined by
b
(Az)(s) :/ k(s,t)x(t)du(t), =€ L*[a,b]; s € [a,b].

31. Let X = L?[a,b]. Find A* if A: X — X is defined as in the following.

(a) Az := ¢z, v € X for some ¢ € L>[a, b).
(b) (Az)(s) = [; z(t)dt, s € [0,1], z € L*[0,1].
32. Let X, Y be inner product spacesand A : X — Y be a linear operator for which

A* exists. Then prove that A € B(X,Y) if and only if A* € B(Y, X), and in that
case [[A*|| = ||A]| and [[A*A]l = || A]*.

33. Let X and Y be Hilbert spaces with orthonormal bases U = {uy,us,...} and
V = {v1,0,...} respectively. Let (a;;) be an infinite matrix of scalars such that

Az = Z(Z aij<x,uj>>vi, r e X,
( J
defines a bounded linear operator from X to Y. Find A*.

34. Suppose X, Y are Hilbert spaces and A : X — Y is a linear operator. Then show
the following:

(a) If the adjoint A* exists, then both A and A* are continuous.

(b) If X =Y and A is symmetric, i.e., (Ax,y) = (z, Ay) for all x,y € X, then
A* = A € B(X). (Hint: Closed graph theorem.)

35. Give an example of a Hilbert space X and A € B(X) such that A*A = I, but
AA* # I. Can this happen if dim X < 00?

36. Find adjoints of the right shift operator and left operator on ¢2.

37. Suppose X, Y are Hilbert spaces and A : X — Y is a linear operator such that
(Az,y) = (z, Ay) for all x € X, y € Y. Show that if A is injective and R(A) is
closed, then A is bijective and both A and A~! are continuous.

38. Let (P,) be a sequence of orthogonal projections on a Hilbert space X and K be
a compact operator on X. If P,x — x as n — oo for every x € X, then show
that [|[K(I — P,)|| — 0 as n — oc.



39. Let X, Y be Hilbert spaces and ¢ : X x Y — K be a bounded sesquilinear
functional, i.e., ¥ : X x Y — K satisfies the following conditions:

Y(az + By,u) = ay(z,u) + BY(y,u),
Uz, au+ pv) = arp(x,u) + Bz, v),

for every x,y € X and u,v € Y, and «, § € K, and there exists ¢ > 0 such that
[W(z, y)l <cllzflllyll V(z,y) e X xY.
Prove that there exists a unique bounded linear operator A : X — Y such that
U(z,y) = (Az,y)
for all (z,y) € X x Y.

40. Show that a sesquilinear functional ¢ : X x X — K is bounded if and only if it
is continuous.

41. Let X be a complex Hilbert space and ¢/ : X x X — K be a sesquilinear functional.
Let g : X — C be the associated quadratic form, i.e., q(z) = ¥ (z,x) forall x € X.
Verify the following:

(a) 49(x,y) = q(z +y) — qlz —y) +ig(z + iy) —iq(z — iy).
(b) ¥ is symmetric, i.e., Y(x,y) = ¥(y,z), if and only if ¢ is real-valued.
42. Find the adjoint of the unbounded operators in the following cases:

(a) Let X = ¢% and (\,) be a sequence of positive scalars such that A\, — 0 as
n — 0o. LetXO:{x€€2:Z;°;1kc()\Lg)‘2<oo} and A : Xy — X be defined
by ’

N4V

(An)(j) = 22,

J

(b) Let X = L?[0,1] and X, = {z € C'[0,1] : 2(0) = x(1)}. Let A: Xo — X

be defined by

re X; jeN.

Ar =12, z € X,.

(c) Let X = L?[0,1] be over C, and let X, be as above. Let A : Xj — X be
defined by
Ar =i, x e X,.

43. Let X and Y be Hilbert spaces. Prove the following:

(a) If A: Xy C X — Y is a densely defined operator, then the adjoint operator
A*: Yy CY — X is a closed operator.

(b) If A: Xy C X — Y is a closed densely defined operator, then its adjoint
A* Yy CY — X is a closed densely defined operator, and in that case
D(A*) = D(A) and A = A**. Here, A™ is the adjoint of A*.
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Let X be a separable Hilbert space and {u; : j € N} be an orthonormal basis of
X. Let {\; : j € N} be a bounded set of scalars, and let

Ax = Z)\j(a:,uj>uj, r e X.
J

Find conditions on (A,) such that A is a (i) normal operator, (ii) self-adjoint
operator, (iii) unitary operator.

Let X = L%[a,b], ¢ € L>[a,b] and A be defined by
Ar=¢x, xz€ X.

Find conditions on (A,) such that A is a (i) normal operator, (ii) self-adjoint
operator, (iii) unitary operator.

Let X be a Hilbert space over C and A € B(X). Then A = 0 if and only if
(Az,z) =0 for all z € X. Justify.

A linear operator A : X — X is said to be a positive operatorif (Az,z) > 0
for all z € X.

Suppose A € B(X) is a positive operator. Then prove that,

(a) if K = C, then A is a self-adjoint operator, and
(b) if K =R, then A need not be self-adjoint,

Let A € B(X) and M be a subspace of X. Show that M is invariant under A if
and only if M+ is invariant under A*.

[A subspace Xj is said to be invariant under an operator A if A(Xy) C Xo.]
Let A € B(X,Y). Show that R(A) is dense in Y if and only if A* is injective.

Show that for A € B(X,Y), if R(A) =Y, then A* is bounded below. [Hint: One
may use the closed range theorem and the open mapping theorem.]

Let P € B(X) be a projection operator. Show that the following are equivalent.
(i) P is orthogonal, (ii) P*= P, (iii) ||P]| =1,

and in that case, P is a positive operator.

Let A € B(X) be a self-adjoint operator and P € B(X) be an orthogonal projec-
tion. Show that PA|gpy : R(P) — R(P) is a self-adjoint operator on R(P).

Let A € B(X) be a self-adjoint operator. Show that ||A"|| = ||A||™ for all n € N.

Let A € B(X) be a normal operator. Show that (A*A)" = (A*)"A" for all n € N.
Deduce that [|A"|| = ||A||™ for all n € N.

[Hint: Use the self-adjointness of A*A and the previous problem.]

For A € B(X), let exp(A) := > 2 A"/n!. Show that, if A is a self-adjoint
operator, then exp (iA) is a unitary operator.



