M.T.Nair (16.03.2016)

MA 6150: OPERATOR THEORY — ASSIGNMENTS II

. Let P € ®B(X) be a projection operator, i.e., P> = P. Then prove that P is
compact if and only if rank(P) < occ.

. Let (a;j) be an infinite matrix of scalars. In each of the following, show that
the operator A : X — Y is compact, where X and Y are sequence spaces, and

A(Ozl) = (57) with BZ = Zj Q5050

aj =Y laijl > 0asj—o00, X=Y=/(N

Bi=2 21 laijl = 0asi—o0, X=Y=(

a; =+ 0,8 —+0asi,j 00, 1<p<oo, X=Y=/7

L<p<oo, 32> 2 lagl!<oo, X=Y =/

. Let Cla,b] be with || - ||Oo, k(,) € C([a,b] x [a,b]) and 1 < p,r < oco. For

x € LYa, b, let (Az)(s f k(s,t)z(t)dt. Prove that if X and Y are any of the
spaces C|a,b], LP[a,b], LT [a,b], then A: X — Y is a compact operator.

. Let 1 < p < oo, k(- )GLq([,] [a,b,le ff|k:st|qdm() m(t) < oo.

For x € LP[a,b], let ( = f (s,t)x(t)dt. Prove that LP[a,b] — LPla,b] is a
compact operator.

. Let X and Y be normed linear spaces and A : X — Y be an injective compact
operator. Show that A~!: R(A) — X is continuous iff A is of finite rank.

. Is the set {(a1ag,...) € €% : Y 7 n?|la,|* < oo} a closed subspace of (2 7 —
Justify the answer.

. State whether the operator in each of the following is compact or not. Justify
your answer:

(i) The diagonal operator on (* associated with the sequence (7).

(ii) The operator I + K, where K is a compact operator.
. Suppose A : X — Y is a compact operator of infinite rank.
Show that, given any sequence (\,) of positive real numbers with A\, — 0, thee

exists a sequence (x,,) in X such that ||Az,|| < A, and ||z,|| > 1/A, for alln € N.

. Let X and Y Banach spaces and (A,,) be a sequence in B(X,Y") such that there
exists A € B(X,Y) satisfying A,z — Az as n — oo for every z € X. If
K € K(Y, X), then show that [[(A — A,)K] — 0.
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Let X be a normed linear space and A : X — X be a compact operator. For a
nonzero scalar A and k € N, let Nj := N ((A — AI)¥) and Ry := R ((A — XI)*).
Prove that there exist non-negative integers m and n such that

Ny, = m+j» R, = RnJrj v] eN.
Let ¢ := min{m : N,, = Njp,s; Vj € N} and k :=min{n : R, = R,; Vj € N}.
Prove that ¢ = k and

X=R(A-A))®N (A=), r=r="L

Let X be any of the spaces (coo, || - ||p); co, ¢, P. Find 0eig(A), 0app(A), 0(A), in
the following cases, :

(a) A is a diagonal operator, with diagonal entries \j, A, ..., where (\,) is a
bounded sequence of scalars, i.e., (Az)(j) = A\jz(i), j € N, z € X.

(b) A is the right shift operator.

(c) A is the left shift operator.

Find 0eig(A), oapp(A4), 0(A), where A : Cla,b] — Cla,b] is the multiplication
operator, (Ax)(t) := tz(t). Is it a compact operator?

Describe eig(A), 0app(4), 0(A), if A : Cla,b] — Cla,b] is the multiplication
operator, (Ax)(t) := u(t)x(t) for some u € Cla,b].

Give an example of a normal operator A on ¢% such that o,p,(A) = [0, 1]. Justify
your claim.

If P: X — X is a projection operator on a Banach space X, and if 0 # P # I,
then show that o(P) = {0,1}.

Let A be a bounded operator on a Banach space X. Show that if u € p(A), then
ro((A—pl)™h) = 1/dist(, o (A)).

If X is a Banach space and A € B(X) with 0(A) is nonempty, then o,,,(A) is
also non-empty — Why?

Give examples of X, A € B(X) such that (i) {\": X € 0(A)} is a proper subset
of 0(A™) (i) r,(A) < inf, |A™||*/".

Let X be a Banach space over C, A € B(X). For z € p(A), let R(z) := (A—z1)"".
Prove the following:

(a) z +— R(z) is continuous on p(A).

(b) For every zy € p(A), lim w exists.
Z—r 20 — 20
(¢) 20 € p(A) and z € C is such that |z — 29| < 1/||R(20)]|, then z € p(A) and
R(z) = R(z0) ) [R(%0)]"(z — 20)".
k=0



