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Information

Lecture notes are available at Moodle site.
It will be complete as far as material is concerned.
But you have to work out the details.
Assignments will also be available in the same page.

Come to the class in time so that class is not disturbed.
There will be problem solving sessions.
Tutors will help us.
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Mark yourself present in the attendance sheet.
Do not mark others present even if they are in the class.
We assume you are honest.

Plagiarism is an offence.
Trust in yourself, you are capable.
You are here to learn and get credits for it.
The sessions will be interactive. Be prepared for it.
You must learn by doing mathematics and not just listening.



Batch Division
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2. Teacher: A V Jayanthan and A Singh, Room: CRC 304
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3. Teacher: Shruti Dubey, Room: CRC 305
Students: All ME11 from ME11B043 onwards
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Students: EE08, EE09, EE10, ME10,
ME11 upto ME11B042, MM, NA, PH
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Class Hours:
Slot-A
Monday 8-8:50
Thursday 11-11:50
Friday 10-10:50

Venue: CRC-304
Students: All EE11 students: EE11B001-132
Examination: Quiz-1, Quiz-2, and EndSem, as usual.

Please remember your Teachers’ name: AVJ & AS



Vectors?

Consider vectors in the plane. Translate each to start from the
origin. Identify a vector with the point on its arrow head. Is this
identification truthful?

For example, let u be the vector starting at (0,0) and ending at
(2,1). Let v be the vector starting at (0,0) and ending at (3, 3).
What is the vector u + v?

If u+ v starts at (0,0) where does it end?

Well, u =27+ j, v =37 + 3j.
So, u+ v =57+ 4j.

Thus, u+ v ends at (5, 4).

Let R denote the set of all real numbers. Can you identify the
set of all plane vectors with R??



Properties of Vectors

The notion of a vector space is an abstraction of the familiar set
of vectors in two or three dimensional Euclidean space.

We first recall certain 'good’ properties of vectors in the real
plane:
Think about the plane vectors and R?.

There exists a vector, namely 0, such that for all
XeER? x4+0=x=0+x.

For every x € R?, there exists another vector, denoted by —x,
such that x + (—x) =0 = (—x) + x.

'Addition’ distributes over 'Multiplication’.
Both addition and multiplication are 'associative’.

Forall x e R?, 1-x = x.



NOTATION

We will always use x, y, z, u, v, w for vectors.
We will use the Greek letters o, 5,~, ... and a, b, c for scalars

The symbol 0 will stand for the ‘zero vector’ as well as ‘zero
scalar’. From the context, you should know which one it
represents.

R denotes the set of all real numbers and C denotes the set of
all complex numbers.

IF denotes either R or C. Whenever needed, we will specifically
mention the set of scalars.



Definition

A non-empty set V with two operations + (addition) and -
(scalar multiplication) is said to be a vector space over F if it
satisfies the following axioms:

Mx+y=y+x, Vx,yeV.
2)(x+y)+z=x+(y+2), Vx,y,ze V.

3)3 0 Vsuchthatx+0=x Vxe V.

4) for each x € V, 3 (—x) € V such that x + (—x) = 0.

6) («+p) x=a-x+p-x,Va,feFandV x € V.
7)(af) - x=a-(B-X)Va,eF,¥VxeV.

(2)
(3)
(4)
B)a-(x+y)=a-x+a-yVaecFandVx,ye V.
(6)
(7)
B)1-x=xVxeV.



Examples of vector spaces

1. V = {0} is a vector space over F.

2. R? = {(a,b) : a, b € R} with
(X1, X2) + (y1,¥2) = (X1 + y1, X2 + y2) and ¢(xy, x2) = (cx1, Cx2)
is a vector space over R.

We also write columns instead of rows for the elements of R?,

i.e.,
2._J)1|48| .
R '_{[b] : a,beR}
3. R"={(x1,--+,Xn) : X1,...,Xn € R} with the usual addition

and scalar multiplication is a vector space over R.



Examples

A vector in R" is also written as a column vector, i.e., in the
a

form
an

4. V ={(x1,x2) € R? : x, = 0} is a vector space over R under
the usual addition and scalar multiplication.

5.V ={(x1,x2) € R? : 2x; — x, = 0} is a vector space over R
under the usual addition and scalar multiplication.

6.1s V= {(x1,x) € R? : 3x; +5x = 1} a vector space over
R?



Examples Contd.

7. Pp:={ap+ait+---+ apt" : aj € F} with the usual
polynomial addition and scalar multiplication is a vector space
over F.

8. The set My« n(F) of all m x n matrices with entries from F
with the usual matrix addition and scalar multiplication is a
vector space over F.

9. V =R?, for (a1, a), (b1, b) € V and a € R, define
(a1 , ag) + (b1 , bg) = (31 + by, a + bg),

a(ar,a2) =(0,0) ifa =0and

04(81,32) = (0631,32/04) if o 7& 0.

Is V a vector space over R?



Examples of vector spaces

9. V={f:[a, b] - R : fisafunction}.

For f,g € V, define f + g to be the map
(f+9)(x) = f(x) + g(x) for all x € R.

Fora € Rand f € V, define af to be the map (af)(x) = af(x)
forall x € R.

What is the "zero vector’ in V?
The map f such that f(x) = 0 for all x € [a, b].

For f € V, —f, defined by (—f)(x) = —f(x) is the additive
inverse.

V is a vector space over R.



Examples Contd.

10. V= {f:R >R : 4L+ =0} Define addition and
scalar multiplication as in the previous example.

2 2
Forf,ge V, 209 1 (f+g) = (LL+ )+ (49 +9) =0

Similarly @0 1 (af) = o [dzf + f} —0.

dx? dx?

= Vis closed under addition and scalar multiplication. Other
properties can easily be verified. Hence V is a vector space
over R.



Basic properties of vector spaces

Let V be a vector space over F. Leta € F, x,y,z € V.

1. The zero element is unique, i.e., if there exists 61, 6> such
thatx + 6y =xand x + 6, = x, V x € V, then 64 = 6>.
Proof. 6y = 01 + 65 = 6>.

2. Additive inverse for each vector is unique, i.e., for x € V, if
there exist Xy & X such that x + Xy = 0 = x + X, then

Xy = Xo.
Proof. X, :0+;(1:(5(2+X)+;(1 :;(2+(X+5(1)
:)~(2+0:)?2.

We write the additive inverse of x as —x and
abbreviate x + (—y) to x — y.



Basic Properties Contd.

. fx+z=y+2zthenx=y.
Proof. x=x+0=x+z—-z=y+z—-z=y+0=y.
Thus,ifz+x=z+ y,thenx =y.

4. 0-x=0.
Proof: 0+0-x=0-x=(04+0)-x=0-x+0"x
=0=0-x.

5 (-1)-x=—x.
Proof. x + (—1) - x=1-x+(-1)-x
=(1+4+(-1) - x=0-x=0=x+(—x)
= (-1) - x=—x.

6. «-0=0.
Proof. -0+ 0=a-0=a-(0+0)=a-0+a-0
=a-0=0.



Vector Subspaces

Subspace of a vector space is a subset which follow the 'same
structure’.

We have seen that: W = {(x1,x2) € R? : 2x; + X =0} is a
vector space.

P3 is a vector space and is a subset of the vector space P,

Definition: Let W be a subset of a vector space V. Then W is
called a subspace of V if W is a vector space with respect to
the operations of addition and scalar multiplication as in V.



Examples of subspaces

1. {0} C Vis a subspace for any vector space V.

2. W= {(xy,X,x3) € R®:2x; — xo + x3 = 0} is a subspace of
R3.

More generally, if Ais an m x nmatrix and x = (X1, , Xn),
then the set of all solutions of the equation Ax =0is a
subspace of R". (Prove it!)

3. P is a subspace of P, for n < m.

4. Cla, b]:={f:[a, b] - R : fisa continuous function} is a
vector subspace of Fla, b] := {f: [a, b] = R : fis a function}.
5. R[a, b] :={f:[a, b] = R : fisintegrable } is a vector
subspace of C[a, b].

6. CK[a, bl :={f:[a, b] > R : gTKL‘ exists } is a vector
subspace of C[a, b].



Any Shortcut?

7. P, can also be seen as a subspace of C|a, b].

Do we have to verify all 8 conditions to check whether a given
subset of a vector space is a subspace?

Theorem: Let W be a non-empty subset of a vector space V.
Then W is a subspace of V if and only if W is non-empty and
xX+aye Wforallx, ye Wanda,eF.

Proof: If W is a subspace, then obviously the given condition is
satisfied.

Conversely suppose W is a subset which satisfies the given
condition.

The commutativity and associativity of addition, distributive
properties and scalar multiplication with 1 are satisfied in V and
hence true in W too.



Proof Contd.

Therefore, we only need to verify the existence of ‘zero vector’
and ‘additive inverse’.

W#0 = IxeW = x4+ (—1)x =0 W. Hence the
additive identity exists.

Now for y € W, take x = 0 and o = —1 in the given condition.
We get 0 + (—1)y = —y € W. Hence additive inverse exists.

Therefore, W is a subspace of V. O

Given two vector subspaces, what are the other possibilities of
obtaining new vector subspaces from them?



Intersection of Subspaces

Take two planes passing through the origin. Is it a subspace of
R3?

Theorem: Let V4 and Vs, are subspace of a vector space V.
Then Vi N Vs, is a subspace of V.

Proof: Vi & V, are subspaces = 0 € V; N V,. Therefore
Vin Vo # (.

Suppose x, y € Vin Vo and a € F, then x + ay belong to both
Vi and V> (since they are subspaces) and hence they belong to
Vin Vs,

= VinNn V,is a subspace. O
If V4 and V> are subspaces, thenis V4 U Vs a subspace?

Is the union of x-axis and y-axis a subspace of R??



Is Union a Subspace?

Theorem: Let V; and V5 be subspaces of a vector space. Then
Vi U Vs is a subspace if and only if either V; C Vh or Vo C Vj.

Proof: If Vi C Vb (Vo C V4),then ViU Vo = Vo (V4). Then itis
a subspace.

Conversely, assume that V4 U V; is a subspace and Vi ¢ Va.
We want to show that V, C V.

Let x € W,. Since V4 SZ Vs, Jye Vi \ Vs.

=x,yeViuWe, = x+yeViuW,since ViU W isa
subspace.

If x+y € Vo, then y € V5, which is a contradiction.

:>X+y€V1:>X€V1:>V2gV1. L]



More Subspace Examples

Check if V, is a subspace of V:
1. Let V= C[-1, 1] and Vp = {f € V : fis an odd function }.

Solution: The zero vector belongs to Vy; = Vy # 0.

If f,g € Vp and a € R, then (f + ag)(—x) = f(—x) + ag(—x) =
—f(x)+ a(—9(x)) = —(f + ag)(x) = f+ ag is an odd function.
2. Let V="Psand Vp = {ay + ast + axt? + ast> : ay = 0}.

3. Let V ="P3 and
VO:{ao+a1t+a2t2+agt3 s ay+a+az+as =0}



Examples Contd.

4. Let V be avectorspaceand v € V. Let Vo = {av : a € F}.
Then V, is a vector space.

More generally, if v¢,...,v, € V and
Vo={atvi+-+apvy : a;€FVYi=1,...,n},
then V; is a subspace of V.

Exercise: Non-zero subspace of R? are the straight lines
passing through the origin.



Assignment-1

1. Let V be a vector space over F. Show the following:
(a) Forallx,y,ze V, x+y =2z+yimplies x = z.
(b) Foralla,peF,x € V,x #0, ax # px iff a # 3.
(¢) V must have an infinite number of elements.

2. In each of the following a non-empty set V is given and
some operations are defined. Check whether V is a vector
space with these operations.

(@) V={(x1,0): xy € R} with addition and scalar multiplication
as in R3.

(b) V ={(x1,x) € R?: 2x; + 3x, = 0} with addition and scalar
multiplication as in R3.

(c) V ={(x1,x2) € R?: x; + xo = 1} with addition and scalar
multiplication as in R3.

(d) V =R2, for (ay, an), (by,b2) € V and a € R, define
(a1, @) + (b1, b2) = (a1 + b1, a2 + b2); 0 (a1, a2) = (0,0)
and for o # 0, a(ay, a2) = (aay, a/a).



Assignment-1

2.
(e) V =2, for(ay,an),(by,b2) € Vand a € C, define
(a1, @) + (b1, b2) = (a1 + 2b1, a2 + 3b2),
a(a1 s 32) = (0531 s Oéag).
(fy V =R, for (a1, ar), (b, b2) € V and a € R define
(a1,a2) + (b1, b2) = (a1 + b1, a2 + b2), a(ar, a2) = (a4, 0).
(@) V=[0,00). Forx,y € V, a € R, define
X+Yy =Xy, ax = |a|x.
(h) V=]0,00). Forx,y € V, a € R, define x + y = xy and
axX = X*.
3. Is R]a, b], the set of all real valued Riemann integrable
functions on [a, b], a vector space?
4. |s the set of all polynomials of degree 5 with usual addition
and scalar multiplication of polynomials a vector space?
5. Let S be a non-empty set, s € S. Let V be the set of all
functions f : S — R with f(s) = 0. Is V a vector space over
R with the usual addition and scalar multiplication of
functions?



Assignment-1

6. In each of the following, a vector space V and a subset W
are given. Check whether W is a subspace of V.
(@) V=R% W ={(x1,x): X2 =2x; —1}.
(b) V =R?and V, = any straight line passing through the
origin.

(c) V=R3 W = {(x1, X, X3) : 2X; — Xo — X3 = 0}.

(d) V=C[0,1]; W= {f € V: fis differentiable}.

(e) V=C[-1,1]; W= {f € V: fis an odd function }.

() V=C[0,1]; W= {fe V:f(x)>0forall x}.

(9) P3(R) and W = {ay + ayt + apt? + agt® : ap = 0}.
(h) (R) and

3(R); W = {at+bt> +ct® : a,b,c € R}.

P5(C);
{a+bt+ct?+dt*:ab,c,deC,a+b+c+d=0}.
Ps

74

74

V=

V="P;

W = {ay+ ait + at® + ast® : a; + a» + as + as = 0}
V=p

74

w

V =P3(C); W= {a+bt+ct?+dt: ab,c,dintegers }.



Assignment-1

7. Let Ac R™". Let 0 € R"™" be the zero vector. Is the set of
all x € R™" with Ax = 0 a subspace of R"<1?

8. Suppose U is a subspace of V and V is a subspace of W.
Is U a subspace of W?

9. Let ¢'(N) be the set of all absolutely convergent
sequences and (>°(N) be the set of all bounded sequences
with entries from F. Show that ¢! (N) and ¢>°(N) are vector
spaces over F.



Span

Definition: Let V be a vector space. A linear combination of
vectors vy,..., Vv, € Vis an element of V which is in the form
ajVy + -+ apvpWitha; € F, j=1,...,n.

If the vector v = aqVvy + - - - + apVp, for some scalars «;, then we
say that v can be expressed as a linear combination of vectors
V17 ceey Vn.

Let S be a nonempty subset of V. Then the set of all linear
combinations of elements of S is called the span of S, and is
denoted by span(S).

Span of the empty set is taken to be {0}.



Span Examples

1. span{0} = span() = {0}.
2. C = span{1, i} with scalars from R.
3. Let ey = (1,0), e = (0,1). Then R? = span{ey, &2}

4. More generally, if e; denotes the vector having 1 at the i-th
place and 0 everywhere else, then R" = span{ey, ..., en}.

5. P3 = span{1,t, 2, t3}.



Examples Contd.

6. Let P denote the set of all polynomials of all degree. Then
P =span{1,t,t2,...}.
But1+t+2+8+...¢P.

Caution: The set S can have infinitely many elements, but a
linear combination has only finitely many elements.

Theorem: Let V be a vector space and S C V. Then span(S)
is a subspace of V and it is the smallest subspace containing S.

Proof: If S = (), then span(S) = {0}.
If S#£10, x,y € span(S), then x = a1 x4 + - - - + apX, and
Y =B1¥1 + -+ Bmym for some «;, 3; € F and x;, y; € S.



Proof Contd.

Then fora € T,
X+ay=aiXy+ -+ anXn+ abiys + - abmym € span(S).

Hence span(S) is a subspace of V.

For minimality, suppose S C V, a subspace of V.

V, contains all linear combination of elements of S.
That is, span(S) C V.

Hence, span(S) is the smallest subspace containing S.

Exercise: S is a subspace of V if and only if span(S) = S.

Exercise: If S is a subset of a vector space V, then prove that
span(S) =({Y : Y is asubspace of V containing S}.

O



Another Exercise

Consider the system of linear equations:

ayxy + apxe + + aipXn = by

Xy + apXe + + anmXp = b

- - - = -

amX1 + ameXe + + amnXn = bm.
Let uy = (a11,...,am), U = (&12,...,amz), . ... Show that the
above system has a solution vector x = (xy, ..., Xp) if and only

if b= (by,...,bp)isinthe span of {uy,...,un}.

Recall: If V;, V, are subspaces of V, then sois V4 N V5. But
Vi U Vb need not be a subspace of V.



Sum and Span

Let V4 and V,» be subspaces of a vector space V. Define

Vi+Vo={u+v :ueViyandve WV}

Theorem: Vi + Vo = span(V; U Va).

Proof: Letu e Vi,v e Vo. Then u+ v € span(Vy U V2).

Thus, Vi + Vo C span(Vq U Vo).

Conversely, any linear combination of elements of V4 U Vs is a
sum of linear combinations of elements of V; and a linear
combination of elements of V5. Since V4, V, are vector spaces,
the last sum is a sum of an element of V4 and an element of V..
Therefore, span(V; U Vo) C Vi + Va. O

Sum can be defined for subsets instead of subspaces, but we
do not require it now.



Sum?
Note: x-axis + y-axis = ?

Exercise: Suppose Vi N Vo = {0}. Then every element of

Vi + V5 can be written uniquely as x; + xo with xy € V4 and

Xo € Vo.

Reason: If x; + Xo = ¥4 + yo and xq, 1 € Vi, X2, ¥o € Vo, then
X1 — y1 = Y2 — X2. Now, on is in V4 and the other is in V5. But
the only common element is 0. hence, both are equal to 0. That
is, X1 =) and Xo = Yo.

Note: Any vector (x, y) € R? can be uniquely written as
x(1,0) +y(0,1).

Suppose we take u = (1,1), v=(-1,2), w=(1,0). Then

(2,3) = 3(1,1)+0(-1,2)+-1(1,0)
= 1(1,1)+1(-1,2) +2(1,0).

When can we ensure the uniqueness?



Assignment-2

1. Do the polynomials t3 — 22 +1, 4t> — t + 3, and
3t — 2 span P37 Justify your answer.

2. What is span{t": n=0,2,4,6,...}?

3. mLetu, vy, vo,...,Vv,be n-+ 1 distinct vectors in a real
vector space V.
Take Sy = {vy,vo,..., vyt and So = {u, vy, Vo, ..., Vn}.
Prove that

(@) If span(Sy) = span(Sz), then u € span(Sy).
(b) If u € span(Sy), then span(S;y) = span(Sy).
4. Let S be a subset of a vector space V. Show that Sis a
subspace if and only if S = span(S).
5. Let U be a subspace of V, v € V' \ U. Show that for every
x € span({v} U U), there exists a unique pair
(o, y) € F x Usuchthat x = av +y.



Assignment-2

6. Show that span{e; + e, & + €3, e3 + e} is R®, where
e = (17070)! €2 = (07170)’ €3 = (0a071)
7. Let V be a vector space and A, B be subsets of V. Prove
or disprove the following:
(a) Ais asubspace of V if and only if span(A) = A.
(b) If A C B, then span(A) C span(B).
(c) span(AU B) = span(A) + span(B).
(d) span(An B) C span(A) N span(B).
8. Let U, V be subspaces of a vector space W over F. Prove
or disprove the following:
(a) UnVand U+ V are subspaces of W.
(b) U+V=ViffUuCV.
(c) UuVisasubspaceifandonlyif UC Vor V CU.
(d) Let UnV ={0}. If x € U+ V, then there are unique
ue U,ve Vsuchthat x =u-+v.



Assignment-2

9. Letuy(t)=1,andforj=2,3,..., let
ui(ty=1+t+...+ /1. Show that span{u,...,un} is
Pn_1, and span{uy, Uo, ...} is P.
10. Let U, V, W be subspaces of a real vector space X.
(@) Provethat (UNnV)+(UnW)CUN(V+ W).
(b) Give an example with appropriate U, V, W, X to show that
unV+W) ZUnV)+(UNW).



Linear Independence

Definition: A set of vectors {vy,..., vy} is said to be linearly
dependent if one of the vectors can be written as a linear
combination of others, i.e., for some j € {1,...,n},

Vi=aqVi+ -+ o qVig + a1V + -+ anVn.
Equivalently, {vy,..., vy} is linearly dependent if 3 j such that
vi € span{v; : i #j}.

Definition: A set of vectors {vy,..., vy} is said to be linearly

independent if the set is not linearly dependent, i.e., none of the
vectors can be written as a linear combination of the others.

Given a set of vectors, how do we verify these properties?

{v1,..., vn} is linearly dependent
= Vi=oqVy+ -+ ajiqViq + Vi + s+ V.

= a1v1+~~+anvn:0takingaj:f1.



How to Know?

Conversely, suppose aqVy + - - - + apVy = 0 for some «; € F.
Suppose «o; # 0 for at least one j. Then

(0% On

Vi=—Vvi+---+ Vp.
- —qj
= {vy,..., Vp}is linearly dependent.
So we conclude:
{v1,..., vn} is linearly dependent if and only if 3 aq,...,ap € T,

not all zero, such that ayvy + -+ + apvy = 0.



Working Rule

To show: {vq,..., vy} is linearly independent.

We start:

Assume aqVvy + -+ apvy = 0.

Do something here, and prove that
Each «; = 0. We end here.

To show: {vq,..., vy} is linearly dependent.
We start:
We give at least one of «4, ..., a, non-zero.

Do something here, and show that
a1y + -+ apvy = 0. We end here.



Determining Linear Independence

Examples: 1. {(1,0), (0,1)} is linearly independent in R?.
Solution: Assume «(1,0) + 5(0,1) = 0. Then («, 8) = (0,0).
Thena =0,5=0.

Therefore, {(1,0),(0,1)} is linearly independent.

2. {(1,0,0),(1,1,0),(1,1,1)} is linearly independent in RS.
Solution: Suppose «(1,0,0) + 5(1,1,0) +~(1,1,1) = (0,0,0).
= a+p+v=0;, 6+v=0;, v=0.

= a=0=7=0

Therefore, the vectors are linearly independent.



Examples Contd.

3. {1,t, 12} C P, is linearly independent.

Solution: Let a - 1 + Bt +~vt?> = 0.

The right side is the zero polynomial. Two polynomials are
equal only when the respective coefficients are equal. So,
a=F=~v=0.

Therefore, {1, t, 2} is linearly independent.

4. {sinx,cos x} C C[—m, =] is linearly independent.
Solution: Suppose a sin x + 5 cos x = 0.

Putting x = 0we get 5 = 0.

Now putting x = 7, we get o = 0.

Note: Any set containing the zero vector is linearly dependent.



Examples Contd.

Caution: {vy,...,vp} is linearly dependent DOES NOT IMPLY
that each vector is in the span of the remaining vectors.

5. {(1,0),(1,1),(2,2)} is linearly dependent and

(1,0) & span{(1,1),(2,2)}.

6. {u, v} is linearly dependent if and only if one of them is a
scalar multiple of the other.

Solution: If {u, v} is linearly dependent, then either

u € span{v} or v € span{u}, i.e., either u = av or v = ju.
Conversely suppose one of them is a scalar multiple of the
other, say u = av. Then u € span{v} = {u, v} islinearly
dependent.



Linear Independence - Facts

1. Each superset of a linearly dependent set is linearly
dependent.

Proof. Suppose A C B C V, where V is a vector space. If Ais
linearly dependent, then we have aquq + - - - + apuy, = 0 with
a; # 0 for at least one i/, for some vectors uy, ..., up € A.
However, these uy, ..., u, are also vectors of B.

Hence B is linearly dependent.

2. Each subset of a linearly independent set is linearly
independent.
Proof. It follows from (1).

Exercise: Suppose {uy, ..., up} is linearly independent and Y
is a subspace of V such that span{uy,...,up} NY = {0}.
Prove that every vector x in the span of {uy,...,us} U Y can be
written uniquely as x = aqUy + - - - + aplp + y with
ay,...,apeFandy e Y.



Ordered Set

Theorem: Let {vy, vo,..., vy} be a linearly dependent ordered
set in a vector space V. Then some vy is a linear combination
of the previous ones.

Proof. If v; is the zero vector, then 0 € span(()) does the job.
Assume thus v4 # 0. Linear dependence implies: we have
scalars aq, ..., an not all zero such that

aqVq + aoVo + -+ + apVvy = 0.

Let k be the maximum integer in {1,2,..., n} such that ax # 0.
Then

a1Vi+agVo + -+ akvk =0, ax #0.

In that case, v, = —aik(oq Vi + aoVo + -+ + a1 Vk_1)-
That is, v, € span{vy,..., Vk_1}. O



A Secret

Theorem: Let A= {uy,...,un}, B={vq,..., vy} be subsets
of a vector space V. Suppose that A is linearly independent
and B spans V. Then m < n.

Proof. Assume that m > n. Then we have vectors up.1,...,Un
in A. Since B is a spanning set, u; € span(B). Thus, the set

B1 :{U17V1aV27--->Vn}

is linearly dependent. Now, consider B; as an ordered set. We
have a vector vk such that v, € span{uy, vy,..., v_1}. Remove
this v, from B4 to obtain the set

Ci={ui, v, s Vk—1, Vksty - -+ V)

Notice that span(Cy) = span(B;) = span(B) = V.



Proof Contd.

Add us to the set C; to form the set

By = {Uo, U1, Vi, Vk—1, Vki 1y -+ V)

Again, B is linearly dependent.

Then, for some j, v; € span{uo, uy, v4,...,Vj_1}.

Notice that due to linear independence of {uy, ..., un}, Us is not
in the linear span of uy; only a v can be in the linear span of the
previous vectors.

Remove this v; from B; to obtain a set C,. Again,

span(C,) = span(By) = span(B) = V.

Continue this process of introducing a u and removing a v for n
steps. Finally, v, is removed and we end up with the set

Cn = {Uun,Up_1,...,U,us} Which spans V.

Then u,,1 € span(Cp). This is a contradiction since A is
linearly independent. Therefore, our assumption that m > nis
wrong. O



Assignment-3

1. Answer the following questions with justification:
(a) Is every subset of a linearly independent set linearly
independent?
(a) Is every subset of a linearly dependent set linearly
dependent?
(b) Is every superset of a linearly independent set linearly
independent?
(c) Is every superset of a linearly dependent set linearly
dependent?
(d) Is union of two linearly independent sets linearly
independent?
(e) Is union of two linearly dependent sets linearly dependent?
(f) Is intersection of two linearly independent sets linearly
independent?
(g) lIs intersection of two linearly dependent sets linearly
dependent?
2. Give three vectors in R? such that none of the three is a
scalar multiple of another.
3. Suppose S is a set of vectors and some v € Sis not a
linear combination of other vectors in S.ds Siin. ind.?



Assignment-3

4. In each of the following, a vector space V and AC V are
given. Determine whether A is linearly dependent and if it
is, express one of the vectors in A as a linear combination
of the remaining vectors.

(a) V=R3, A={(1,0,-1),(2,5,1

(4,

(0,-4,3)}.
(b) V=R3 A={(1,2,3), ,
(c
(d
(

);
6),(7,8,9)}.
3,1,3),(2,5,7)}.

+22 —t+1, 24312 - 1}.

)V 5,
) V=R3A={(1,-3,-2),(-
) V=P, A={t? -3t+5, 13
) V =P3,

A= {- 2t3—11t2+3t+2, 222+ 3t+1, 263412 +3t—2}.
(f) V=P8,
A={6f -3 +t+2, 212 +2t+3, 263+ -3t +1}.

o vora- ([ 4] [53]133))

(h) V={f:R— R}, A={2sin’t cos?t}.

(i) V={f:R— R}, A={1,sint,sin2t}.

() V=C([-mmn]), A= {sint,sin2t,... sinnt} where nis
some natural number.

e



Assignment-3

5.

6.

10.

Show that two vectors (a, b) and (c, d) in R? are linearly
independent if and only if ad — bc # 0.

Let A= (ay;) € R™"and let wy, ..., w, be the n columns
of A. Let {uy, ..., un} be linearly independent in R”. Define
vectors vy,..., v, by
Vi = aqjuy + ...+ apjup, forj=1,2,...,n.
Show that {vy, v, ..., v,} is linearly independent iff
{wy,wa, ..., wy} is linearly independent.

. Let A, B be subsets of a vector space V. Prove or disprove:

span(A) nspan(B) = {0} iff AU B is linearly independent.
Suppose Vi and V, are subspaces of a vector space V
such that V4 N Vo = {0}. Show that every x € V4 + V5 can
be written uniquely as x = x; + xo with x; € V4 and

Xo € Vo.

Let py(t) =1+t + 312, po(t) = 2+ 4t + 12, pa(t) = 2t + 5¢2.
Are the polynomials py, po, p3 linearly independent?

Prove that in the vector space of all real valued functions,
the set of functions {€*, xe*, x3¢*} is linearly independent.



Basis

Note: The set {eq, ..., en} is linearly independent and
span{ey,...,ey} =R".

The set {1,t,...,t"} is linearly independent and
Pn=span{l,t, ... t"}.

Definition: Let V be a vector space over FF. A subset B of V is
called a basis for V if B is linearly independent and
span(B) = V.

Basis is NOT unique: For example, both {1} and {2} are
R-bases of R. In fact {x}, for any non-zero x € R, is an basis of
R.

Verify if {(1,1),(1,2)} is an basis of R?.



Examples

Since neither of them is a scalar multiple of the other, the set is
linearly independent.

1. span{(1,1),(1,2)} = R??

Does the equation (x, y) = «(1,1) + 5(1,2) has a solution in
o, B?

= a+fB=Xx; at28=y.
= f=y—xanda=2x —y.
= span{(1,1),(1,2)} = R?
{(1,1),(1,2)} is an basis of R?.



Examples

2. {ey,...,en}is an basis of R". This basis is called Standard
Basis of R".

Considerset {M; : i=1,....,m; j=1,...,n}, where Mj is the
matrix with (/, j)-th entry 1 and all other entries 0. Then this is a
basis of M. n(F), called the standard basis.

Exercise: Prove that the set {1,1 4 t,1 + t + 2} is a basis for
P>. Find a similar basis for P,.

Exercise: If {p1(t),...,pr(t)} C P be set of polynomials such
that degp; < degpq < --- < deg py, then prove that
{p1(t),...,pr(t)} is linearly independent.

Exercise: Can you find a basis for R? consisting of 3 vectors?



A Result

Theorem: Let V be a vector space and B C V. Then the
following are equivalent:

1. Bis a basis of V

2. Bis a maximal linearly independent set in V,
i.e., Bis linearly independent and every proper superset of
B is linearly dependent.

3. Bis a minimal spanning set of V,
i.e., span(B) = V and no proper subset of B spans V.

Proof:

(1) = (2): Since Bis a basis, span(B) = V. If v € V\ B, then v
is a linear combination of elements of B. Then BU {v} is
linearly dependent. Then B is a maximal linearly independent
subset of V.



Prof Contd.

(2) = (3): Since B is linearly independent, for any

ve B, v¢span(B\ {v}). So, no proper subset of B can span
V.

If v e V\ span(B), then BU {v} is linearly independent, which
contradicts the assumption. So, span(B) = V.

(3) = (1): Assume that B is a minimal spanning set of V

= span(B) = V. Suppose B is linearly dependent, i.e., 3u € B
such that u € span(B\ {u}).

= span(B\ {u}) = V which contradicts the assumption that B
is minimal spanning set. O

Definition: A vector space V is said to be finite dimensional if
there exists a finite basis for V. A vector space which is not
finite dimensional is called infinite dimensional vector space.



Another Result

Example: ", P,, Mnxn(F) are finite dimensional vector spaces
over IF.

Theorem: If a vector space has a finite spanning set, then it
has a finite basis.

Proof: Let V = span(S) for some finite subset S of V. If S'is
linearly independent, then S is a basis.

Otherwise, 3 uy € S such that uy € span(S\ {u1}). Therefore,
span(S\{ui}) = V. If Sy = S\ {uy } is linearly independent,
then S; is a basis.

Otherwise, one can repeat the process. The process has to

stop since S is a finite set and we end up with a subset Sy of S
such that S is linearly independent and span(Sx) = V. O



Examples

1. Compute a basis of V = {(x,y) € R? : 2x — y = 0}.

Solution: (x,y) e V = y=2x = (x,y) = (x,2x) = x(1,2)
= V =span{(1,2)}.
Since {(1,2)} is linearly independent, it is a basis for V.

2. Compute a basis of V = {(x,y,z) € R® : x -2y + z =0}.

Solution: (x,y,z) e V = x=2y -z

= (x,¥,2)=2y—-2z,y,z) =y(2,1,0) + z(—1,0,1)

= V =span{(2,1,0),(—1,0,1)}.

[Check whether these vectors are linearly independent.]
= {(2,1,0),(—1,0,1)} is a basis of V.

3. Compute a basis of
V={(x1,...,x5) €R® : Xy + X3 — x5 =0and x, — x4 = 0}.



A Result

Note: In R, any two real numbers are linearly dependent.

Exercise: Try to show:
(a) In R?, any three vectors are linearly dependent.
(b) Any 4 polynomials in P» are linearly dependent.

Given a vector space, do we have an upper limit for the
cardinality of linearly independent set?

Theorem: Let V be a vector space with a basis consisting of n
elements. Then each basis of V has n elements.

Proof: Let A be a basis of V having n elements. Let B be any
other basis having m elements. Since A is a spanning set and
Biis linearly independent, m < n.

Since A is linearly independent and B is a spanning set,

n<m. O



Consequences

Corollary 1: If V has a basis of n elements, then any set of
n+ 1 or more vectors is linearly dependent.

Corollary 2: If a vector space contains an infinite linearly
independent subset, then it is an infinite dimensional space.

Corollary 3: If a vector space has a basis of n vectors, then all
bases for V have n vectors.

Exercise: Let M = (a;) be an m x n matrix with a; € I and
n > m, then there exists (a1, ..., an) € F" such that

apoq + apag + -+ - + aipan = 0, foralli=1,...,m.



Dimension

Definition: Suppose V is a finite dimensional vector space.
Then the cardinality of a basis is said to be the dimension of V,
denoted by dim V.

Observation: Let V be a vector space of dimension nand A
be a subset of V containing m vectors.

(a) If Ais linearly independent, then m < n.

(b) If m > n, then Ais linearly dependent.

(c) If Ais linearly independent & m = n, then A is a basis of V.

Examples:
1.dimR = 1;

2. dmR" = n.
3. C considered as an R-vector space, dimC = 2.

4. Consider C" as an R-vector space. What is dim C? Can you
produce an basis for C"?



Examples Contd.

5.dmP,=n+1
6. What is the dimension of My n(R)?

7. The set of all polynomials of all degrees, P, is an infinite
dimensional vector space.

Solution: Suppose the dimension is finite, say dmP =n =
any set of n+ 1 vectors are linearly dependent.

= {1,t,...,t"} is linearly dependent, which is a contradiction.
= the dimension can not be finite.

8. What is the dimension of {0}? Ans: dim{0} = 0.



In R2

9. Cla, b]is an infinite dimensional vector space.

Solution: Take the collection of functions

{fh : fa(x)=x"Vxela, b; n=0,1,2,...}.

Then {fy, f1, ..., f} is linearly independent for every n
= C|a, b] can not have a finite basis.

Let {u, v} C R? be linearly independent. Then can span{u, v}
be a proper subset of R2?

Let {u, v, w} C R3 be linearly independent. Then, can
span{u, v, w} be a proper subset of R3?

Note: If V is a finite dimensional vector space, then so is any
subspace of V.

For, if a subspace W contains an infinite linearly independent
set, then that set will remain linearly independent in V as well.
=V is infinite dimensional, which contradicts our assumption.



Dimension of Subspace

Theorem: If V is a finite dimensional vector space and W is a
proper subspace of V, then dim W < dim V.

Proof: Since V is finite dimensional, so is W.

Let {wy,...,wn} beabasisof Wandv e V\ W.

= {wq,...,wp, v}islinearly independent in V. Prove this!
= V contains n+ 1 vectors which are linearly independent.

If a basis of V contains n or less number of vectors, then there
can not be a set with cardinality n+ 1 which is linearly
independent.

= dmV>n+1. O



Bases

Let W be a subspace of a finite dimensional vector space V.
Can we say that By C By?

Let W = {(x,0) : x € R and V = R2. Then {2,0} is a basis of
W and {(1,0),(0,1)} is a basis of V.
Theorem: Let W be a subspace of a finite dimensional vector

space V and By = {uy,...,un} be a basis of V. Then there
exists a basis By of V such that By C By.

Proof: If W = V, then there is nothing to prove. Suppose W is
properly contained in V.

Let up 1 € V\ W. Then {uy,...,Un, Unyq} is linearly
independent in V.



Proof Contd.

Let Wy = span{uy,...,Un,Uns1}. IfdimV =m+ 1, then
W, = V and hence we are done.

If not, then W, is properly contained in V and hence there
exists Umi2 € V\ Wi.

= {uy,...,Uns2} is linearly independentin V.

If dim V = m+ 2, then we are done. Otherwise continue as
before.

If dim V = n, then W,,_,, = span{u, ..., Un, Uni1, ..., Un} Will
be equal to V.



Sum & Intersection

Given two subspaces V; and V; of a finite dimensional vector
spaces, we have two other subspaces,
span(Vi U Vo) = Vi + Vo and Vi N Va.

How are the dimensions of these spaces related with the
dimensions of the individual spaces?

We can easily say that dim(V; N Vo) < dim V; foreachi=1,2.

If Vi C Vo, then V4 N Vb = V4 and hence, it can be equality in
the above inequality for one of the i’s.

Exercise: Prove that if dim(V; N Vo) = dim V4, then V4 C V.
Can we relate dim V; + V5 to dim V4 and dim V,?



Work Out

Let Vi = {(x,y) € R? : 2x — y = 0} and
Vo={(x,y) €R®: x +y =0}
What is dim V4 + Vo ?

Let Vy = {(x,y,2) eR3 : x+y+z=0}and
Vo={(x,y,2) €R® : x—y —z=0}

What is dim(V; + V2)?

{(1,0,-1),(1,—1,0)} is a basis of V; and
{(1,1,0),(1,0,1)} is basis of Va.

Then Vi + Vo = RS

= dim(V; + Vo) =3 < dim V; +dim V.

Are we counting something twice?



Sum & Intersection

Theorem: Let V4 and V5 be finite dimensional subspaces of a
vector space V. Then

dlm(V1 + V2) =dim Vq; +dim V, — dlm(V1 N Vg)

Proof: Vi N V, has finite dimension. Let {x, ..., x,} be a basis
of V4 N Va. Notice that if V4 N Vo = {0}, we take its basis as 0.

Note that V; N Vs is a subspace of V; as well as V,. We extend
the basis of V4 N V5 to bases of V4 and of V.

Let {xy,...,Xn, ¥1,-..,¥m} be a basis of V;.
Let {x1,...,Xn, Wy,..., Wy} be a basis of V,.



Proof Contd.

CLAIM: B={Xxq,...,Xn, V1,

ooy Ymy Wy, ..., Wk} is a basis of
Vi + W,

Proof of the Claim: First we show that span(B) = V; + V.
Letvi + v € V4 + Vo. Then

Vi = oqXy+ - apXnt+opp Y1+ QnemYm;
BiXi + -+ BnXn + BapaWr + -+ + Bk Wk

n m K
= VitV = D (+B)X+ D> aniyi+ Y Bariw
i=1 j=1 =1

Vo =

= Vi + Vo Cspan(B) = span(B) = Vi + Va.

We now prove that B is linearly independent.



Proof Contd.

Suppose

Xy + -+ anXn+ B1ys + - 4 BmYm + 1wy 4o+ Wk = 0.
= a1Xy+ -t anXn+ 1Y+ A+ BmYm = =Wy — - — YWk
= — Wy — s — YW € VN Vo,

= —MWi = = W = aiXy + -+ anXn

= @1X1 + -+ anXn+ Wy + -+ Wi = 0.

{X1,...,Xn,Wq,..., W} is a basis of V> = they are linearly
independent
= a :"':an:'ﬁ ::’ykzo

Substituting the values of v;’s, we get

a1Xy + -+ anXp + B1y1 + -+ Bmym = 0.



Proof Contd.

Since {x1,...,Xn, ¥1,--.,¥m} is linearly independent,
ar=-=ap=P1==Pn=0

= {X1,. s Xm, Y1y Ym, W1, ..., Wk} is a basis for Vi + V>
Therefore

dm(Vi + Vo) = n+m+k=(n+k)+(m+k)—k
= dim V; +dim Vo —dim(V; N V,).

O

Corollary: Two distinct planes through origin in R3 intersect on
aline.

Exercise: If V4 and V., are subspace of R® such that
dim V4 =5 =dim V5, then V4 N V, # (.



Assignment-4

1. Determine which of the following sets form bases for P-.
(@) {—1—t—2,2+1t—2t21 -2t + 413}.
(b) {14+2t+ 12,3+ 2,1+ 12}
(c) {14 2t+3t%,4 —5t+6t,3t+ 1?}.
2. Let {x,y, z} be a basis for a vector space V. Is
{x+y,y+2z,z+ x} also a basis for V?
3. Extend the set {1 + 2,1 — ?} to a basis of Ps.
4. Find a basis for the subspace
{(xy,%2,x3) € R3: Xy + xp + x3 = 0} of RS,
5. 1s {1 +t" t+1t",... t""1 + " t"} a basis for P,?
6. Letuy =1andletuy=1+t+t2+...+ " for
j=2,3,4,...
Is span{uy,...,un} = Pp? Is span{uy, tp,...} = P?
7. Prove that the only proper subspaces of R? are the straight
lines passing through the origin.



Assignment-4

8. Fi5nd bases and dimensions of the following subspaces of
R>:
(@) {(x1, X2, X3, X4,X5) €R®: Xy — X3 — x4 = 0}.
(b) {(x1,Xo, X3, X4, X5) € RS : Xo = X3 = X4, X + X5 = 0}
(c) span{(1,-1,0,2,1),(2,1,-2,0,0),(0,-3,2,4,2),
(8,3,-4,-2,-1),(2,4,1,0,1),(5,7,-3,-2,0)}.
9. Find the dimension of the subspace
span{1 + 2, —1 + t + 2, —6 + 3t,1 4+ 2 + 13, 13} of Ps.
10. Find a basis, and hence dimension, for each of the
following subspaces of the vector space of all twice
differentiable functions from R to R:
(@ {xeV:x"+x=0}.
(b) {xe V:x"—4x"+3x =0}.
() {xeV:x"—6x"+11x" —6x =0}.



Assignment-4

11.

12.

13.

14.

LetU:{[a —a] :a,b,ceR},
b ¢

V:{[ a b}:a,b,ceR}.
—-a ¢

(a) Prove that U and V are subspaces of R2*2.

(b) Find bases, and hence dimensions, for UNn V., U, V, and
U+V.

Show that if V4 and V> are subspace of R® such that

dim V4 =5 =dim V,, then Vi N Vs # 0.

Let {ey, &2, €3} be the standard basis of R3. What is

span{ei + e,ex + e3,e3 + e1}?

Given agp, ay,...,an € R, let V = {x(t) € C¥[0,1] :

anxD(t) + - + ayx((t) + apx(t) = 0}.

Show that V is a subspace of CX[0, 1], and find its

dimension.



Assignment-4

15.

16.

17.

Let V =span{(1,2,3), (2,1,1)} and

W = span{(1,0,1), (3,0,—1)}. Find a basis for V N W.
Also, find dim(V + W).

Given real numbers ag, a4, . . ., a, let V be the set of all
solutions x € CX[a, b] of the differential equation

dfx dk1x
dtk 3 gk

Show that V is a vector space over R. What is dim V?
Consider each polynomial in P as a function from the set
{0,1,2} to R. Is the set of vectors {t, t?, 3, t*, t°} linearly
independent?

ao + -+ akx = 0.



Structure Preserving Maps

What are the important maps in real variables?
In R the important sets are the intervals.
So, what are the maps that take intervals to intervals?

In vector spaces, what are themaps that take subspaces to
subspaces?

They must be those, which preserve the addition and scalar
multiplication.



Definition & Examples

Definition: Let U and V be vector spaces over F.
A function T : U — V is said to be a linear transformation (or a
linear map) if

T(x+y)=T(x)+T(y) and T(ax)=aT(x)

for every x,y € U and for every a € F.
Examples:

1.7T: V-V, T(v)=0forallve V.
22.T: V-V, T(v)=v.

3. Let A denote an m x n matrix with real entries. Then for any
vector x = (x1,...,X,)! € R", Ax is a vector in R™.

It satisfies the properties that A(x + y) = Ax + Ay and

A(ax) = aAx forx,y e R"and o € R.



Examples

4. Let V be any vector space and « € F. Then the map
T:V — Vdefinedby T(v) = av is linear.

5. If f and g are two differentiable functions from an interval

[a, b]to R, then &(f+g) = & + D and I (af) = ad.

6. If f and g are two real valued continuous function from [a, b]
to R, then [P(f+ g)(t)dt = [I f(t)dt + [P g(t)dt and
[2(af)(t)dt = a [ f(t)at.

7. Define T; : R” — R by Tj(x1,...,Xn) = X;- Then T is linear.
More generally, for aq,...,an € R, T(Xq,...,Xp) = > 1; ajXj is
a linear transformation.



Examples Contd.

8. Let V be a vector space with basis {uy, ..., un}. Give any
vector, there exist unique coefficients aq, ..., an € F such that
U= ajly + -+ apup. Defineamap T: V — T, Tj(u) = «;.
Then T is a linear map.

Solution: Let u,v € V.

Letu=aquy +---+apupand v = 51Uy + - - - + Bpun.

= u+v=>0"(ai+ Bi)U.

This is a representation of u + v as a linear combination of
{uq,...,up}. Since {uy, ..., un} is a basis, this is THE unique
representation for u + v.

= T(U+v) = a;+ 5 = Ti(u) + Ti(v).

Similarly the other condition can be verified.



Examples Contd.

9. Let a € [a, b]. Define T, : Cla, b] — T by
To(f) = f(a).

Verify that T, is a linear transformation.
10. Let T : C'[a, b] — C|a, b] be defined by

T(f) =7

Then T is linear.
11. Let T : C'[a, b] — Cla, b] be defined by

T(f) = of + Bf"

Then verify that T is linear.



Examples Contd.

12. If Ty and T, are linear transformations from V; to V5, then
the map T : V4 — V, defined by

T(v) =aTi(v) + BT2(v)

is a linear trasnformation.
13. Let A= [ cos¢  sing

—sing Ccos¢
x = (rcos6,rsinf) € R?, the map T : R? — R? defined by
Tx = Ax is the rotation by an angle ¢. We have already seen
that this is a linear map.

] . Then for any

Caution: Every map that ‘looks linear’ need not be linear:
T :R — R defined by T(x) =2x + 3.



Properties of Linearity

Theorem: Let T : V — W be a linear transformation, then for
all vectors u, v, vq,...,v, € V and scalars ay,...,a, € F:

(i) T(0)=0
(i) Tlu—v)=T(u)— T(v)
(i) T(ayvi+ -+ anvn) =a1T(vy) + -+ anT(vp).
Proof:
(i) 7(0) = T(0+0) = T(0) + T(0) = T(0) =
(i) Tlu—v)=TWw+(-1)v)=T(u)+ T(-1(v
=T()+(=1)T(v) = T(u) = T(v).
(iii) Apply induction on n.

0.
)



Examples

1. Consider the ‘differential map’, D : P3 — P», defined by
D(p(1)) = p/(1).

In this map, we know that D(t3) = 3t%; D(t?) = 2t; D(t) = 1
and D(1) = 0 and use the linearity of differential operator to
obtain D(p(t)) for any polynomial p(t) € Ps.

2. Suppose T : R? — R be a linear map such that 7(1,0) = 2
and T(0,1) = —1, then what is T(2,3)? Whatis T(a, b)?

3. Let T : R® — RR? be linear such that 7(1,0,0) = (2, 3),
7(0,1,0)=(—-1,4)and T7(0,0,1) = (5,—3). Then

T(3,-4,5) = 3T(1,0,0)+ (—4)T(0,1,0)+5T(0,0,1)
= 3(2,3) + (—4)(—1,4) + 5(5,-3)
— (35,-22).



A Question

4. Let T : R? — R2 be a map such that T(1,1) = (1, 1),
T(0,1)=(-1,1)and T(2,—1) = (1,0). Can T be a linear
transformation?

Solution: (2,—1) =2(1,1) — 3(0,1)

Hence T is not a linear map.

What are the information required to describe a linear map T7?

Suppose we take a basis {v4, ..., v,} of V; chose n vectors
wy, ..., wp € W randomly. Does there exists a linear map
T:V — Wsuchthat T(v;) = w;?



Action on a Basis Enough?

Theorem: Let V and W be vector spaces.
Let B={vq,...,Vn} be a basis for V.

Suppose wy,...,w, € W. Then,
there exists a unique linear map T : V — W such that
T(vi)=wq, T(Vv2) =wa, ..., T(Vy) = wp.

Proof: We need to construct a map from V to W and prove that
this map is linear. Secondly, we show that if two linear maps
take the v;s to w;s respectively, then they are the same map.

Letve V.Thenv =aqvy + -+ apv, for some aq,...,a, € F.

Define T(v) = aywy + -+ - + apWp. Since, {vq,...,Vp}tisa
basis, given a vector v, the scalars a4, ..., an are unique.
Therefore, this map is well-defined.



Proof Contd.

Linearity: Let u,v € V. Then
U=aivVi+---+apvpand v=351vy + -+ BaVp
= U+Vv=_(a1+B1)vy+ -+ (an+ Bn)Vn.

Therefore
T(u+v) = (14 B1)wy+ -+ (an+ Bn)Wn
= (aqwq + -+ anWp) + (Biws + - + BaWn)
= T(u)+ T(v).
Similarly,
T(au) = T(aaqvq+---+ aapVy)
= amqWy + -+ aapWp = a(ayWy + - - + apWp)
aT(u).

Therefore T is a linear transformation.



Proof Contd.

Uniqueness: Assume that T;(v;) = w; = T»(v;) for each i.
Letv =aqvy +---+ apV, for some a;'s € F. Then

Ti(v) = Ti(aqvi+ -+ anVn)
= a1 Ti(vy) + -+ anTy(vy) (linearity)
= aqWi+- -+ apWp
= a1T2(V1)+"'+04nT2(Vn)
= To(ayVo+- -+ apVy)
= Ta(v).

L]
Remark: Thus a linear transformation is completely
determined by its action on any basis. Notice that the vectors
wy, ..., Wp, images of the basis vectors, need not be distinct or
not even be linearly independent.



Examples

1. Construct a linear map T : R> — W, where

W= {(X1,X2,X3) X1 — Xo — X3 = 0}

Describe the map completely.

Solution: Start with a basis {v4 = (1,0), v, = (0,1)} of R2.
Choose any two vectors in W, for example

wy =(1,1,0) and wo = (1,0, 1).

We want T(1,0) =(1,1,0) and T(0,1) = (1,0,1).

Then define

T(x1,x2) = x1(1,1,0) + x2(1,0,1) = (X1 + X2, X1, X2).

This is a linear map from R? to W.

Exercise: Find another linear map from R? to W.



Matrix of a Linear Transformation

Let T: V — W be a linear transformation. Fix ordered bases
B=(vi,va,...,vp) for Vand C = (wq,ws, ..., wn) for W.
Now, we have scalars a; such that

T(vi) = anwy + aWe + -+ + am W

T(v2) = aiowy + @oWo + - -+ + @maWn

T(vn) = aipwy + appWo + - - - + @mnWm
ar a2 - Qn
Definition: The matrix [T]g ¢ =

am @m2 - dmn
is called the matrix of the linear transformation T with respect
to the ordered bases B and C.

Caution: Take care of the notation.
dm(V)=n.dim(W)=m. T:V — W.[T]gc € F™".



Action on a Vector

Let u e U. Then
U= [iuy + Palo + - - - + Ppup for some g; € F.

How do the scalars look when we use all the above?
T(u) = B1T(uy) + -+ BnT(Un)

= Bi(anvi +axve + -+ amiVm)
+B2(@12v1 + @2Ve + - - + @maVm)

+ﬁn(a1nv1 + aopVo + -+ + aman)

= (a11f1 + arzfz + -+ + a@1nfn) Vs
+(a21 61 + agefo+ - - + anfn) Ve

+(am1B1 + @meBo + - - + @mnfn)Vm
What do you see if you think of co-ordinate vectors?



Matrix Multiplication

B anf1+ awfe+ -+ ainbn
[ua=|: |, [T(W)ls= :
Bn am1P1 + ameB2 + -+ + amnfn
ayr a2 - Aip
Since [T]ap = : , we see that
am ame --- amn

[T(u)]s = [T]aslu]a.

Note: When T : F” — F™ is a linear map, and E,, E, are the
standard ordered bases for F", F,

T([a1,....an]") = [Tle.E, a1, - - -, an]".

And, the i-th column of [T]g, g,, is simply T(e;).

Moreover, If for each u € U, [T(u)]g = M[u]a, then M = [T4 g].



Examples

1 -1 1
1.LetA=|0 1 2
2 1 0

Consider the linear transformation T : R® — R3 given by
T(x) = Ax for every x € R3.

Then Ae; = (1,0, -2)%; Aer = (—1,1,1)! & Aes = (1,2,0).
Note that (1,0, -2)! =1-e; +0- e, + -2 - e3.

2. Let B={(1,-1),(1,0)}. Find [(0, 1)]5.

Solution: (0,1) = —1(1,—1) + 1(1,0).

= (0.0 = |



Examples Contd.

3.Let B={1,1+t,1+ 2} C Ps. Is Ba basis of P»? Find
[1+t+ t2]p.

Note here that the matrices would be different if we alter the
positions of the basis vectors.i.e., the matrices w.r.t.

{1,1+ 2,1 +t}and {1,1 +t, 1 + 2} are different.

4. Let T : R? — R3 be given by
T(x1,X2) = (2x1 — X2, Xy + X2, X2 — X1), By = {ey, €2} and
B, = {ey, e, e3}. Then

T(e1):(2,1,—1) = 231+1€2+—1€3
T(eg):(—1,1,1) = —1e1—|—1eg—|—1e3.

2 -1
Therefore [T]g, B, = [ 11 ] .
-1 1

. B X1 _ X1
Note that if A= [T]g, 5,, then T [Xz] =A [Xz]'



Examples Contd.

5. Let D : P3 — P> be the map given by D(p) = p'. Let
A={1,t,2,13) and B = {1,t,12}. Then

0100
[Dlas= |0 0 2 0.
0 0 0 3
Let B= {1,1+t,1+ t2}. Then compute [D]a s
01 -2 -3
Ans: [Dlag=10 0 2 0
00 0 3

6. Let T : P, — P3 be the map T(p(t)) = fot p(s)ds. Let
A={1,1+tt+2}and B= {1,t,t+ 2,2+ t3}. Then
0 O 0
|1 1/2 -1/6
[Tlae= 10 172 1/6
0o 0 1/3



Properties of matrices of linear maps

Theorem: Let V., W be finite dimensional vector spaces. Let
B = (v1,...,Vvy) be an ordered basis of V and
C = (wyq,...,wn) be an ordered basis of W. If Ty and T, are
linear transformations from V to W and o € F, then

1. [Th + Tolgc = [Thlg.c + [Tzl c-

2. [aTilgc = a[T1]s,c-

3. Composition of linear maps is represented as matrix

multiplication.

Proof of (3) : Suppose the ordered bases are:
A= (uy,...,up)for U, B=(vy,...,vg) for V
and C= (wq,...,wp)for W.LetS:U— V;, T:V — Wbe
linear transformations. Let [S]4 g and [T]g ¢ be the matrices for
Sand T, resp. Let u € U. It has the coordinate vector [u] 4.
Then, [S(u)]s = [S]aslu]a.
[T(S(u)lc = [TlsclS(u)ls = [T]s c[S]aBlUla-
That is, [T o S]A,C = [T]B,C[S]A,B L]



Assignment-5

1. In each of the following determine whether T : R? — R? is
a linear transformation:

(@ T(a,8)=(1.8)  (b) T(, B) = (o, 0?)
(€) T(a, B) = (sina,0)  (d) T(a, ) = (|, 8)
(€ T(a.f)=(a+1.8)  (f) T(a,8) = (2a+ f,a+ F).
2. Let T : R? — R? be a linear map with T(1,0) = (1,4) and
T(1,1) =(2,5). Whatis T(2,3)? Is T one-one?
3. In each of the following, determine whether T is a linear
transformation:
(@) T:R2— R3with T(1,1) =(1,0,2) and
T(2,3)=(1,-1,4).
(b) T:R®— R2with T(1,0,3) = (1,1) and
T(-2,0,-6) =(2,1).
(c) T:R® — R2with T(1,1,0) = (0,0), T(0,1,1) = (1,1) and
T(1,0,1)=(1,0).



Assignment-5

3.
(d) T:C[O1]—>RW|thTu) fo u(t ))? di.
(e) T:C'0,1] — R2 with T(u fo u(t) dt, u'(0)).
(fy T:Ps— Rwith T(a+bz‘2) 0 forany a,b € R.
(9) T:PaR )%anh T(p(x)) = p(«), for a fixed o € R.

4. Let U, V be vector spaces with {uy, ..., un} a basis for U.
Let vy,..., v, € V. Show that
(a) There exists a unique linear transformation 7 : U — V with
T(u)=vifori=1,2,...,n
(b) This T is one-one iff {vy, ..., vy} is linearly independent.
(c) This T is onto iff span{vy,...,vo} =V



Assignment-5

5. Construct an isomorphism between the spaces F™+' and
Pn(F).

6. Let V4 and V; be finite dimensional vector spaces and
T : Vi — Vs be a linear transformation. Give reasons for
the following:

(a) rank T < dim V4.

(b) T is onto implies dim Vo < dim V.

(c) T is one-one implies dim V4 < dim Vs.

(d) dim V4 > dim V, implies T is not one-one.

(e) dim V4 < dim V, implies T is not onto.

(f) Suppose dim V4 = dim V.. Then,

T is one-one if and only T is onto.



Assignment-5

7. Let T : R® — RS be defined by
T(o,B8,7) = (B+7,7+a,a+ p). Find [T]g, g, where
) 70)7(07071)7(07170)}7

)}-

(a) Er={(1,0
E, ={(0,0,1),(1,0,0),(0,1,0
(b) Eq :{(171’_1)’(_1’171)5( 1, )}a

1,-1,1
Eo={(-1,1,1),(1,—-1,1),(1,1,-1)}.
8. Define T : P>(R) — R by T(f) = f(2). Compute [T] using

the standard bases of the spaces.

9. Define T : R? — R3 by T(a,b) = (a— b,a,2b + b).
Suppose B be the standard basis for R?,
c={(1,2),(2,3)},and D ={(1,1,0),(0,1,1),(2,2,3)}.
Compute [T]gp and [T]¢ p-

10. Let T : P, — P3 be defined by
T(a+bt+ct?)=at+bt> +ct3. If By = {1 +1t,1—t 2}
and E; = {1,1+ 1,1+ t+ 2,13}, then what is [T]g, £,?



Assignment-5

ntss={lo o] [0 o) |7 o) [0 7))

E,={1,t t?}and E3 = {1}.
(a) Define T : R2*2 — R2%2 py T(A) = A’. Compute [T]g, £,

(b) Define T : Po(R) — R2*2 by T(f) = { f/EJO) 2f/f((91>)) } '

Compute [T]g, k-

(c) Define T :R?*2 — R by T(A) = tr(A). Compute [T]g, £,



Assignment-5

12. Given bases E; = {1 +t, 1 —t, ?} and

13.

E, ={1,1+t 1+t+ 2 13} for Po(R) and P3(R),
respectively, and the linear transformation

S : P2(R) — P3(R) with S(p(t)) = t p(t),

find the matrix [ S]g, g,

Let Ey = {uy,...,up} and Ex = {vq,...,vn} be bases of
Vi and Vs, respectively. Let T : V4 :— V5, be a linear
transformation. Show that T is one-one iff columns of
[T]g, E, are linearly independent iff det[T]g, g, # 0.



Kernel & Range

Definition: Let V and W be vector spacesand T : V — W be
a linear transformation.

1. Kernelof T=N(T)={ve V : T(v)=0}.

2. Range of

T=R(T)={we W : w=T(v)forsomev e V}.

Kernel is also called the Null Space, and Range as Range
Space.
Theorem: Let T : V — W be a linear transformation. Then

1. N(T) #0, R(T) # 0.

2. N(T)is asubspaces of V and R(T) is a subspace of W.
Proof:7(0) = 0. This proves (1).
Letu, ve N(T)and a € F. Then
T(u+av)=TWw) +aT(v)=0 = u+aveN(T)
Therefore, N(T) is a subspace of V.
If x, y € R(T) and « € I, then there exist u, v € V such that
T(u)=xand T(v) =y. Then,
Tlu+av)=Tw)+aT(v)=x+ay = x+ay e R(T)
Therefore, R(T) is a subspace of W. &



An Example

Since these are vector spaces,
N(T) is also called the null space of T and
R(T) is also called the range space of T.

Example: Let T : R® — R? be defined by

T(xq1,X2,X3) = (X1 + X2, X1 — X3). Find a basis for N(T) and a
basis for R(T).

Solution: T(xq,X2,x3) = (0,0) = x> = —x7 and X3 = Xy.
Therefore

N(T) = {(x1,Xx2,X3) : Xy = —x2 = X3} = span{(1,—1,1)}.
T(0,a,—b) = (0+a,0 — (—b)) = (a,b). Thus, R(T) = R2.
Exercise: Let T : R? — R be defined by

T(x1,%2) = (X1 + X2, X1 — X2,0). Find R(T) and N(T).



Rank & Nullity

Definition: Let T : V — W be a linear transformation.
Nullity of T = null(T) = dim N(T).
Rank of T =rank(T) =dimR(T).

Theorem: Let V, W be vector spaces. Let {vy,..., vy} be a
basis fof V. Let T : V — W be a linear transformation. Then
1. T is one-one if and only if N(T) = {0} iff null(T) = 0.
2. Tisone-oneiff {T(vy),..., T(vn)} is linearly independent.

3. Tisontoiff span({T(v1),..., T(va)}) = W.
Proof: (1) Assume that T is one-one. Let T(x) = 0. Then
T(x)=T(0) = x=0 = N(T) ={0}.
Conversely, suppose N(T) = {0}. Let T(x) = T(y).
Then T(x)—T(y)=0 = T(x—y)=0 = x—y e N(T).
Since N(T) = {0}, x =y = T is one-one.



Proof Contd.

(2) Let T be one-one. Then N(T) = {0}.

Suppose a1 T(vq) +---+anT(vy) =0.

Then T(ayvy + -+ apvn) = 0.

As N(T) = {0}, ayvy + -+ apvp = 0.

Since {v,..., va}is linearly independent, each «; = 0.
Thus, {T(v1),..., T(vp)} is linearly independent.

Conversely, suppose {T(v1),..., T(vn)} is linearly
independent.

Let T(x) = T(y). We have x = > («ojVv;), y = >_(B;v;) for some
aj, Bi € F.

Then (ay — by)vi + -+ (an — Bn)vn = 0.

Thus,eacha; =8 = x=y.

Thatis, T is one-one. O



Proof Contd.

(8) We show that R(T) = span{T(v1),..., T(vn)}.
For this, let w € R(T). Then

w=T(a1vy + -+ apvy) forsome aq,...,an € F.
Since T is linear, w = a1 T(v4) + - -+ + anT(Vn).
Thatis, w € span{T(vy),..., T(vn)}.

Conversely, if z € span{T(vy),..., T(vn)}, then
z=01T(vy)+ -+ BnT(vp), for some Sy,..., 5, € F.
As T islinear, z = T(B1vy +--- + Bnvn) € R(T).

Hence, R(T) =span{T(vq),..., T(va)}.
Now, the statement follows from the observation that
T is an onto map iff R(T) = W.

Caution: The vectors T(vq),..., T(vn) need not be linearly
independent even though {v4,..., v} is a basis of V.



An Example

Let T : R? — R? be defined by T(xy, x2) = (X1 — X2,2X1 + Xo).
Show that T is bijective.

Solution: Suppose T(x1,x2) = (0,0). Then x; = xo and
2X1 = —X». This implies that x; = xo = 0.
Therefore N(T) = {0}. Hence T is one-one.

{(1,0),(0,1)} is a basis of R?.

T(1,0) =(1,2)and T(0,1) = (—1,1).

Now, span({(1,2),(-1,1)}) = R2.

So, T is an onto map.

Therefore T is a bijective linear transformation.

Note: Since {(1,2),(—1,1)} is a basis of R?, T is bijective.

Definition: A bijective linear transformation is called an
isomorphism. If there exists an isomorphism from one vector
space to the other, we say that the spaces are isomorphic to
each other.



Isomorphism

Theorem: Let T : V — W be an isomorphism. Then
T-': W — Vis also an isomorphism. Moreover with bases
A, Bfor V, W, resp., we have [T~ '|ga= ([T]ag) "

Proof: Let wy, wo € W. Then there exists v4, v» € V such that
T(V1) = Wq and T(Vg) = Who.

Therefore T(vi + vo) = wy + we

= T wi+wo)=vy +vo=T(w)+ T (mp).

Similarly,

T (awy) = T (aT(vy))

= T_1(T(aV1)) =aVy = aT‘1(W1).

The other statement is proved by taking composition of T and
T O



Rank-Nullity Theorem

Theorem: Let V be a finite dimensional vector space and
T :V — W be alinear transformation. Then

rank(T) + null(T) = dim( V).

Proof: We need to show that dim R(T) +dim N(T) = dim V.
For this, we will produce a basis of V consisting of a basis of
N(T) and inverse images of a basis of R(T).

Let {vy,..., vk} be abasis of N(T), for some k > 0. Note that if
T is one-one, then k = 0 which means the set is empty.

Also, if T is the zero map, then N(T) = V and R(T) = {0}.
This implies that kK = n and hence the theorem is true.



Proof Contd.

Assume that T is not the zero map. Extend the basis of N(T) to
abasis of V,say {vy,..., Vk, Vki1,..., Vn}.

If we prove that { T(vki1),..., T(vn)} is a basis of R(T), then
the theorem is proved.

Let w € R(T). Then there exists a v € V such that T(v) = w.
Letv=aqvi + -+ apvy Then

T(v) = a1T(vi)+ - +axT(Vk) + ak1 T(Vierr) + -+ anT(Va)
= a1t T(Vikp1) + -+ anT(vn)
Span({T(Vis1)s - -, T(va)}).

Therefore R(T) = Span({ T(Vk+1), ..., T(va)}).

m



Proof Contd.

Suppose L1 T(Vke1) + -+ BnT(vn) = 0.
= T(6k+1 Vk+1 + -+ ﬁnVn) = 0.
= Br1Vit1 + o+ Bovin € N(T).

= Bivi+ -+ BkVk = Bkt Vi1 — - — BaVn = 0.
= pi=0foralli=1,...,n
= {T(Vkt1),..., T(vp)} is linearly independent.

= dmAR(T)=n—k=dimV —dimN(T).



Some interesting consequences

1. There does not exist a one-one map T : R? — R (more
generally from R™ to R" for any m > n).

2. There does not exists an onto map T : R — R?
(more generally from R™ to R" for any m < n).

3. IfdmV =dmWand T : V — W, then T is one-one if and
only if T is onto.

Definition: Two vector spaces V and W are isomorphic if there
exists an isomorphism 7 : V — W.

Examples:

1. T: P, — R™"" defined by

T(ag + ait+---+ apt") = (ao, ..., an) is an isomorphism.
2. T :R" — R" defined by

T(ay,...,an) = (a1,a1 +a,...,a1+---+ap)isan

isomorphism.



Isomorphism & Dimension

We have seen thatif T: V — W is an isomorphism, then
dimV =dim W.

Is the converse true? i.e., if dim V = dim W, are they
isomorphic?

Let By = {vq,...,vn} be abasis of Vand B, = {wy,...,w,} be
a basis of W.

Define T: V — W by

T(ayvi+ - 4+ apVp) = ayWy + - -+ + apWp.

Since By and B, spans V and W respectively, T is onto.
Since By and B are linearly independent, T is one-one.
Therefore T is an isomorphism.

Theorem: V and W are isomorphic if and only if
dimV =dim W.



Canonical Basis Isomorphism

Definition: Let V, W be F—vector spaces. A one-one linear
transformation from V onto W is called an isomorphism.

If dim(V) = n, then there exists an isomorphism from V to F”.
Given an ordered basis (vy, Vo,...,Vy) of V,eachv e Vis
associated with its coordinate vector in F”.

Clue: v=caqvy +asVo + -+ apVp

There can be many isomorphisms. But we have one special
isomorphism. It maps v to its co-ordinate vector.

The map ¢y, .., : V= F"with ¢(v) = [V]e,,....e,
is called the canonical basis isomorphism between V and F”.



The Diagram

Let B = (v4,..., Vn) be an ordered basis of V.
Let C = (w4, ..., wn) an ordered basis of W.
Have standard bases for F” and F.

The canonical basis isomorphisms are:
bv,....v, from V to F” and

bw,....wn from W to F.

Let T: V — W be a linear transformation and
[T]g c be its matrix representation. Then

V —— W

Fr— Fm
[Tls.c

This means T = ¢y w0 [T]g.c © dvi.....vi-



Linear Functionals

Definition: Let V be a vector space over F. A linear
transformation T : V — F is called a linear functional.
A linear transformation from V to V is called a linear operator.

Examples of Functionals:

1. f; : R” — R defined by fi(x1,...,Xxn) = xy is a linear
functional.

2. fi : R" — R defined by fi(xy, ..., Xs) = X; is a linear functional.
3. Let (v4,...,Vvn) be an ordered basis for a vector space V.

Define f;: V — F by fi(v) = oy when v = aqvy +--- + apVp.
Verify that f; is a linear functional. These functionals are called
co-ordinate functionals with respect to the given basis.

4. Let 7 € [a, b] be fixed. Let f; : C[a, b] — FF be defined by
f-(x) = x(7), for x € Cla, b]. Then f; is a linear functional.



Examples Contd.

5. Fix points 71,..., 7 in [a, b], and scalars a1, ...an in F. Let
f: Cla, b] — F be defined by

f(x) =Y., ajx(7;) for x € Cla, b).

Then fis a linear functional.

6. Define T : Cla,b] — F by f(x) = [ x(t) ok, for x € Cla, b].
Then f is a linear functional.

Theorem: The set of all linear transformations from a vector
space V to a vector space W is a vector space with usual
addition of functions and multiplication of a function with a
scalar.

Definition: The space of all linear transformations from a
vector space V to a vector space W is denoted by L(V, W).
The space of linear functionals on V is denoted by V’, and is
called the dual space of V.



Dimension of L(V, W)

Theorem: If dim V = n, dim W = m, then dim L(V, W) = mn.
Therefore, dim V' = n.

Due to the canonical basis isomorphisms, (Remember the
diagram?) £(V, W) is isomorphic to F™*". O

Alternative proof: Fix two ordered bases:

{vi,...,vp} for Vand {wy,..., wy} for W.

Define linear transformations

Tj: V= Wfori=1,....,n, j=1,...,mby

Tiji(vi) = w;, Tj(any other vx) = 0.

Now, show that the set of all these Tj; is a basis of L(V, W). [

In particular, a basis for V' now looks like the set of functionals
fi: V — F, where fj(v;) =1, fi(any other v) = 0.
This basis is called the dual basis.

How does a matrix of a linear functional look like?
And how are the co-ordinate vectors of linear functionals in the
dual basis?



System of Linear Equations

Definition: Let A € F™<" b € F™. Then

ay Xy + -+ aipXn = by

amiX1 + -+ @mnXn = b

is called a system of linear equations for the unknowns
X1, ..., Xp With coefficients in F.
If the b; are all zero, the system is said to be homogeneous.

We consider the matrix A as a linear transformation
A:TF" — F™ and the system is written as Ax = b.

The solution set of the system Ax = bis
Sol(A,b) = {x € F" : Ax = b}.

The system Ax = b is solvable if Sol(A, b) # 0.



Augmented Matrix

Theorem: Ax = b is solvable iff rank(A) = rank[A|b].

Proof: Ax = b is solvable iff b = Ax for some x € F" iff

b € R(A).

Let b € R(A). As R(A) = span(Ae;) = span of columns of A,

rank(A) does not change if b is added to the set of column
vectors of A. Then rank(A) = rank[A|b].

Conversely, suppose rank(A) = rank[A|b]. The columns of [A|b]
generate the subspace, call it U, containing columns of A and
b. R(A) is a subspace of this space U.

But R(A) and U has now the same dimension.

Hence, U = R(A). That is, b € R(A). O



Translates of N(A)

Theorem: Let xy € F" be a solution of Ax = b. Then
Sol(A,b) = xp + N(A) = {xo + x : x € N(A)}.

Proof: If x € N(A), then A(xo + x) = Axo + Ax = Axo = b.
That is, xg + x € Sol(A, b).

If v € Sol(A, b) and Axg = b, then

Alv—x9) =Av—Axo=b—-b=0.

Thatis, v — xp € N(A).

Or that v — xg € N(A). Then, v € xp + N(A).



Corollaries

1. If xp is a solution of Ax = band {v;,..., v} is a basis for
N(A), then

Sol(A,b) = {xXo + \vi +---+ AV 2 \j € F}L

Here, r = null(A) = n —rank(A).

2. A solvable system Ax = b is uniquely solvable

iff N(A) =0

iff rank(A) = n.

3. If Aia a square matrix, then

Ax = b is uniquely solvable iff det(A) # 0.
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1. In the following, prove that T is a linear transformation.
Determine rank T and null T by finding bases for R(T) and
N(T).

(a) T:RS > RZ; T(a1,a2,ag) = (31 — 82,233).
(b) T:R2 - RS; T(ahag) = (31 + a»,0,2a; — 32).

(c) T . R3%3 5 R2x2.
ayr a2 ais
2a11 — a a 2a
T| an ax aos ] :{ 3110 12 13+O 12
az1 az2 ass
(d) T:Po(R) — P3(R); T(f(x))= xf(x)+ f(x).
(e) T:R™" 5 R; T(A) = tr(A).
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2. Give an example for each of the following:

(a) Alinear transformation T : R? — R? with N(T) = R(T).
(b) Distinct linear transformations T, U with N(T) = N(U) and
R(T) = R(U).

3. Let V be a non-trivial real vector space. Let T : V — R be
a non-zero linear map. Prove or disprove:
Tisontoifandonly if null T =dimV — 1.

4. Let U, V be finite dimensional real vector spaces, and
T : U — Vlinear. Prove or disprove:

(a) rank T < dim U.

(b) If T is onto, then dim V < dim U.

(c) If T is one-one, then dim U < dim V.

(d) IfdimU =dim V, then “T is one-one iff T is onto”.
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5.

Let V be the vector space of real valued functions on R
which have derivatives of all orders. Let T : V — V be the
differential operator: Tx = x’. What is N(T)?

Let T: V — V be a linear operator such that T2 = T. Let /
denote the identity operator. Prove that R(T) = N(/ - T)
and N(T)=R(I—-T).

. Find bases for the null space N(T) and the range space

R(T) of the linear transformation T in each of the following:
(a) T:R?2 — R2 with T(xy,X2) = (X1 — Xo,2X2),

(b) T :R? — R3 with T(x1,x2) = (X4 + X2,0,2x3 — X»),

(c) T :R™" — R with T(A) = tr(A).

Let the linear transformation A : Po(R) — P3(R) be defined
by A(p(t)) = tp(t) + C#;(tt) Find N(A) and R(A).

Let B: V — W be a linear transformation, where V and W
are real vector spaces with dim W < dim V < 2013. Show
that B cannot be one-one.
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10. Let M = (a;) be an m x n matrix with a; € F and n > m.

11.

Show that there exists (a1, ..., an) € F" such that
aijaq + apas +---+ apap =0, forali=1,...,m.
Interpret the result for linear systems.

Let A € F™ have columns Ay, ..., An. Let b € F™. Show
the following:
(a) The equation Ax = 0 has a non-zero solution if and only if
A, ..., A, are linearly dependent.
(b) The equation Ax = b has at least one solution if and only if
b € span{Ai,..., An}.
(c) The equation Ax = b has at most one solution if and only if
Ai, ..., Ap are linearly independent.
(d) The equation Ax = b has a unique solution if and only if
rank A = rank[A|b] = n = number of unknowns.
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12.

13.

Consider the system of linear equations:

Xy — Xo+2X3 —3X4 =7,4X1 +3X3+ X4 = 9,

2X1 —5Xo + X3 = —2,3X1 — Xo — X3+ 2x4 = —2. By
determining ranks, decide whether the system has a
solution.

Prove: If U is a subspace of F" and x € F", then there
exists a system of linear equations having n equations and
n unknowns, with coefficients in IF, whose solution set
equals x + U.



Geometry in Vector Spaces?

To study geometrical problems, in which lengths and angles
play a role, we need additional structures in a vector space. For
example, in R? and R3, we have scalar product of vectors.

In R2, we have length as ||x|| = x - x and

cos(angle(x, y)) = W

Let V be a vector space over F, which is either R or C. We
define inner product in a vector space V by accepting some of
the fundamental properties of the scalar product in R? or R3.



Inner Product

Definition: An inner product on a vector space V is a map
(x,y) ~» (x,y) which associates a pair of vectors in V to a
scalar (x, y) satisfying

(@) (x,x) > 0foreach x € V.

(b) (x,x) =0iff x =0.

() (x+y,z)=(x,2)+ (y,z)forall x,y,ze V.
()<axy)_a<xy)foreachaeFandforallxyeV
(e) (y,x) =(x,y)forall x,y € V.

Examples:
1. The scalar product on R? and also on R3 are inner products.
2. For x = (x1,%2,...,Xn), ¥ = V1, Y2, ..., ¥n) € F",

(x,y) = 27:1 XjYj

This inner product is called the standard inner product on F".



Examples

3. Let V be a vector space. Let B = {uy, Us, ..., un} be an
ordered basis for V. Let x = Y"1, oju;and y = >°7, Biu;.
Define (x,y)g = Y14 a;Bi.
This is an inner product on V.
4. Let V be a vector space with dim(V) =n.Let T : V — F" be
a bijective linear transformation. Then

<X7y>T = <TX, Ty>
is an inner product on V. Here, (-) on the right hand side
denotes an inner product on F”.



Examples

5. Let ty, b, ..., th 1 be distinct real numbers. For any p, q € P,

define (p,q) = X1 p(t)q(t).
This is an inner product on Py,.

6. For f,g € C[a, b], take (f,g) = [ f(t)g(t) dt. This is an inner
product on Cla, b].

7. In all the above examples, consider R as the underlying
scalar field and remove the overline from the definition of inner
products. Then the resulting function (-) is an inner product on
the corresponding vector space.



Some Properties of Inner Products

A vector space with an inner product on it is called an inner
product space (ips).

Theorem: Let V be anips. Forall x,y,z< Vandforalla € F,
X y+2)=xy)+{x2), Xay)=alxy).

Proof: (x,y +2) =(y +z,x) = (y,x) + (Z,x)
= <y’X> + <27X> = <X7y> +<X’Z>'




Length or Norm

Definition: Let V be an ips. For any x € V| the length of x,
also called the norm of x is || x|| = \/(x, X).

Forany x € V, ||x|| > 0 and || x| = 0 iff x = 0.

Theorem: Let x,y € V, anips. The parallelogram law holds:
X+ y11Z + llx = yII? = 2[|x]? + 2]y |>.

Proof:
IX+YlF=(X+y,x+y)=(XX)+Xy)+¥.x)+ V5.
Complete the proof.



Cauchy-Schwartz Inequality

Theorem: Let x,y € V, anips. Then |(x,y)| < || x]| ||y
Further, [(x, y)| = |Ix|| ||ly|l iff {x, y} is linearly dependent.

Proof: If y = 0, then obvious. Assume y # 0. Set @ = X%

.y

Now, 0 < ||x — ay|]® = (x — ay, x — ay)
= <X,X>—<X,ay)—a<y,x>+a<y,ay>

= (x,x) —alx,y) — al{y,x) — aly,y)] [& =
_ 2_M _ 2_|(x,y)|2
= |Ix]| vy (x,y) = x| I

= [ < Xyl

Next, equality holds iff y = 0 or x = 2;:? y.

~>

<

N
<

x

~

~



Triangle Inequality and Angle

Theorem: (Trinagle Inequality) For all x, y in an ips,
x4yl < [IxIF+ [yl

Proof: ||x +y|? = (x +y,x +)
= [IXIZ + (X, ¥) + (v, %) + [lyl? = [ x][? + 2Re(x, y) + [y
< IXIP + 21 y)] =+ Iy lZ < [1x112 + 2]l xy )+ [y 112

= (llx]l + Ily[D?.

Definition: Let x, y € V, an ips. The acute angle between x
and y is denoted by 6(x, y), and is defined by

)]
cos004Y) = 1yl




Orthogonality

Definition: Let x, y € V, an ips. The vector x is orthogonal to
y,i.e, x Lyiff (x,y)=0.

If x L y,thenclearly, y L x.

Examples:

1. Let {ey, es,..., ey} be the standard basis for R". Then
e L e; whenever j # j.

2. In C[0, 2], define (f,g) = [ f(t)g(t)at. Since

2T cos mt sin nt dt = 0 for m # n,
cos mt L sin nt, whenever m # n.

It follows that (a) If x L y,then y L x. (b) 0 L x for every x.



Pythagoras

Theorem: (Pythagoras) Let V be anips. Let x,y € V.
(@) If x Ly, then [x +y|® = [[x]® + [ly|.
(b) Suppose V is a real vector space.

If [lx + yII” = x| + llyl[?, then x L y.

Proof: (a) (x +y,x +y) = [Ix[? + (x,y) + (v, x) + [y |I*-
Since x L y, both (x,y) =0= (y,x).

(b) Let V be a real vector space. Then (x,y) = (y, x).

If [[x + yI[> = [|x||* + lly||%, then (x,y) = O.

Example: Take V = C, a complex ips with (x, y) = xy, as
usual. Now,
1+i2=+NA+)=1+1=1]2+]i>

But (1,/) =1 x (—i)=—i#0.




Orthogonal Set

Definition: Let V beanips, SC V,and x € V.
(a) x L Siffforeachy € S, x L y.
(b) St ={xeV:x LS}
(c) Sis called an orthogonal set when
x,y €S, x+# yimpliesx L y.

Example: Let V be an ips. Then

(a) v+ = {0}.

(b) {0} = V.

(c) If Siis a superset of some basis for V, then S+ = {0}.

For (c), let x € V. Then, x = >_7_, a;u; for some n, some «a; € F
and for some u; € S. If y 1 S, then y | x as well. That is,
y L V.



Orthonormal Sets

Definition: Let V be anips. Aset S C Vis called an
orthonormal set if S is orthogonal and ||x|| = 1 for each x € S.
In addition, if V is finite dimensional, then an orthonormal set S
is called an orthonormal basis provided S is also a basis for V.

Example: (a) The standard basis of R” is an orthonormal basis
of it.

(b) The set of functions {cos mt : m € N} in the real ips C|0, 27]
with inner product as (f, g) = 02” f(t)g(t) dt is an orthogonal

set. But fOZ” cos? tdt # 1. Hence, it is not an orthonormal set.

(c) However, {(cos mt)/+/m : m € N} is an orthonormal set in
C[0, 27].



Linear Independence

Theorem: Every orthogonal set of non-zero vectors is linearly
independent. Every orthonormal set is linearly independent.

Proof. Let S be an orthogonal set in an ips V.
ForneN, v;€ S, a; € F, suppose >, a;v; = 0.
Then foreachje {1,...,n},

ZQIVMV/ Zal Vl,V/> —Oé/<V],V/>

i=1

Since v; #0, a; =0. O



A Result

Theorem: Let S = {uy, o, ..., Uy} be an orthonormal set in an
ips V. Let x € span(S). Then

x =Y (x )y and ||x|Z =3 [(x, upf.
Proof: x = ayuy + anols + - - - + apUpy. Then <X7 Uj> = Q.
Next, [[x[|? = (3, aju;, 3o ajun) = 35 32 iUy, uj)
= > aja = Y [(x, upf?. O

Corollary: (Fourior Expansion and Parseval’s Identity)
Let {v1, vo,..., vs} be an orthonormal basis for an ips V. Let
x € V. Then

x=7" vy and |x]®= Y0 [(x, v).



One More Corollary

Theorem: (Bessel’s Inequality) Let {uy, us, ..., un} be an
orthonormal setin anips V. Let x € V. Then

n
D1 up? < x|
j=1
Proof: Let y = Y1 (x, u;) u; Then (x, u;) = (y, uj).
Thatis, x — y 1L uj,foreachi.So, x —y L y.
By Pythagoras’ theorem, |[x||* = [Ix — y||* + |ly|I” > [l
As y € span{uy, ..., un}, by Parseval’s identitty,

Iy 117 = 327 106, w2
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1. Check whether each of the following is an inner product on
the given vector spaces.
(@) (x,y) = xyy; for x = (x1,x2), ¥ = (y1,y2) on V = R?,
(b) (x,y) = x1y; for x = (x1,x%2), ¥ = (y1,y2) on V = C2.
(c) (f,9) = [ F(t)g(t) dton V =P
2. Let B be a basis for a finite dimensional inner product
space. Prove that if (x, y) = 0 for all x € B, then y = 0.
3. Let A= (aj) € R2*2. For x,y € R2*1 let f4(x, y) = y'Ax.
Show that £, is an inner product on R?*" if and only if
a1 = aoq, a1 > 0, asn > 0, and aj1as — agoant > 0.
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4. Let V be an inner product space, and let x, y € V. Show

the following:
(@) [Ix] = 0.
(b) x =0iff || x| = 0.
(€) |lax|| = |a|||x]|, for all « € F.
(d) [Ix + ay| =[x — ay| for all « € Fiff (x,y) = 0.
(e)

e) If [|x +y|l = [|x|| + |ly]l, then either y = 0 or x = ay, for
some « € F.

5. Let V be an inner product space over C. Prove that for all
X,y € V,Re(ix,y) = —Im(x,y).

6. Let V4 and V5 be inner product spaces. Let T : V4 — Vs be
a linear transformation. Prove that
forall (x,y) € Vi x Vs,
(Tx, Ty) = (x,y) if and only if || Tx|| = ||x]|.
[Notice that both the inner products are denoted by (-, -).]



