DEPARTMENT OF MATHEMATICS, 1.I.T. MADRAS
MA 2039 Linear Algebra and Numerical Analysis

Problems Set - 1

1. Show that a set of positive real numbers forms a vector space under
the operations defined by:
T+ y =zy and az = z°.

2. In each of the following parts (a),(b),(c) , a set V' is given and some
operations are defined. Check whether V' is a vector space with these
operations. Justify your answers.

(a) V =R?, for (a;,a2), (b1,b2) €V and o € R, define
(a1,a2) + (b1, b2) = (a1 + by, a2 + b2)

afay,as) = (0,0) if & = 0 and a(ar, as) = (aay, ax/a) if @ # 0.
(b) V =C?, for (a1,az), (b1,b2) €V and a € C, define '
(a1, as) + (by,by) = (a; + 2by, a2 + 3b)

afar, az) = (aa;, aas).

(c) V =R?, for (a1,a2),” (b1,b2) € V and o € R, define
(@1,a2) + (b1, b2) = (a1 + by, a2 + b2)

O.’((ll, Gg) — ((11, 0)

3. In each of the following a vector space V and a subset W is given.
Check whether W is a subspace of V.
(a) V=R?% W ={(z1,22) : 22 = 221 — 1}
(b) V=R} W= {(z1,Z2,23) : 201 — T2 — T3 = 0}
) V=cC(0,1]);, W={feV:f is differentiable}
d)V=C(-1,1); W={feV:[f isanodd function}
(e) V=C(0,1); W={feV:f(z)20 forall z}
(f) V = Py; W is the set of all polynomials ag + a17 + asz? + azz? for

which ag = 0. .
(g) V="Ps; Wis the set of all polynomials ap + a;z + asz? + azz® for

which ag + a1 + a2 + a3z = 0.
(h) V = P3; W is the set of all polynomials ag + a1z + ayz? + azz® for

which ag, a1, az, as are integers.
(i) V = Py; W is the set of all polynomials of the form ag + a;z + asz?.

4. Prove that the only proper subspaces of R? are the straight lines passing
through the origin.

5. Let V be a vector space and W, A, B be subsets of V. Prove the fol-
lowing statements.
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(a) W is a subspace of V' if and only if span(W) = W.
(b) If A C B, then span(A) C span(B).
(c) span(AlJ B) = span(A) + span(B)
(d) span(A( B) C span(A) () span(B)

6. Let W, and W, be subspaces of a vector space V. Prove that
(a) Wi (W, and W, + W, are subspaces of V.
(b) I/Vl T I’VQ = Wl if and only if Wg g Wl
(¢) WilUW, is a subspace if and only if W, C Wy or W, C W,

7. Give an example of three Hnearly dependent vectors in R? such that
none of the three is a scalar multiple of another.

8. In each of the following , a vector space V' and a set A of vectors in
V' is given. Determine whether A is linearly dependent and if it is, ex-

press one of the vectors in A as a linear combination of the remaining
vectors.

(a) V:Ra’ A: {(1’0’-—1)’ (235’ 1)’(0’ _4’3)}

(b)) V=R3 A= {(1, ,3),(4,5,6),(7,8,9)}

(C) V=R3: A= {(11—3:—2):(_3:1,3)1(2)5:7)}

(A V=P, A={z2-3z+5 3+ 22—z 41, z° + 322 — 1}
(e) V =Py, A={-223-112°+ 3z +2, 3 —222 +3z+1, 223+
z? + 3z — 2} '

)V =P;, A={63-322+2+2, o' —2?+2243, 22°+22-3z+1}

. : 1 0 00 0 1
(g) Vis _the set of all matrices of order 2x2, A = {[0 1] ; [O IJ i .[1 0}}

(1) V is the vector space of all real valued functions defined on R.
A={2, sin’z, cosz)

(i) V is same as in (i), 4 = {1, sinz, sin2z}).

(k) V' is same as in (i), A = {cos2z, sin’z, cos*z}.

DV = C([-m,7], A= {sinz,

$in2z, ..., sinnz} where n is some
natural number.
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