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t Classi�
ations : 13C10, 14P101 Introdu
tionLet X = Spec(A) be a smooth a�ne variety of dimension n ≥ 2 over a �eld kand let P be a proje
tive A-module of rank n. It is well-known that in general
P may not split o� a free summand of rank one. Hen
e, it is of interest to �nd1



su�
ient 
onditions for this to happen. When k is an algebrai
ally 
losed �eld,a result of Murthy [9, Theorem 3.8℄ says that if the top Chern 
lass Cn(P ) in
CH0(X) is zero, then P splits o� a free summand of rank one (i.e. P ≃ A⊕Q).Note that over any base �eld, the vanishing of the top Chern 
lass is a ne
essary
ondition for P to split o� a free summand of rank one. However, the exampleof the tangent bundle of an even dimensional sphere shows that this 
onditionis not su�
ient. Therefore, it is natural to ask : under what further 
onditions
Cn(P ) = 0

?⇒ P ≃ A ⊕ Q. In the 
ase k = R, this question was intiallyinvestigated in [2℄ and brought to a satisfa
tory 
on
lusion in [1℄, e.g. it has beenshown (amongst many other results) in [1, Theorem 4.30℄ that when n is odd,then Cn(P ) = 0 implies that P ≃ A⊕ Q. Moreover it is also shown that in the
ase n is even, ∧n(P ) 6≃ KA, then Cn(P ) = 0 is a su�
ient 
ondition for P tohave a free summand of rank one, where KA denotes the 
anoni
al module of Aover R. In this paper we extend these results to the 
ase when the base �eld k isan Ar
himedean real 
losed �eld. More pre
isely, we prove :Theorem 1.1. Let R be an Ar
himedean real 
losed �eld. Let X = Spec(A) bea smooth a�ne variety of dimension n ≥ 2 over R. Let X(R) denote the R-rational points of the variety. Let K denote the 
anoni
al module ∧n(Ω∗
A/R). Let

P be a proje
tive A-module of rank n and let ∧n(P ) = L. Assume that Cn(P ) = 0in CH0(X). Then P ≃ A⊕Q in the following 
ases:1. X(R) has no 
losed and bounded semi-algebrai
ally 
onne
ted 
omponent.2. For every 
losed and bounded semi-algebrai
ally 
onne
ted 
omponent W of
X(R), LW 6≃ KW where KW and LW denote restri
tion of (indu
ed) linebundles on X(R) to W .3. n is odd.Moreover, if n is even and L is a rank 1 proje
tive A-module su
h that thereexists a 
losed and bounded semi-algebrai
ally 
onne
ted 
omponent W of X(R)with the property that LW ≃ KW , then there exists a proje
tive A-module P ofrank n su
h that P ⊕A ≃ L⊕An−1 ⊕A (hen
e Cn(P ) = 0) but P does not havea free summand of rank 1. 2



Note that when the base �eld is R, the semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents are the 
onne
ted 
omponents of X(R) in the Eu
lideantopology.We thank the referee for pointing out an error in the proof of (3.1) in an earlierversion and suggesting a way to 
orre
t it.2 PreliminariesThe �rst part 
an be looked upon as a qui
k referen
e guide to the theory of real
losed �elds and the topologi
al notions related to them. More details 
an befound in [4℄.De�nition 2.1. A �eld R is said to be real if it 
an be ordered in a way su
hthat addition and multipli
ation are 
ompatible with the ordering. An equivalentde�nition is that ∑n
i=1 a

2
i = 0 ⇒ ai = 0∀i. A real 
losed �eld is a real �eld whi
hhas no algebrai
 extensions whi
h are real, equivalently atta
hing a root of −1makes it algebrai
ally 
losed.Su
h �elds 
ome with a natural topology based on intervals like in the 
ase of

R. However, under this topology, the �eld itself is not 
onne
ted (ex
ept in the
ase of R).De�nition 2.2. A subset V of R
n is 
alled a basi
 semi-algebrai
 set if V is ofthe form

{x ∈ R
n|fi(x) = 0, gj(x) > 0, 1 ≤ i ≤ r, 1 ≤ j ≤ s},where fi(x), gj(x) ∈ R[X1, X2, . . . , Xn]. A subset W of R

n is 
alled a semi-algebrai
 set if W is a �nite union of basi
 semi-algebrai
 sets.A semi-algebrai
 subset W of R
n is semi-algebrai
ally 
onne
ted if for everypair of disjoint, 
losed, semi-algebrai
 subsets F1 and F2 of W , satisfying

F1 ∪ F2 = W , either F1 = W or F2 = W .Now we quote a result, the proof of whi
h 
an be found in [4, Theorem 2.4.4℄.Theorem 2.3. Every semi-algebrai
 subset W of R
l is the disjoint union ofa �nite number of semi-algebrai
ally 
onne
ted semi-algebrai
 subsets W1,W2,3



. . . ,Ws whi
h are 
losed in W . The W1,W2, . . . ,Ws are 
alled the semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents of W .Remark 2.4. When the �eld is R, the semi-algebrai
ally 
onne
ted semi-algebrai

omponents are same as the 
onne
ted 
omponents by [4, Theorem 2.4.5℄.Let R →֒ R
′ be real 
losed �elds. Let X = Spec(A) be a smooth a�ne varietyover R and let X(R) denote the set of R-rational points of X. Let A′ = A⊗R R

′and let X ′ = Spec(A′) be the 
orresponding (smooth) a�ne variety over R
′.Note that, �xing a 
losed embedding of X(R) in R

l (for suitable l), we 
anregard the topologi
al spa
e X(R) as a subspa
e of X(R′). Let W ′
1,W

′
2, . . . ,W

′
sbe the semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents of X(R′). Let

Wi = W ′
i ∩ X(R). Then, W1,W2, . . . ,Ws are pre
isely the semi-algebrai
ally
onne
ted semi-algebrai
 
omponents of X(R) (for a proof of a more generalresult see [4, Proposition 5.3.6℄). Note that W ′

i is 
losed and bounded if and onlyif Wi 
losed and bounded.Now we state the Artin-Lang homomorphism theorem ([4, Thm. 4.1.2℄).Theorem 2.5. Let A be a �nite type R-algebra. If there exists an R-algebrahomomorphism φ : A→ R
′ into a real 
losed extension R

′ of R, then there existsan R-algebra homomorphism ψ : A→ R.In parti
ular, if A is an R-subalgebra of R
′, then we get a retra
tion from Ato R.To make the paper self-
ontained, we de�ne the Euler Class Group. On
eagain, more details 
an be obtained in either [1℄ or [3℄.De�nition 2.6. De�nition of E(A,L) and E0(A,L)Let A be a ring of dimension n ≥ 2 and let L be a proje
tive A-module of rank

1. Write F = L ⊕ An−1. Let J ⊂ A be an ideal of height n su
h that J/J2is generated by n elements. Two surje
tions α, β from F/JF to J/J2 are saidto be related if there exists σ ∈ SLA/J(F/JF ) su
h that ασ = β. Clearly thisis an equivalen
e relation on the set of surje
tions from F/JF to J/J2. Let [α]denote the equivalen
e 
lass of α. Su
h an equivalen
e 
lass [α] is 
alled a lo
al
L-orientation of J . By abuse of notation, we shall identify an equivalen
e 
lass4



[α] with α. A lo
al L-orientation α is 
alled a global L-orientation if
α : F/JF ։ J/J2 
an be lifted to a surje
tion θ : F ։ J .Let G be the free abelian group on the set of pairs (N , ωN ) where N is an
M-primary ideal for some maximal ideal M of height n su
h that N /N 2 isgenerated by n elements and ωN is a lo
al L-orientation of N . Now let J ⊂ A bean ideal of height n su
h that J/J2 is generated by n elements and ωJ be a lo
al
L-orientation of J . Let J = ∩iNi be the (irredundant) primary de
ompositionof J . We asso
iate to the pair (J, ωJ), the element ∑

i(Ni, ωNi
) of G where ωNiis the lo
al orientation of Ni indu
ed by ωJ . By abuse of notation, we denote

∑

i(Ni, ωNi
) by (J, ωJ).Let H be the subgroup of G generated by the set of pairs (J, ωJ), where J isan ideal of height n and ωJ is a global L-orientation of J .The Euler 
lass groupof A with respe
t to L is E(A,L)

def
= G/H . We write E(A) for E(A,A).Further, let G0 be the free abelian group on the set (N ) where N is an M-primary ideal for some maximal idealM of height n su
h thatN /N 2 is generatedby n elements. Let J ⊂ A be an ideal of height n su
h that J/J2 is generatedby n elements. Let J = ∩iNi be the (irredundant) primary de
omposition of

J . Let (J) denote the element ∑

i(Ni) of G0. Let H0 be the subgroup of G0generated by elements of the type (J), where J is an ideal of height n su
h thatthere exists a surje
tion α : L⊕An−1
։ J . Then, E0(A,L)

def
= G0/H0. From thede�nitions of E(A,L) and E0(A,L), it is 
lear that there is a 
anoni
al surje
tionfrom E(A,L) ։ E0(A,L).Now let P be a proje
tive A-module of rank n su
h that L ≃ ∧n(P ) and let

χ : L
≃→ ∧nP be an isomorphism. Let ϕ : P ։ J be a surje
tion where J is anideal of height n. Therefore we obtain an indu
ed surje
tion ϕ : P/JP ։ J/J2.Let γ : L/JL ⊕ (A/J)n−1 ≃ P/JP be an isomorphism su
h that ∧n(γ) = χ. Let

ωJ be the lo
al L-orientation of J given by ϕ ◦ γ : L/JL ⊕ (A/J)n−1
։ J/J2.Let e(P, χ) be the image in E(A,L) of the element (J, ωJ) of G. The assignmentsending the pair (P, χ) to the element e(P, χ) of E(A,L) is well de�ned. TheEuler 
lass of (P, χ) is de�ned to be e(P, χ).We note that for an a�ne ring over a real 
losed �eld R, a maximal ideal mof A is 
alled real if A/m ≃ R. Now we state a few results for later use.5



We begin with a lemma whi
h 
an be easily dedu
ed from the Eisenbud-Evanstheorem as stated in [10, pg. 1420℄.Lemma 2.7. Let R be a Noetherian ring and let K be a proper ideal of height dsu
h that K/K2 is generated by d elements. Then we 
an 
hoose g1, . . . , gd whi
hare generators of K/K2 and ht.(g1, . . . , gd−1) = d− 1.Proof. Choose f1, . . . , fd whi
h generate K/K2. Then, (f1, . . . , fd) + K2 = K.Hen
e, there exists e ∈ K2 su
h that (f1, . . . , fd, e) = K. Sin
e ht.(K) =

ht.(f1, . . . , fd, e) = d, by the Eisenbud-Evans theorem, there exists c1, c2, . . . , cdsu
h that ht.(f1 + c1e, . . . , fd + cde) = d. Let f ′
i = fi + cie. Again, using theEisenbud-Evans theorem, there is a b1, b2, . . . , bd−1 su
h that if gi = f ′

i + bif
′
d,then ht.(g1, . . . , gd−1) = d− 1. Let gd = f ′

d. Then (g1, . . . , gd, e) = K.As an appli
ation, we dedu
e the following :Lemma 2.8. Let A be a smooth, a�ne domain over a real 
losed �eld R andlet I be a proper ideal of height n ≥ 2 su
h that I/I2 is generated by n ele-ments and I is not 
ontained in any real maximal ideal of A. Then there exists
{a1, a2, . . . , an−1} ⊂ I su
h that1. ht.(a1, a2, . . . , an−1) = n− 1.2. (a1, a2, . . . , an−1) is not 
ontained in any real maximal ideal of A.3. I/(a1, a2, . . . , an−1) is an invertible ideal in A/(a1, a2, . . . , an−1)Proof. Let b1, b2, . . . , bn be elements of I whi
h generate I/I2. Then (b1, b2, . . . , bn)+

I2 = I. Sin
e I does not belong to any real maximal ideal, we 
an �nd anelement b ∈ I whi
h does not belong to any real maximal ideal. By [2, Lemma4.1℄ (whi
h is true for any real 
losed �eld), there exists c ∈ A su
h that theelement a1 = b1 + cb2 does not belong to any real maximal ideal of A. Let
R = A/(a1) and let K = I/(a1). Then ht.(K) = n − 1 and as (a1, b2, . . . , bn) +

I2 = I, K/K2 is generated by n − 1 elements. Therefore, by (2.7), there exist
a2, . . . , an ∈ I su
h that ht.(a2, . . . , an−1) = n−2 and (a2, . . . , an−1, an)+K

2 = K.Hen
e, ht.(a1, a2, . . . , an−1) = n − 1 and (a1, a2, . . . , an−1, an) + I2 = I. Further,
(a1, a2, . . . , an−1) is not 
ontained in any real maximal ideal of A.6



Now note that A/(a1, a2, . . . , an−1) is Cohen-Ma
aulay (sin
e it is a quotientof a regular ring by a 
omplete interse
tion), I/(a1, a2, . . . , an−1) has height 1 andis lo
ally generated by an. Hen
e, I/(a1, a2, . . . , an−1) is an invertible ideal. This
ompletes the proof of the lemma.The proof of the following lemma is exa
tly same as [1, Lemma 4.28℄ when
R = R.Lemma 2.9. Let B be an a�ne ring of dimension 1 over a real 
losed �eld R su
hthat B does not have any real maximal ideal. Let L1 be a proje
tive B- module ofrank 1 and let J be an invertible ideal of B. Then for any positive integer r thereexists an invertible ideal J1 of B su
h that J + J1 = B and L1 ≃ J ∩ J1

r.The following result is proved in [3, Lemma 5.4℄.Lemma 2.10. Let A be a Noetherian ring of dimension n ≥ 2. Let J ⊂ A bean ideal of height n and ωJ be a lo
al L-orientation of J . Let a ∈ A/J be a unit.Then (J, ωJ) = (J, a2ωJ) in E(A,L).We 
on
lude this se
tion by stating a result of Bhatwadekar-Raja Sridharanwhi
h is 
ru
ial for the results to follow ([3, Corollary 4.4℄)Theorem 2.11. Let A be a ring of dimension n ≥ 2 
ontaining the �eld Q ofrationals. Let L be a proje
tive A-module of rank 1 and P be a proje
tive
A-module of rank n with L ≃ ∧n(P ). Let χ : L

≃→ ∧nP be an isomorphism. Let
J ⊂ A be an ideal of height n and ωJ be a lo
al L-orientation of J . Then,1. Suppose that the image of (J, ωJ) is zero in E(A,L). Then there exists asurje
tion α : L⊕ An−1

։ J su
h that ωJ is indu
ed by α (in other words,
ωJ is a global L-orientation).2. P ≃ Q ⊕ A for some proje
tive A-module Q of rank n − 1 if and only if
e(P, χ) = 0 in E(A,L). 7



3 Stru
ture of the Euler Class GroupWe give the set-up whi
h will be used subsequently :Let R be a real 
losed �eld. LetX = Spec(A) be an a�ne variety of dimension
n ≥ 2 over R. Let X(R) denote the set of the real maximal ideals of A (the setof R-rational points of X). Let R(X) denote the lo
alization of A with respe
tto the multipli
atively 
losed subset of A 
onsisting of all elements whi
h do notbelong to any real maximal ideal. Note that sin
e R is real 
losed, X(R) 
anbe thought of as the set of maximal ideals of R(X). Moreover, by ([4, Theorem4.4.5℄), R(X) = S−1

A (A), where SA = {1 +
∑p

i=1 f
2
i |f1, f2, . . . , fp ∈ A}.For a �nitely generated proje
tive A-module of rank 1, L, we denote LX =

L⊗A R(X). Throughout this paper, we assume that X(R) is not empty.Now let X be smooth. The group of zero 
y
les of X modulo rationalequivalen
e will be denoted by CH0(X). Re
all that if I is an ideal in A ofheight n su
h that I/I2 is generated by n elements, then [I] denotes the 
y
leasso
iated to A/I in CH0(X) and (I) denotes an element of E0(A,L) asso
iatedto I.From the de�nition of CH0(X), it is 
lear that there exists a natural surje
tion
E0(A,L) ։ CH0(X). Then, the indu
ed map ΘL : E(A,L) ։ CH0(X) hasthe property that if P is a proje
tive A-module of rank n with an isomorphism
χ : ∧n(P ) ≃ L, then ΘL(e(P, χ)) = Cn(P ), where Cn(P ) denotes the nth Chern
lass of P (whi
h is an element of CH0(X)). Therefore, in view of (2.11), inorder to 
on
lude that P ≃ A ⊕ Q given Cn(P ) = 0, it is enough to prove that
e(P, χ) = 0 for some χ, and hen
e 
omputation of the Euler 
lass group E(A,L)is 
ru
ial.Further, there exists a natural surje
tion ΓL : E(A,L) ։ E(R(X), LX). Notethat by [1, Lemma 2.7℄, it 
an be shown that every element of ker ΓL is of the form
(I, ωI) where I is an ideal of height n not 
ontained in real maximal ideal and ωIis a lo
al L-orientation. Hen
e, we denote ker ΓL by ER̄(L) where R̄ denotes thealgebrai
 
losure of R. We �rst show that ER̄(L) is a torsion-free and divisiblegroup, and hen
e E(A,L) ≃ E(R(X), LX) ⊕ ER̄(L).Let AR̄ = A⊗R R̄ and Y = Spec(AR̄). Then AR̄ is a smooth a�ne R̄-algebraof dimension n ≥ 2 and hen
e CH0(Y ) is a divisible group. Let π : Y → X8



be the 
anoni
al map. Note that π is a �nite morphism and it indu
es grouphomomorphisms π∗ : CH0(X) → CH0(Y ) and π∗ : CH0(Y ) → CH0 0(X) su
hthat the 
omposition π∗π∗ is multipli
ation by 2. Let G = π∗(CH0(Y )). Then, Gis torsion-free and divisible (see [1, Lemma 4.25℄ for a proof). Therefore, it su�
esto show that ER̄(L) ≃ G. In view of the des
ription of the elements of ER̄(L), itis easy to see that the image of ER̄(L) under the map ΘL : E(A,L) → CH0(X)is 
ontained in G and therefore it su�
es to prove the following proposition.Proposition 3.1. (ΘL)|(ER̄(L)) is an isomorphism with image G.Remark 3.2. This proposition has been proved in [1℄ in the 
ase R = R. Theproof in [1℄ depends on two key results namely (i)E0(A,L) ≃ CH0(X) and (ii)thetopologi
al result that every topologi
al line bundle is 2-torsion on a real manifold.Though our proof is on similar lines, we 
ir
umvent these results. More pre
isely,we do not use (i), and instead of (ii), we prove that any rank 1 proje
tive moduleover R(X) is 2-torsion.Proof. We �rst prove that the map ER̄(L) → G is inje
tive. Let x = (I, ωI) ∈
ER̄(L) su
h that ΘL((I, ωI)) = 0 where I is an ideal of A of height n 
ontained inonly non-real maximal ideals. First note that sin
e I is 
ontained in only non-realmaximal ideals, every unit of A/I is a square. Therefore, in view of (2.10), inorder to prove that (I, ωI) = 0 in E(A,L) it is enough to show that there is asurje
tion α : L⊕ An−1

։ I.Sin
e I is not 
ontained in any real maximal ideals and I/I2 is generated by nelements, using (2.8) we obtain {a1, . . . , an−1} ⊂ I su
h that (a1, a2, . . . , an−1) isnot 
ontained in any real maximal ideal of A, I/(a1, a2, . . . , an−1) is an invertibleideal in A/(a1, a2, . . . , an−1) and ht.(a1, a2, . . . , an−1) = n− 1.Let B = A/(a1, · · ·an−1) and J = I/(a1, · · ·an−1). Then B is an a�ne ringof dimension 1 over R whi
h does not have any real maximal ideal and J is aninvertible ideal of B. Hen
e, letting r = 2(n− 1)!, lemma 2.9 gives an invertibleideal J1 of B su
h that J + J1 = B and J ∩ J1
r is a surje
tive image of L⊗A B.Let I1 be an ideal of A su
h that (a1, · · ·an−1) ⊂ I1 and I1/(a1, · · ·an−1) = J1.Let I1(r) = (a1, · · ·an−1) + I1

r. From 
onstru
tion it is 
lear that there exists asurje
tion β : L ⊕ An−1
։ I ∩ I1(r). Thus, the 
lass 
orresponding to I ∩ I1(r) is9



0 in E(A,L). Hen
e, if we 
an prove that there is a surje
tion L⊕ An−1
։ I1

(r),then we are done.Now, we know that ΘL((I, ωI)) = [I] = 0 and note that the image of (I ∩
I1

(r), ∗) under ΘL is also 0. Hen
e, [I1
(r)] = 0. But, as I1 is 
ontained only innon-real maximal ideals, [I1] also lies in G, and [I1

(r)] = r[I1] and so r[I1] = 0.Sin
e G is torsion-free, [I1] = 0.By [6, Theorem 4.1℄, we obtain that (n − 1)!(I1) = (I1
((n−1)!)) = 0 in E0(A).Now by [1, Lemma 3.6℄ and [1, Proposition 3.7℄, we have a natural map E0(A,L) →

E(A,L) so that (I1
((n−1)!)) 7→ (I1

(2(n−1)!), ∗) where ∗ denotes an orientation of
I1

(2(n−1)!). Re
all that r = 2(n − 1)!. Hen
e, (I1
(r), ∗) = 0 in E(A,L), whi
hmeans ∃L⊕ An−1

։ I1
(r). Hen
e we have proved inje
tivity.Surje
tivity follows by imitating proofs of [1, Lemma 4.2℄ and [1, Lemma4.26℄ on
e we show that if Z = Spec(B) is a smooth, a�ne domain of dimension

1 over R and n is a maximal ideal of R(Z), then n
2 is a prin
ipal ideal. Thenext result shows that indeed su
h is the 
ase. This 
ompletes the proof of theisomorphism.Proposition 3.3. Let R be a real 
losed �eld and let Z = Spec(B) be an a�nealgebra over R. Let E be a �nitely generated proje
tive module of rank 1 over

R(Z). Then, E ⊗R(Z) E
∼→ R(Z).Thus, the group of rank one proje
tive R(Z)-modules is 2-torsion.Proof. We �rst note that if R is a ring and m is a maximal ideal of R su
h that

R/m is a real �eld, then ∑n
i=1 a

2
i ∈ m implies that ∑n

i=1 āi
2 = 0 in R/m ⇒ āi =

0 ∀i ⇒ ai ∈ m ∀i. Thus, ∑n
i=1 a

2
i ∈ m =⇒ ai ∈ m ∀i.Let (e1, e2, . . . , en) be a set of generators for E. We 
laim that e =

∑n
i=1 ei⊗eigenerates E ⊗R(Z) E. To 
he
k this, it is enough to 
he
k it in every lo
alizationat a maximal ideal. All maximal ideals are real. Let m be one su
h. Then Emis a free module of rank 1, hen
e generated by ei for some i, 1 ≤ i ≤ n. Withoutloss of generality, we assume that it is generated by e1. Then, Em ⊗R(Z)

m
Emis generated by e1 ⊗ e1. Further, ei = aie1, ai ∈ R(Z)

m
and a1 = 1. Then,

e =
∑n

i=1 ei ⊗ ei = (
∑n

i=1 a
2
i )(e1 ⊗ e1). Sin
e 1 = a1 and the residue �eld of thelo
al ring is R, ∑n

i=1 a
2
i is a unit in R(Z)m. Thus, Em ⊗R(Z)

m
Em is generatedby e =

∑n
i=1 ei ⊗ ei. Thus, we see that E ⊗R(Z) E

∼→ R(Z).10



As a 
onsequen
e of the above proposition, we have the following generalisa-tion of [1, Lemma 4.2℄ whi
h 
an be proved along similar lines.Corollary 3.4. Let R be a real 
losed �eld and let X = Spec(A) be an a�nevariety of dimension n ≥ 2. Let LX be a R(X)-proje
tive module of rank 1 and
I be an ideal of R(X) of height n su
h that I/I2 is generated by n elements.Let ωI be a lo
al LX-orientation. Then, (I, ωI) + (I,−ωI) = 0 in E(R(X), LX).Hen
e, the 
anoni
al surje
tion E(R(X), LX) ։ E0(R(X), LX) fa
tors through
E(R(X), LX)/2 E(R(X), LX).In view of (3.1), to understand the stru
ture of E(A,L), we need to investigatethe stru
ture of E(R(X), LX). When the base �eld is R, the following stru
turetheorem has been proved in [1, Theorem 4.21℄ in terms of 
ompa
t, 
onne
ted
omponents of X(R).Theorem 3.5. Let Y = Spec(B) be a smooth a�ne variety of dimension n ≥ 2over the �eld R and let K = ∧n(Ω∗

B/R) be the 
anoni
al module of B. Let E bea proje
tive B-module of rank 1. Let W1, · · · ,Wr,Wr+1, · · · ,Wt be the 
ompa
t
onne
ted 
omponents of Y (R) in the Eu
lidean topology. Let KWi
and EWi

denoterestri
tion of (indu
ed) line bundles on Y (R) to Wi. Assume that EWi
≃ KWi

for
1 ≤ i ≤ r and EWi

6≃ KWi
for r + 1 ≤ i ≤ t. Then,

E(R(Y ), E ⊗B R(Y )) = G1 ⊕ · · · ⊕Gr ⊕Gr+1 ⊕ · · · ⊕Gt,where Gi = Z for 1 ≤ i ≤ r and Gi = Z/(2) for r + 1 ≤ i ≤ t. Moreover, givenany m ∈Wi and an E-orientation ωm, Gi is generated by (m, ωm) for 1 ≤ i ≤ t.Using this stru
ture theorem, we now dedu
e a similar stru
ture theorem whenthe base �eld R is an Ar
himedean real 
losed �eld. Note that every Ar
himedean�eld is uniquely order isomorphi
 to a sub�eld of R and hen
e we may assume itis a
tually 
ontained in R.We begin with some generalities. Let k →֒ k′ be a �eld extension. Let
X = Spec(A) be an a�ne variety of dimension n ≥ 2 over k and let A′ = A⊗k k

′,
X ′ = Spec(A′). Let Υ be the indexing set for all �nite type algebras Cα over
k 
ontained in k′. Then lim−→{α∈Υ}

Cα = k′ and hen
e, A′ = lim−→{α∈Υ}
Aα where

Aα = A⊗k Cα. 11



Let L be a proje
tive A-module of rank 1 and L′ = L⊗AA
′. Sin
e A′ is a ringof dimension n whi
h is faithfully �at over A, it is easy to see that there exist
anoni
al maps E(A,L) → E(A′, L′) and E0(A,L) → E0(A

′, L′). Moreover, if kand k′ are real 
losed �elds, then we 
an extend these maps 
anoni
ally to maps
E(k(X), LX) → E(k′(X ′), L′

X′) and E0(k(X), LX) → E0(k
′(X ′), L′

X′).Now, we state a lemma, the proof of whi
h is very easy and hen
e, we onlyoutline the proof.Lemma 3.6. Let {Aα|α ∈ Υ} be a dire
t system of rings. Let A = lim−→{α∈Υ}
Aα.1. Let M be a �nitely presented A-module. Then, there exists α ∈ Υ and a�nitely presented Aα-module Mα su
h that M ∼= Mα ⊗Aα

A.2. Let f : M → N be a homomorphism between two �nitely presented
A-modules. Then, there exists α ∈ Υ, �nitely presented Aα-modules Mα,
Nα and an Aα-homomorphism fα : Mα → Nα su
h that M ∼= Mα ⊗Aα

A,
N ∼= Nα ⊗Aα

A and
M

f
//

≀
��

N

≀
��

Mα ⊗Aα
A

fα
// Nα ⊗Aα

AIn parti
ular, if f is an epimorphism, then we 
an 
hoose fα to be anepimorphism.Proof. Sin
e M is a �nitely presented module, there is an exa
t sequen
e
An

h→ Am → M → 0. Then the map h is given by an m × n matrix H with
oe�
ients in A. Sin
e A = lim−→{α∈Υ}
Aα, ∃α ∈ Υ su
h that the entries of H
ome from Aα, i.e. there is a matrix Hα with entries in Aα whi
h map to the
orresponding entries of the matrix H . Let hα : Anα → Amα be the 
orrespondingmap. LetMα be the 
okernel of the map given by Anα hα→ Amα . Then,Mα is �nitelypresented and M ∼= Mα ⊗Aα

A. This proves the �rst part. For the se
ond part,let g be the 
omposite map Am → M
f→ N . Choose Mβ and Nβ as in the �rstpart. Then, one 
an de�ne a map gβ : Amβ → Nβ so that gβ ⊗Aβ

A = g. Then,the 
omposite map gβ ◦ hβ : Anβ → Nβ is su
h that gβ ◦ hβ ⊗Aβ
A = g ◦ h = 0.12



Hen
e, by the property of the dire
t limit, and sin
e n is �nite, there exists α ≻ βsu
h that gα ◦ hα = (gβ ⊗Aβ
Aα) ◦ (hβ ⊗Aβ

Aα) = gβ ◦ hβ ⊗Aβ
Aα = 0. Sin
e

Mα = Mβ ⊗Aβ
Aα is the 
okernel of hα : Anα → Amα , there is an indu
ed map

fα : Mα → Nα. Clearly, this map satis�es the required property. Further, if fwas an epimorphism, then so is g and so one 
an 
hoose gβ to be an epimorphismwhi
h will make gα and hen
e fα an epimorphism. Hen
e, proved.Now we work in the following set-up : R is an Ar
himedean real 
losed �eldand X = Spec(A) is a smooth, a�ne variety of dimension n ≥ 2 over R. Let
B = A ⊗R R and let Y = Spec(B). Let L be a rank 1 proje
tive A-module andlet L′ = L⊗A B. Note that L′

Y = LX ⊗R(X) R(Y ).Proposition 3.7. The 
anoni
al maps E(R(X), LX) → E(R(Y ), L′
Y ) and

E0(R(X), LX) → E0(R(Y ), L′
Y ) are isomorphisms. In parti
ular, E0(R(X), LX)is a ve
tor spa
e of rank t over the �eld Z/(2) where t is the number of 
losed andbounded semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents of X(R).Proof. We �rst prove the isomorphism for E(R(X), LX) → E(R(Y ), L′

Y ).(i) Inje
tivity : Let J be an ideal of height n in R(X) su
h that J/J2 is generatedby n elements and let ωJ be a surje
tive map from F = LX ⊕ R(X)n−1
։ J/J2(a lo
al L-orientation). Let I = JR(Y ). Now suppose there is a surje
tive map

θI : F⊗R(X)R(Y ) ։ I whi
h is a lift of ωJ⊗R(X)R(Y ). Then, by lemma 3.6, thereexists an a�ne R-subalgebra C of R su
h that if T = {1+
∑p

i=1 f
2
i |f1, f2, . . . , fp ∈

A⊗RC}, and D = T−1(A⊗RC), then there is a surje
tion θ : F ⊗R(X)D ։ JD,whi
h is a lift of ωJ ⊗R(X) D.Sin
e R →֒ C →֒ R, by (2.5), R is a retra
t of C and hen
e, A is a retra
t of
A⊗R C. Let β : A⊗R C → A be an A-algebra homomorphism whi
h gives riseto this retra
t. Let SA = {1 +

∑p
i=1 f

2
i |f1, f2, . . . , fp ∈ A}. Sin
e SA ⊂ T and

β(T ) = SA, R(X) ⊂ D and β indu
es a retra
tion σ : D ։ R(X). In view ofthis, it is easy to see that the map θ ⊗D R(X) is indeed a lift of ωJ . Thus, themap E(R(X), LX) → E(R(Y ), L′
Y ) is inje
tive.(ii) Surje
tivity : Let W1, · · · ,Wr,Wr+1, · · · ,Wt be the 
ompa
t 
onne
ted
omponents of Y (R) in the Eu
lidean topology. Then by (3.5), we get that13



E(R(Y ), L′
Y ) = ⊕t

i=1Gi. Further, given any m ∈ Wi and an L′
Y -orientation ωm,

Gi is generated by (m, ωm) for 1 ≤ i ≤ t. Note that by (2.4), if W is a 
onne
ted
omponent of Y (R), then W ∩X(R) 6= ∅. Hen
e, there exists a maximal ideal miof R(X), su
h that mi ∈Wi∩X(R). Now we 
hoose any LX -orientation ωi of mi.Then,(mi, ωi) maps to a generator of Gi. Hen
e, E(R(X), LX) → E(R(Y ), L′
Y )is surje
tive.Using [2, Theorem 4.10℄ and (3.5), it is easy to see that the indu
ed map

E(R(Y ), L′
Y )/2 E(R(Y ), L′

Y ) → E0(R(Y ), L′
Y ) is an isomorphism.Therefore, the 
omposite map E(R(X), LX)/2 E(R(X), LX) → E0(R(Y ), L′

Y )is an isomorphism. But by (3.4), we know that this map is a
tually the 
ompositemap E(R(X), LX)/2 E(R(X), LX) ։ E0(R(X), LX) → E0(R(Y ), L′
Y ). Hen
e,

E0(R(X), LX) → E0(R(Y ), L′
Y ) is an isomorphism. Hen
e, by [2, Theorem 4.10℄and (2.4), we see that E0(R(X), LX) is a ve
tor spa
e of rank t over the �eld

Z/(2) where t is the number of 
losed and bounded semi-algebrai
ally 
onne
tedsemi-algebrai
 
omponents of X(R).Remark 3.8. Let R →֒ R
′ be an extension of real 
losed �elds and let X =

Spec(A) be an a�ne variety over R and let L be a rank 1 proje
tive A-module.Let A′ = A⊗R R
′, X ′ = Spec(A′) and L′ = L⊗AA

′. Then the above proof showsthat E(A,L) → E(A′, L′) and E(R(X), LX) → E(R′(X ′), L′
X′) are both inje
tive.As a 
onsequen
e, we have the following result.Corollary 3.9. Let R be a real 
losed �eld and let

B = R[X0, X1, . . . , Xn]/(

n
∑

i=0

X2
i − 1)denote the 
oordinate ring of the sphere Sn(R). Assume that n is even. Let Qbe a proje
tive B-module 
orresponding to the tangent bundle of Sn(R). Then Qdoes not split o� a free summand of rank 1.Proof. Let K denote the algebrai
 
losure of Q in R. It is easy to see that

K is isomorphi
 to Q̄ ∩ R where Q̄ denotes the algebrai
 
losure of Q in C. Let
A = K[X0, X1, . . . , Xn]/(

∑n
i=0X

2
i −1). Let P be the kernel of the map An+1

։ Asending ei to X̄i. Then ∧n(P ) ≃ A. Let χ be a generator of ∧n(P ).14



Note that B = A ⊗K R and Q = P ⊗A B. Let χ′ = χ ⊗A B. To prove theresult, it is enough to show that e(Q,χ′) 6= 0 in E(B). But sin
e e(Q,χ′) is theimage of e(P, χ) under the inje
tive map E(A) →֒ E(B), it is enough to showthat e(P, χ) 6= 0 in E(A). But sin
e K is an Ar
himedean �eld, by a result ofKong [8, Theorem 6.1℄, e(P, χ) 6= 0.We return ba
k to the set-up we were in, namely that R is an Ar
himedeanreal 
losed �eld, and X = Spec(A) is a smooth, a�ne variety over R. Let
W ′

1,W
′
2, . . . ,W

′
t be the 
ompa
t 
onne
ted 
omponents of Y (R). Then, in viewof (3.7) and (3.5), we know that E(R(X), LX) = ⊕t

i=1Gi where Gi = Z or
Gi = Z/(2). Let Wi = W ′

i ∩ X(R). By (2.4), W1,W2, . . . ,Wt are pre
isely the
losed and bounded semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents of
X(R). Let x ∈ Wi and let m be the real maximal ideal of R(X) 
orrespondingto x. Let ωm be an LX -orientation of m. Let Gi be the 
y
li
 subgroup of
E(R(X), LX) generated by (m, ωm). We denote by Li the semi-algebrai
 linebundle on Wi indu
ed by LX and by L′

i, the semi-algebrai
 line bundle on W ′
iindu
ed by L′

Y . Now we prove some results whi
h give us a 
riterion to determinewhether Gi = Z or Gi = Z/(2) in terms of the semi-algebrai
 line bundle Li. Westart with a lemma in this dire
tion.Lemma 3.10. Let V be a semi-algebrai
ally 
onne
ted semi-algebrai
 set andlet π : E → V be a semi-algebrai
 line bundle. Then, E∗ = E \ {zero section}has 2 semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents if and only if E issemi-algebrai
ally trivial.Proof. If E is semi-algebrai
ally trivial, it is 
lear that E∗ = E \ {zero section}has two semi-algebrai
ally 
onne
ted semi-algebrai
 
omponents. We now provethe other part.In view of [4, Lemma 12.7.3℄, it is easy to see that every semi-algebrai
 ve
torbundle 
omes equipped with a 
ontinuous, semi-algebrai
 map E ⊕E b→ R (
alleda Riemannian metri
) su
h that restri
ted to ea
h �bre, it is an inner produ
t.Let θ be the 
omposite map E ∆→ E ⊕ E b→ R indu
ed through the diagonal.Then, E∗ = θ−1(0,∞). Let E∗ = U1 ⊔ U2,U1 6= φ,U2 6= φ, where U1 and U2 aresemi-algebrai
 open subsets. 15



Step 1 : We shall prove that for every �bre the interse
tion with U1 and U2 isnon-empty. Let V1 = {x ∈ V : U1 ∩ Ex 6= φ,U2 ∩ Ex 6= φ} = π(U1) ∩ π(U2)

V2 = {x ∈ V : U1 ∩ Ex = φ} = {x ∈ V : E∗
x ⊆ U2} = π(U2) ∩ (π(U1))

c and
V3 = {x ∈ V : U2 ∩ Ex = φ} = {x ∈ X : E∗

x ⊆ U1} = π(U1) ∩ (π(U2))
c.Sin
e a line bundle is lo
ally trivial, all the three sets are 
learly open in V .Sin
e π is semi-algebrai
, these sets are also semi-algebrai
. Again, they are
learly disjoint and span X. Sin
e X is semi-algebrai
ally 
onne
ted, V = Vi forsome i. If V = V2, then E∗

x ⊆ U2 ∀x ∈ X ⇒ E∗ = U2 ⇒ U1 = φ whi
h is a
ontradi
tion. Hen
e, V 6= V2. Similarly, V 6= V3. Hen
e, V = V1. Therefore,given x ∈ V, U1 ∩ Ex 6= φ and U2 ∩ Ex 6= φ. But E∗
x has exa
tly two semi-algebrai
ally 
onne
ted 
omponents. Therefore, they are exa
tly U1 ∩ Ex and

U2 ∩ Ex.Step 2 : We will now de�ne a se
tion. Let x ∈ V and restr
i
t θ to Ex. This isthe square of a norm on the 1-dimensional ve
tor spa
e over R. Therefore, thereexist two elements of Ex su
h that their evaluation under θ is 1. Further, if oneof them is t, then the other is −t. From step 1, exa
tly one of these elementslies in U1. In other words, θ−1(1) ∩ Ex ∩ U1 is a singleton set. De�ne the map
ψ : V → E∗ sending x to the element of θ−1(1) ∩ Ex ∩ U1.Step 3 : We will now show that ψ is 
ontinuous and semi-algebrai
. We �rst notethat there is a �nite, open, semi-algebrai
ally 
onne
ted, semi-algebrai
 
overingof our base spa
e V su
h that the bundle is trivial on them. Then, it is enoughto prove that for ea
h su
h open set U , ψ|U is 
ontinuous and semi-algebrai
.Let U be one of the open sets in the 
over and let α be a lo
al trivializationof E over U , i.e.

U × R

p
""

FFF
FF

FF
FF

α
// π−1(U)

π
{{ww

ww
ww

ww
w

UNow, note that π−1(U) ∩ E∗ has exa
tly two semi-algebrai
ally 
onne
ted 
om-ponents, π−1(U)∩U1 and π−1(U)∩U2 whi
h 
orrespond to U ×R
+ and U ×R

−through α. W.l.g. we 
an always assume that U × R
+ ∼→ π−1(U) ∩ U1 (else we16




hoose −α). Then, it is enough to prove the 
omposite
U

ψ→ π−1(U) ∩ U1

α−1

∼→ U × R
+is 
ontinuous and semi-algebrai
. Let w ∈ U . Consider θ(α(w, 1)) = r(w) > 0.Then r is a 
ontinuous, semi-algebrai
 fun
tion on U . Therefore, we get

1

r(w)
θ(α(w, 1)) = 1 ⇒ θ(

1
√

r(w)
α(w, 1)) = 1 ⇒ θ(α(w,

1
√

r(w)
)) = 1.

⇒ α(w,
1

√

r(w)
) ∈ θ−1(1) ∩ Ex ∩ U1

⇒ ψ(w) = α(w,
1

√

r(w)
)

⇒ α−1(ψ(w)) = (w,
1

√

r(w)
)Hen
e, we are redu
ed to showing that w 7→ (w, 1√

r(w)
) is 
ontinuous and semi-algebrai
. But this is true sin
e r was a 
ontinuous, non-zero, semi-algebrai
fun
tion. Hen
e, we are done.Let KA = ∧n(Ω∗

A/R) and KB = ∧n(Ω∗
B/R

). We denote by Ki the semi-algebrai
 line bundle on Wi indu
ed by KA and by K′
i, the semi-algebrai
 linebundle on W ′

i indu
ed by KB.Lemma 3.11. Li ≃ Ki if and only if L′
i ≃ K′

i.Proof. Let E = L⊗AKA and E ′ = L′ ⊗BKB. Let E be the line bundle on X(R)
orresponding to E and E ′ be the line bundle on Y (R) 
orresponding to E ′. Let
E i be the restri
tion of E to Wi and E ′

i be the restri
tion of E ′ to W ′
i . Then

E i = Li ⊗Ki and E ′
i = L′

i ⊗K′
i. In view of (3.3), it is enough to prove that E i issemi-algebrai
ally trivial if and only if E ′

i is trivial. We pro
eed to show this.Note �rst that in R, semi-algebrai
 triviality of a semi-algebrai
 line bundleis same as topologi
al triviality (remark 2.4). Without loss of generality, let E ibe semi-algebrai
ally trivial if and only if 1 ≤ i ≤ q. Then, by lemma 3.10,17



E i∗ has only one semi-algebrai
ally 
onne
ted semi-algebrai
 
omponent when
sq + 1 ≤ i ≤ s and 2 
omponents otherwise. Thus, E∗ has exa
tly 2q + (s − q)semi-algebrai
ally 
onne
ted 
omponents. But then using remark 2.4, we knowthat E ′∗ has exa
tly the same no. of 
onne
ted 
omponents. But E i is semi-algebrai
ally trivial implies that E ′

i is trivial. Hen
e, E ′
1, E ′

2, . . . , E ′
q are all trivialand so ea
h of E ′

1
∗
, E ′

2
∗
, . . . , E ′

q
∗ has 2 
onne
ted 
omponents. Thus, E ′

i
∗ musthave a single 
onne
ted 
omponent for q + 1 ≤ i ≤ s and so E ′

i must be non-trivial. Hen
e, we see that E ′
i is trivial whenever E i is trivial and E ′

i is non-trivialwhenever E i is non-trivial. Therefore, the lemma stands proved.Now, using (3.7) and (3.11), we 
learly obtain a stru
ture theorem for theEuler 
lass group E(R(X), LX), whi
h is very similar to (3.5), viz.Theorem 3.12. Let R be an Ar
himedean real 
losed �eld. Let X = Spec(A)be a smooth a�ne variety of dimension n ≥ 2 over R and let K = ∧n(Ω∗
A/R)be the 
anoni
al module of A. Let L be a proje
tive A-module of rank 1 and

LX = L ⊗A R(X). Let W1, · · · ,Wr,Wr+1, · · · ,Wt be the 
losed and boundedsemi-algebrai
ally 
onne
ted 
omponents of X(R) in the Eu
lidean topology. Let
KWi

and LWi
denote restri
tion of (indu
ed) line bundles on X(R) toWi. Assumethat LWi

≃ KWi
for 1 ≤ i ≤ r and LWi

6≃ KWi
for r + 1 ≤ i ≤ t. Then,

E(R(X), LX) = G1 ⊕ · · · ⊕Gr ⊕Gr+1 ⊕ · · · ⊕Gt,where Gi = Z for 1 ≤ i ≤ r and Gi = Z/(2) for r + 1 ≤ i ≤ t.Moreover, for 1 ≤ i ≤ t, if x ∈ Wi and m is a maximal ideal of R(X)
orresponding to x, then Gi is generated by (m, ωm) for any lo
al LX-orientation
ωm of m.Remark 3.13. A spe
ial 
ase of the above theorem, namely L = K has alreadybeen proved by Ian Robertson [11, Theorem 12.6℄.4 Main TheoremIn this se
tion, we prove the main theorem (Theorem 1.1). We �rst re
all ourset-up and some notations. Let R denote an Ar
himedean real 
losed �eld and18



let R̄ denote the algebrai
 
losure of R in C. Let X = Spec(A) be a smootha�ne variety of dimension n ≥ 2 over R. Let AR̄ = A⊗R R̄ and X̄ = Spec(AR̄).Let π : X̄ → X be the 
anoni
al map and π∗ : CH0(X̄) → CH0(X). Let
G = π∗(CH0(X̄)). Let L be a rank 1 proje
tive A-module.Let ΓL : E(A,L) ։ E(R(X), LX) and ER̄(L) = ker(ΓL). Let ΘL denotethe map E(A,L) ։ CH0(X). Re
all that ΘL(E

R̄(L)) ⊆ G and in fa
t by (3.1),
ΘL|ER̄(L) : ER̄(L) → G is an isomorphism. For the sake of 
onvenien
e, wedenote ΘL|ER̄(L) by ΨL. Keeping this notation in mind, we have the following
ommutative diagram :

ker(ΘL)
e

//

��

ker(ΦL)

��

0 // ER̄(L) //

≀ΨL

��

E(A,L)
ΓL

//

ΘL

��
��

E(R(X), LX) //

ΦL

��
��

0

0 // G // CH0(X) // CH0(X)/G // 0Lemma 4.1. ker(ΦL) (≃ ker(ΘL)) is a free abelian group.Proof. By a result of Colliot-Thélène and S
heiderer [5, Theorem 1.3(d)℄, thegroup CH0(X)/G is a ve
tor spa
e of dimension t over the �eld Z/(2) where tis the number of 
losed and bounded semi-algebrai
ally 
onne
ted semi-algebrai

omponents of X(R). Therefore, 2 E(R(X), LX) is 
ontained in ker(ΦL). Butby (3.7), E(R(X), LX)/2 E(R(X), LX) is itself a ve
tor spa
e of dimension t over
Z/(2). Therefore, ker(ΦL) = 2 E(R(X), LX) whi
h is a free abelian group.Lemma 4.2. The 
anoni
al map E0(A,L) ։ CH0(X) is an isomorphism.Proof. Similar to the above diagram, we have another 
ommutative diagram asfollows :

0 // E0
R̄(L) //

��
��

E0(A,L) //

��
��

E0(R(X), LX) //

��
��

0

0 // G // CH0(X) // CH0(X)/G // 019



Note that the map ER̄(L) → G fa
tors through E0
R̄(L) and the map

ER̄(L) → E0
R̄(L) is surje
tive. Hen
e, the indu
ed map ER̄(L) ։ E0

R̄(L)is an isomorphism and therefore, ER̄(L) → G is also an isomorphism. Now,(3.7) and the result of Colliot-Thélène and S
heiderer [5, Theorem 1.3(d)℄ implythat E0(R(X), LX) and CH0(X)/G are ve
tor spa
es over Z/(2) of the samedimension. Hen
e, the map E0(R(X), LX) ։ CH0(X)/G is an isomorphism.Then, using the 5-lemma in the above diagram, we see that E0(A,L) ։ CH0(X)is an isomorphism.Theorem 4.3. Let R be an Ar
himedean real 
losed �eld. Let X = Spec(A) bea smooth a�ne variety of dimension n ≥ 2 over R. Let X(R) denote the
R-rational points of the variety. Let K denote the 
anoni
al module ∧n(Ω∗

A/R).Let P be a proje
tive A-module of rank n and let ∧n(P ) = L. Assume that
Cn(P ) = 0 in CH0(X). Then P ≃ A⊕Q in the following 
ases:1. X(R) has no 
losed and bounded semi-algebrai
ally 
onne
ted 
omponent.2. For every 
losed and bounded semi-algebrai
ally 
onne
ted 
omponent W of

X(R), LW 6≃ KW where KW and LW denote restri
tion of (indu
ed) linebundles on X(R) to W .3. n is odd.Moreover, if n is even and L is a rank 1 proje
tive A-module su
h that thereexists a 
losed and bounded semi-algebrai
ally 
onne
ted 
omponent W of X(R)with the property that LW ≃ KW , then there exists a proje
tive A-module P ofrank n su
h that P ⊕A ≃ L⊕An−1 ⊕A (hen
e Cn(P ) = 0) but P does not havea free summand of rank 1.Though the proof of the above is same as the proof of [1, Theorem 4.30℄, werepeat the arguments to make the paper self-
ontained.Proof. Let P be a proje
tive A-module of rankn with ∧n(P ) ≃ L and let
χ : L→ ∧n(P ) be an L-orientation of P . Then, ΘL(e(P, χ)) = Cn(P ). In view of(2.11), to prove the theorem, it is enough to prove that Cn(P ) = 0 ⇒ e(P, χ) = 0in all three 
ases. 20



Proof of 1. and 2.Note that in this 
ase, by the stru
ture theorem of E(R(X), LX), ΦL is anisomorphism and hen
e, ΘL is an isomorphism.Proof of 3. When n is odd, there is an automorphism∆ of P with determinant
−1. Let α : P ։ I where I is an ideal of height n. Let ωI be a lo
al L-orientationof I indu
ed by α. Using this and ∆, we get that 2e(P, χ) = (I, ωI) + (I,−ωI).Sin
e the 
anoni
al map E0(A,L) ։ CH0(X) is an isomorphism by (4.2) and
(I) 7→ Cn(P ), we have (I) = 0 in E0(A,L). Therefore, by [1, Proposition 3.7℄,
2e(P, χ) = (I, ωI) + (I,−ωI) = 0. Sin
e Cn(P ) = 0, e(P, χ) ∈ ker(ΘL), whi
h isa free abelian group by (4.1). Hen
e, e(P, χ) = 0.Finally, let n be even, and LW ≃ KW for some 
losed and bounded semi-algebrai
ally 
onne
ted 
omponentW . Then, by our assumption, (3.7) and (4.1),
ker(ΘL) ≃ ker(ΦL) 6= 0. Sin
e E0(A,L) → CH0(X) is an isomorphism, by abuseof notation, we denote the 
anoni
al map E(A,L) → E0(A,L) by ΘL. Then, asin [2, Lemma 3.3℄, there exists an ideal J of height n su
h that J is a surje
tiveimage of L⊕An−1 and a lo
al L-orientation ωJ whi
h is not a global orientation,i.e. (J, ωJ) 6= 0 in E(A,L). Sin
e n is even, as in [2, Lemma 3.6℄, we 
anget a rank n proje
tive module P , whi
h is stably isomorphi
 to L ⊕ An−1 (i.e.
P ⊕ A ≃ L ⊕ An−1 ⊕ A) and χ : L → ∧n(P ) su
h that e(P, χ) = (I, ωI) 6= 0in E(A,L). Note that sin
e P is stably isomorphi
 to L ⊕ An−1, Cn(P ) = 0 but
e(P, χ) 6= 0 and hen
e, by [3, Corollary 4.4℄, P 6≃ Q ⊕ A. This 
ompletes theproof.
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