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Abstract

Let X = Spec(A) be a smooth, affine variety of dimension n > 2 over the
field R of real numbers. Let P be a projective A-module of rank n such that
its n'" Chern class C,,(P) € CHy(X) is zero. In this set-up, Bhatwadekar-
Das-Mandal showed (amongst many other results) that P ~ A @& @ in the
case that either n is odd or the topological space X (R) of real points of X
does not have a compact, connected component. In this paper, we prove
that similar results hold for smooth, affine varieties over an arbitrary real
closed field R. The proof is algebraic and does not make use of Tarski’s
principle, nor of the earlier result for R.
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1 Introduction

Let X = Spec(A) be a smooth affine variety of dimension n > 2 over a field & of

characteristic 0 and let P be a projective A-module of rank n. It is well-known



that in general P may not split off a free summand of rank 1 as C,,(P) = 0 is
a necessary condition, where C,(P) denotes the n'® Chern class of P which is
an element of the group CHy(X) of zero cycles modulo rational equivalence. A
result of Murthy [12, Theorem 3.8 says that when k is an algebraically closed
field, C,,(P) = 0 is also sufficient. However, if k is not algebraically closed, then
C,(P) = 0 is not always a sufficient condition as evidenced by the example of
the tangent bundle of the even dimensional real sphere. Hence, it is of interest to
know when C,,(P) = 0 is a sufficient condition for P to split off a free summand of
rank 1. In the case k£ = R, this question was brought to a satisfactory conclusion
in [1]. Subsequently, similar conclusions were proved in [4] when the base field
is Archimedean real closed. In this paper we extend these results to the case
when the base field k is a real closed field. Before giving a precise statement
of our result, we would like to mention that the results in [4] used the existing
theorem for R in [1] and also indirectly made use of Tarski’s principle. Further,
the proofs in [1] used topological techniques, which crucially used the fact that
open intervals in R are connected (the only real closed field having this property).
In fact, open intervals in real closed fields other than R are totally disconnected.
However, our proofs in this paper are completely algebraic (modulo the fact that
the statement has a bit of topology), they work uniformly for any real closed field

and do not invoke Tarski’s principle. Now we state our main result:

Theorem A. Let R be a real closed field. Let X = Spec(A) be a smooth affine
variety of dimension n > 2 over R. Let X(R) denote the R-rational points of the

variety. Let K denote the module N"(Q2a/r). Let P be a projective A-module of
rank n and let \"(P) = L. Assume that C,(P) =0 in CHy(X). Then P ~ A®Q

in the following cases:
1. X(R) has no closed and bounded semialgebraically connected component.

2. For every closed and bounded semialgebraically connected component W of
X(R), Lw # Kw where Ky and Ly denote restriction of (induced) line
bundles on X(R) to W.

3. n is odd.



Moreover, if n is even and L is a rank 1 projective A-module such that there
erists a closed and bounded semialgebraically connected component W of X (R)
with the property that Ly ~ Ky, then there exists a projective A-module P of
rank n such that P® A~ L® A" 1 @ A (hence C,(P) = 0) but P does not have

a free summand of rank 1.

Let R, X, A, L be as in Theorem A. Let R(A) denote the ring of real regular
functions, i.e. the ring obtained by inverting all elements which do not belong to
any real maximal ideal and let R(L) = L ®4 R(A).

As in [1], one of the key ingredients in the proof of Theorem A is a struc-
ture theorem for the Euler class group E(R(A),R(L)) :a notion due to Nori
(see preliminaries for a definition). This structure theorem is in terms of the
semialgebraically connected semialgebraic components of the space of real points

X(R) (see next section for definitions).

Theorem B. Let A, K,L,R(A) be as above. Let C;;1 < i < t be the closed
and bounded semialgebraically connected semialgebraic components of X(R). Let
L; and K; be the restriction of the semialgebraic line bundles corresponding to
L and K respectively, to C;.Let L; ~ K;, for 1 < i < r and L; # K;, for
r+1<i<t. Letx; € C; and let M; be the corresponding mazimal ideal of R(A).
Let w; be a local R(L)-orientation of M,. Then, ®]_Ze; @ D'_, . (Z/2)e; =
E(R(A),R(L)) sending e; — (M;,w;) is an isomorphism.

We begin this paper with some preliminaries in section 2 which we divide into
3 subsections. The first subsection introduces real closed fields and semialgebraic
sets, the second one is about elementary paths and the final one defines the Euler
class group and states lemmas which will be required later on in the paper. Since
the proof of Theorem A (assuming Theorem B) is similar to the ones already
mentioned in [1] and [4], we sketch the proof in section 3. The proof of the
structure theorem Theorem B mainly involves the notion of an elementary path
as defined in [8, Definition 3.1]. In section 4, we derive a result which shows
that the ideal of all functions vanishing at the initial point and endpoint of an
elementary path in X(R) is a complete intersection (we can prove something

stronger but prove only whatever is necessary for the proof of the structure
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theorem Theorem B). In section 5, we relate the generators of E(R(A),R(L))
with the total space of a line bundle and prove that points of an elementary path
in the bundle are equal in E(R(A),R(L)). Using this we prove the structure
theorem Theorem B in section 6.

2 Preliminaries

Real Closed Fields and semialgebraic sets

The first part can be looked upon as a quick reference guide to the theory of real
closed fields and the topological notions related to them. More details can be
found in [5].

Definition 2.1. A field R is said to be real if it can be ordered in a way such
that addition and multiplication are compatible with the ordering. An equivalent
definition is that >, a? = 0 = a; = 0Vi. A real closed field is a real field which
has no algebraic extensions which are real, equivalently attaching a root of —1

makes it algebraically closed.

Such fields come with a natural topology based on intervals like in the case of
R. However, under this topology, the field itself is not connected (except in the
case of R). We can extend this topology to R’ (product topology). We call this
topology the Euclidean topology. Note that this topology comes from a “metric”

taking values in R, namely d(x,y) = \/Zizl(x, —y;)? where x = (21, z9, ..., 1)

and y= (ylﬂ Y2y .- ayl)‘
Hence, a subset VV C R! inherits the Euclidean topology and the associated

“metric”. Thus, one can talk of open, closed and bounded sets in V.
Definition 2.2.
e A subset V of R'is called a basic semialgebraic set if V is of the form
{z e RYfi(z) =0,gi(z) > 0,1 <i<r1<j<s)h,

where fi(z),g;(z) € R[Xy, Xa,...,X;]. A subset W of R' is called a

semialgebraic set if W is a finite union of basic semialgebraic sets.
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e A semialgebraic subset W of R! is semialgebraically connected if for every
pair of disjoint, closed, semialgebraic subsets F; and F, of W satisfying
FiyUFy, =W, either F; =W or Fh =W.

e A map between two semialgebraic sets f : A — B is said to be semialgebraic

if its graph is a semialgebraic set.

e A semialgebraic path in a semialgebraic set V' is the image of a continuous,

semialgebraic map f: [0,1] — V.
Now we quote a result, the proof of which can be found in [5, Theorem 2.4.4].

Theorem 2.3. Every semialgebraic subset W of R! is the disjoint union of a
finite number of semialgebraically connected semialgebraic subsets Wi, Wy, ..., Wi
which are closed in W. The Wy, Wy, ..., Wy are called the sems-

algebraically connected semialgebraic components of W. By abuse of

notation, we shall refer to them simply as components of W.

Remark 2.4. When the field is R, the semialgebraically connected semialgebraic
components are same as the connected components by [5, Theorem 2.4.5]|.
Two points P and @) of a semialgebraic set W lie in the same component of

W if and only if they can be joined by a semialgebraic path in W.
We refer to |5, 12.7.1] for the notion of a semialgebraic vector bundle. If &,

and £, are two semialgebraic line bundles, we will denote £, ~ £, to mean that
&1 and &, are semialgebraically isomorphic (i.e. the isomorphism between them
is also semialgebraic).

With this background, we state a result for later use.

Lemma 2.5. [/, Lemma 3.10] Let W be a semialgebraically connected semial-
gebraic set and let 7 : € — W be a semialgebraic line bundle. Then, £ =
E\ {zero section} has 2 components if and only if € is a semialgebraically trivial

line bundle.

We set up some notation for the rest of the paper.
A maximal ideal M of a ring A is called a real maximal ideal if A/M is a
real field. Note that if A is an affine algebra over a real closed field R, then
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every maximal ideal has residue field either R or its algebraic closure R. The
R-rational points are real maximal ideals while we refer to R-rational points as
non-real maximal ideals (in some places in the literature they are referred to as
complex maximal ideals).

Let A be an affine algebra over a real closed field R and X = Spec(A). Then
we denote by R(A), the ring obtained by inverting all elements which do not
belong to any real maximal ideal. This is same as the localisation S~!'A where
S ={1+3",f}fi € A}. Note that maximal ideals of R(A) are in one-to-
one correspondence with real maximal ideals of A. We denote by X (R) the set
of all R-rational points of X. In this paper, very often we do not distinguish
between R-rational points of X and the corresponding maximal ideals of R(A).
For a module M over A, we denote the R(A)-module M ®4 R(A) by R(M). We
remark that in literature the ring R(A) is sometimes referred to as R(X).

Note that if A is an affine algebra over a real closed field R, then elements
of R(A) act as functions on X (R) taking values in R (canonically). There is a
natural map sign : R* — {£1}; namely sign(A) = 1 if A > 0 and sign(\) = —1
if A\ < 0. For a function f taking values in R*, we can then talk about sign(f(P))
for any point P in the domain. In this sense, we use sign(f(P)) where P € X(R)
and f € R(A) does not belong to the maximal ideal of R(A) corresponding to
P.

Elementary Paths

We start by quoting a few results and setting up notations necessary for defining
an elementary path. The same proof as that of [4, Propn. 3.3| gives us the next

result.

Proposition 2.6. Let R be a real closed field and let B be an affine algebra over
R. Let E be a projective module of rank 1 over R(B) generated by {e1, ea,...,e,}.
Then, Y ", e; ® e; generates E ®r(p) £ = R(B). Thus, the group of rank one
projective R(B)-modules is 2-torsion.

Similarly, if B is the coordinate ring of a curve over R, then for any reqular

mazimal ideal m of R(B), if m = (a1, as, ..., a,), then m* = (3.1 a?).

i=1"
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Now, we set up some notations. Let Z = Spec(C) be a smooth affine curve
over a real closed field R. Let Z be its smooth projectivisation. Then, we have a
natural injection Z — Z. Note that Z is an open subset of Z. Hence, stalks will
be isomorphic, and hence the local rings Oz, and O , will be same for points
z € Z. Hence, real points of Z continue to be real points of Z, i.e. Z(R) — Z(R).

Since R is not algebraically closed, all real points of Z are actually contained
in an affine, open subset of Z. Let this be Z’ = Spec(C’). Then, consider
Z N Z' = Z which is affine. Let C be the coordinate ring of Z. Note that since
7Z'(R) = Z(R), we have Z(R) = Z(R).

Let K(Z) be the function field of Z. Then, Oz, — K(Z) and hence,

R(C) = Meez®) Oz, R(C) = Noczw)Oz. = N,z 0z, = R(C).

Thus, R(C") — R(C) = R(C). Moreover, since R(C") is a Dedekind domain,
birational to R(C') and Pic(R(C")) is two-torsion, R(C) is a localisation of R(C").
Note that Z is a smooth, complete curve and Z’ is an affine open subset containing

all its real points. With this notation in mind, we quote some theorems from [10].
Theorem 2.7. [10, Theorem 5.2] Qr(cry/m @5 @ free module of rank 1 over R(C").

Fix a generator of Qg(c)/r, say X, which is regarded as a global "orientation".
This continues to be a generator for QR(@)/R' With this notation in mind, we

obtain the following :
Theorem 2.8. [10, 4.5a-6.1-6.2] Given two points P, Q) in the same component
of Z'(R), there is a function fpg € R(C") with the following properties :

1. (fRQ) =mpN meo m R(C,)

2. if dfpo = g X, then it has opposite orientations at both points, i.e.

sign(g(P)) = —1, sign(9(Q)) = 1.

3. fpq ts positive at all points outside the component containing P and Q).

Remark 2.9. Note that if there are two functions fpq and f} , satisfying the above

properties, then fpq = ufp o where u € R(C’)* is such that u(T) > OVT € Z'(R)
(Artin’s Theorem then says that w is a sum of squares of rational functions).
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The function fpg defines an open interval |P, Q[={T € Z'(R)|fpo(T) < 0}.
Let

[P, Q] ={T € Z'(R)|frq(T) < 0} =|P, Q[U{P} U{Q}

be the corresponding closed interval, which is actually the closure of | P, Q[ in the
Euclidean topology. By definition, these intervals are semialgebraic subsets of
Z'(R). They lie in a component of Z/(R) and are semialgebraically connected.

Let R,S €]P,Q[ be distinct points. Then, we can define a total order on
|P, Q[ by defining R < S if [P, R] C [P, S]. This order naturally extends to [P, Q]
by letting P < R < @ for all R €]P,Q[. We refer to [10, Section 6] and [11] for
more details.

Note that since Z(R) — Z’(R) and R(C") — R(C) is a localisation, we have
the following facts:
. fP7Q S R(C)
o OQric)r ~ Qrcryr ® R(C) and hence is free
e the components of Z(R) are contained in the components of Z'(R)
o if z € Z(R) C Z'(R), then the corresponding maximal ideal m, C R(C")
satisfies R(C")/m, ~ R(C)/m,R(C)

If [P,Q] C Z(R), then it is called a closed interval of Z(R). In that case,
fpo is positive at all points of Z(R) outside [P, @], in particular on all the points
outside the component containing P and Q.

We now define elementary paths.

Definition 2.10. Let X = Spec(A) be an affine variety over R. An elementary
path in X (R) is a totally ordered subset v of X (R) which either consists only of

one point (“degenerate” elementary path) or has the following two properties :

e The Zariski closure of 7 in Spec(A) is an irreducible curve Spec(B) C
Spec(A).
o If IT1: Z = Spec(C) — Spec(B) denotes the normalisation of Spec(B), then

after a choice of a suitable orientation on Z(R\), there exists a bijective and

order preserving map from a closed interval [P, Q] C Z(R) onto 7.



Remark 2.11. Elementary paths are essentially bijective images of closed intervals
in smooth curves onto X(R). We call II(P) the starting point or initial point of
v and I1(Q) the endpoint of ~.

Note that every elementary path is a bijective image of [0, 1] C R (|9, Theorem
10.1]). In particular it implies that intervals as defined above for arbitrary smooth

curves are also bijective images of [0, 1].

We now quote a theorem that will make it clear why the notion of elementary

paths is of importance to us.

Theorem 2.12. [9, Theorem 10.2] Any semialgebraic path can be broken into
finitely many non-degenerate elementary paths v;, 1 <1 < r such that v; N1 =
{S;} and S; is the initial point of v;11 and the endpoint of ;.

Some algebraic results

To make the paper self-contained, we define the Euler Class Group. We give a
definition only in the case where the underlying ring is a smooth affine domain
since it will be the definition we use in this paper. More details can be obtained
in either [1] or [3].

Definition 2.13. Definition of E(A, L) and Ey(A, L)
Let A be a smooth affine domain of dimension n > 2 and let L be a projective
A-module of rank 1. Let M be a maximal ideal of A of height n. Then, M /M? is
generated by n elements. An isomorphism wy : L/ ML = A" (M /M?) is called
a local L-orientation of M. Let GG be the free abelian group on the set of pairs
(M, wp) where M is a maximal ideal of height n and wy, is a local L-orientation
of M.

Let J = N¥_, M, be an intersection of finitely many maximal ideals of height
n. Then, J/J? is generated by n elements. An isomorphism L/JL = A™(J/J?) is
called a local L-orientation of J. A local L-orientation of J gives rise to local M-
orientations wyy,,7 = 1,2,..., k. Then, we denote the element Zle(/\/li, W) in
G as (J,wy).

A local L-orientation w : L/JL — A"(J/J?) is called a global L-orientation if

there exists a surjection 6 : LA™t — J, such that w is the induced isomorphism
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a A (6
L/JL = A(L)JL& (A)J)"1) i() AY(J/J?) where a(e) = eAeésA...Aé, (and
{eg, e3,...,e,} is a basis of A"71).

Let H be the subgroup of G generated by the set of pairs (J,w;), where J is a
finite intersection of maximal ideals of height n and w; is a global L-orientation
of J. The Euler class group of A with respect to L is E(A, L) o G/H. We write
E(A) for E(A,A).

Further, let G be the free abelian group on the set (M) where M is a maximal
ideal of A. Let J = NF_, M, be a finite intersection of maximal ideals. Let (J)
denote the element ) .(M;) of Go. Let Hy be the subgroup of Gy generated by
elements of the type (J), where J is a finite intersection of maximal ideals such
that there exists a surjection a : L @& A"! — J. Then, Eq(A4, L) o Go/Ho.
From the definitions of E(A, L) and Ey(A, L), it is clear that there is a canonical
surjection E(A, L) — Eyo(A, L).

Now let P be a projective A-module of rank n such that L ~ A"(P) and let
x : L = A"P be an isomorphism. Let ¢ : P — J be a surjection where .J is a
finite intersection of maximal ideals of height n. Therefore we obtain an induced
isomorphism @ : P/JP — J/J?. Let w; be the local L-orientation of J given
by A"(®) o X. Let e(P,x) be the image in E(A, L) of the element (J,w;) of G.
The assignment sending the pair (P, x) to the element e(P, x) of E(A, L) is well
defined. The Euler class of (P, x) is defined to be e(P, x).

Remark 2.14. The Euler class group can be defined for any Noetherian, commu-
tative ring A and finitely generated projective module L of rank 1, as done in [3]
and in the case of a smooth, affine domain the two definitions coincide.

Note that if wy and w; are two local orientations of a reduced ideal J, then
wo = Awy where A € (A/J)*.

We state a few theorems for later use. The next couple of lemmas give us

some tools to make computations in the Euler class group.

Lemma 2.15. [3, Lemma 5.4] Let A be a Noetherian ring of dimension n > 2.
Let J C A be an ideal of height n and w; be a local L-orientation of J. Let
ac AJJ be a unit. Then (J,wy) = (J,aw;) in B(A,L).
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Lemma 2.16. [1, Lemma 4.3] Let A be a smooth affine domain over R. Let L be
a projective A-module of rank 1. Let M be a mazimal ideal of R(A) and wr be
a local L-orientation of M. Then (M,wam) + (M, —wrq) = 0 in E(R(A),R(L)).
As a consequence, Eo(R(A),R(L))is a vector space over 7Z/(2). Moreover, if
Wm 18 another local L-orientation of M then either (M,wpn) = (M,wpn) or
(M.Bar) = (M. —wp) in E(R(A), R(L).

The next theorem is a crucial theorem which illustrates the purpose behind
defining the Euler class group.

Theorem 2.17. /3, Corollary 4.4] Let A be a ring of dimension n > 2 containing
the field Q of rationals. Let L be a projective A-module of rank 1 and P be
a projective A-module of rank n with L ~ A"(P). Let x : L = A"P be an
isomorphism. Let J C A be an ideal of height n and wjy be a local L-orientation

of J. Then,

1. Suppose that (J,wy) is zero in E(A,L). Then there exists a surjection « :
L® A" — J such that wy is induced by o (in other words, wy is a global
L-orientation).

2. P~ Q& A for some projective A-module Q of rank n — 1 if and only if
e(P,x)=0in E(A,L).

We now prove a lemma which allows us to analyse the natural map A/J —
A/NJ when ht(J) = dim(A).

Lemma 2.18. Let k be a field with characteristic # 2 and let B be a k-algebra.
Let I be a nilpotent ideal of B. Let g € B* be such that g has a square root modulo
I. Then, 3g; € B such that g> = g. In particular, if g = 1mod I, then g, can be
so chosen that g, = 1mod 1.

Proof. Since [ is nilpotent, B is complete w.r.t. the I-adic topology (which is
actually the discrete topology). We attach a variable Y to B. Let f(Y) =Y?—g.
Let “bar” denote going modulo I. Let g = h?, h € B. Since ¢ is a unit, so is h.
Then,

fWV)=Y?—g=Y?>-h?*= (Y —h)(Y +h)
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and since characteristic of & is not equal to 2, Y — h and Y + h are co-maximal
in B[Y] and hence, applying Hensel’s lemma, Y2 — ¢ has a solution in B, say ¢
such that ¢, = hmod I. If ¢ = 1mod I, then clearly g; = +1mod I and hence,

we can choose gy so that g; = 1mod I. O
The next lemma allows us to analyse conductor diagrams.

Lemma 2.19. Suppose f : B — B’ is a monomorphism of rings and let ¢pr/p be
the conductor ideal of B w.r.t. B. Let I be an ideal in B such that I +cp/p = B.
If 3f € B' such that f = 1modcg/p and IB" = fB', then f € B and I = fB.

Proof. Since f = lmodcpp, f —1 € ¢pyp. Let f—1 =2 € cpp € B. Then,
f =x+4+1 € B. Futher, let y € I. Then, y = fg, where g € B’. Then,
y=1+z)g=g+x9. Now, x € ¢cpyp = 29 € ¢pyp C B. Since y € I C B, we
get that g € B. Hence, y = fg implies that y € fB. Hence, I = fB. O

Finally, we prove another lemma which will be used later.

Lemma 2.20. Let R be a real closed field. Let Z = Spec(C) be a smooth affine
curve over R. If m is a non-real maximal ideal of C', then it always satisfies an
equation of the form m[]m2(f) = [[m7(g) where f and g are sums of squares.
In particular, this implies that (m) € 2 Pic(C).

Proof. Let R be the algebraic closure of R. There is a natural norm map (which
is only a multiplicative homomorphism on the units) from R — R given by
a + bi — a® + b? which extends to a natural map Norm : C ®g R — C given by
f @ (a+bi)— (a®>+b?)f% Let m be a non-real maximal ideal of C. Then there
exists a maximal ideal n of C' ®gr R such that nN C = m. It is well-known that
Pic(C ®g R) is divisible. Hence,

k1 ko k3 ka
(M) =2 sim)+2 > si(n)—2 Y siln)—2 Y siln)
i=1 i=k1+1 i=ko+1 i=ks+1

where s; > 0 and n; N C' = m; where

real maximal ideal of C 1<i<ky,ke4+1<1<k;

non-real maximal ideal of C' ki +1<i<kand ks +1<i<ky

m; is a
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Then, this means that there exist hy, hy € C ®g R so that

k4 k2
n [ ni = (he) []ni
i=1

i=ko+1

Hence, applying the norm map, we get

ko
Norm(hi)Norm(n H Norm(n?*) = Norm(hy) HNorm(n?si)
1=ko+1 i=1
which gives us
k4 kl k2
(Norm(hy)) H m H m?‘” = (Norm(hg))Hmfsi H m?s".
i=ka+1 i=kg+1 i=1 i=k1+1

Note that Norm(hy) and Norm(hs) are both sums of squares. Hence, we get the
desired result. O

3 Vanishing of the top Chern class : Theorem A

In this section, we assume the structure theorem Theorem B and give a quick
sketch of Theorem A.

We recall the setup once again. Let X = Spec(A) be a smooth affine variety
of dimension n > 2 over a real closed field R. Assume further that the set X(R)
of real points is not empty, hence infinite. Let L be a projective A-module of
rank 1. We denote K4 = A"(Q4/r) by K. Assume that X(R) has precisely ¢
closed and bounded components.

Let R denote the algebraic closure of R.Let Ag = A®gR and X = Spec(4g).
Let 7 : X — X be the canonical map and m, : CHy(X) — CHp(X). Let
G = m.(CHy(X)). Then, G is divisible and torsion-free (refer to [4, Section 4]
and [1, Section 4] for more details). Let ER(L) be the kernel of the surjection
E(A, L) - E(R(A),R(L)). Then, there is a natural surjective map ER(L) — G
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and hence we get the following commutative diagram :

0—— ER(L) —— E(A4, L) —4E(R(A), R(L)) — 0 (%)
‘I’Ll eLl <I>Ll
0 G CHo(X) —— CHy(X)/G ——0

We quote two theorems pertaining to (*). The first theorem is due to Colliot-
Théléne and Scheiderer about CHy(X)/G.

Theorem 3.1. [6, Theorem 1.3(d)] Assume that X (R) has precisely t closed and

bounded components. Then, CHy(X)/G is a vector space of dimension t over the

field 7./ (2).
Theorem 3.2. [/, Theorem 3.1] ¥, is an isomorphism in diagram (*)
As a consequence, we obtain :

Corollary 3.3.

Eo(R(A), R(L)) = CH,(X)/G
and hence

E()(A, L) - CH(](X)

18 an isomorphism.
Proof. We know that Eq(R(A),R(L)) is a vector space of rank < t from the
structure theorem Theorem B and (2.16). But Eq(R(A),R(L)) - CHy(X)/G
and by (3.1), CHy(X)/G is a vector space of rank ¢. Hence, so is Eo(R(A), R(L))

and
Eo(R(4),R(L)) = CHo(X)/G.

So using this relation and (3.2) in the diagram (*), we get an induced diagram

0—>E0R(L) —— FEo(A4, L) — Eo(R(A4),R(L)) — 0 (xx)
Jz l lz
0 e CHo(X) ——— CHo(X)/G ———0
Therefore, using the 5-lemma, we get Eg(A, L) = CHy(X). O
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We now give a proof of Theorem A, which we recall below.

Theorem 3.4. Let R be a real closed field. Let X = Spec(A) be a smooth affine
variety of dimension n > 2 over R. Let X(R) denote the R-rational points of the
variety. Let K denote the module N"(Qa/r). Let P be a projective A-module of
rank n and let \"(P) = L. Assume that C,(P) =0 in CHo(X). Then P ~ A®Q
in the following cases:

1. X(R) has no closed and bounded semialgebraically connected component.

2. For every closed and bounded semialgebraically connected component W of

X(R), Lw#,,Kw where Ky and Ly denote restriction of (induced) line
bundles on X(R) to W.

3. n is odd.

Moreover, if n is even and L is a rank 1 projective A-module such that there
exists a closed and bounded semialgebraically connected component W of X(R)
with the property that Ly ~ Ky, then there exists a projective A-module P of
rank n such that P® A~ L® A" ® A (hence C,(P) = 0) but P does not have

a free summand of rank 1.

Proof. We note that due to (3.2), the diagram (*) can be re-written as:
ker(6) —— ker(®,)

oo

ry

0— ER(L) — E(4, L) —E(R(A),R(L)) —
\I/Ll? l l

Hence, using (3.1) and the structure theorem Theorem B, we get that
ker(®p) (~ ker(©yr)) is a free abelian group of rank r where r denotes the number
of closed and bounded components C; of X (R) with the property that Lo, ~ K¢, .

Let P be a projective A-module of rankn with A"(P) ~ L and let
X : L — A"(P) be an L-orientation of P. Then, O (e(P,x)) = C,(P). In view of
(2.17), to prove the theorem, it is enough to prove that C,,(P) =0 = e(P, x) = 0.
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Proof in cases 1. and 2.

Note that in this case, by the structure theorem of E(R(A),R(L)), ¢, is an
isomorphism and hence, O is an isomorphism.

Proof in case 3. When n is odd, there is an automorphism A of P with
determinant —1. Let o : P — I where [ is a finite intersection of maximal ideals.
Let wy be a local L-orientation of I induced by «. Using this and A, we get that
2e(P, x) = ({,wr) + (I, —wy). Since the canonical map Ey(A, L) - CHy(X) is an
isomorphism by (3.3) and (1) — C,,(P), we have (I) = 0 in Eg(A, L). Therefore,
by [1, Proposition 3.7|, 2¢(P,x) = ({,wr) + (I,—w;) = 0. Since C,(P) = 0,
e(P, x) € ker(©r), which is a free abelian group. Hence, e(P, x) = 0.

Finally, let n be even, and Ly ~ Ky for some closed and bounded semialge-
braically connected component . Then, using the structure theorem Theorem
B, ker(©p) ~ ker(®y) # 0. Since Eq(A, L) — CHy(X) is an isomorphism, by
abuse of notation, we denote the canonical map E(A,L) — E(A, L) by Oy.
Then, as in |2, Lemma 3.3|, there exists a reduced ideal J of height n such that J
is a surjective image of LA™ ! and a local L-orientation w; which is not a global
orientation, i.e. (J,wy) # 0 in E(A, L). Since n is even, as in [2, Lemma 3.6], we
can get a rank n projective module P, which is stably isomorphic to L ¢ A™~!
(ie. POA~L® A" ® A) and x : L = A"(P) such that e(P, x) = (I,wr) # 0
in E(A, L). Note that since P is stably isomorphic to L & A", C,,(P) = 0 but
e(P, x) # 0 and hence, by (2.17), P % Q ® A. This completes the proof. O

4 Elementary Paths in X(R): Technical Lemma

Let X = Spec(A) be a smooth affine variety over R of dimension n > 2. Assume
that the set X (R) of real points is not empty, hence infinite. In this section, we
analyse elementary paths in X (R).

Let v be a non-degenerate elementary path in X(R) as defined in (2.10).
Then the Zariski closure 4 in X is an irreducible curve. Let p be the prime ideal
of A defining this curve and B = A/p. Let C be the normalisation of B. Then
7 = Spec(C) is a smooth curve. Let Xp = {1+ f2|f; € B}. Then B’ = ¥;'C

is the normalisation of R(B) and B’ — R(C). B’ contains all the real maximal
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ideals of C' and only finitely many non-real maximal ideals (which contract to the
singularities of R(B)). In particular, that means R(C) = R(B’).
Using this, we get :

Lemma 4.1. Let m be a mazimal ideal of B'. If m is non-real, then m is principal.

If m is real, then m? is a principal ideal, generated by a sum of squares.

Proof. Let ¢ = ¢p/r(p) be the conductor of B’ over R(B). Now consider the
Mayer-Vietoris sequence corresponding to the conductor,
B’ R(B) B

U(—) = Pic(R(B)) — Pic(B") @ Pic(= ) — Pic(~).

Since ¢ has height 1, Pic(R(B)/c) = Pic(B’/c¢) = 0. Hence, we get Pic(R(B)) —
Pic(B’). Since R(B) contains only real maximal ideals, by (2.6) Pic(R(B)) is
2-torsion. Hence, Pic(B’) is also 2-torsion. Putting this together with (2.20), we

get that every non-real maximal ideal of B’ is principal.

Let m be a real maximal ideal of B’. Since B’ is a localisation of a smooth,
affine curve over R, (2.6) gives us m*R(B’) = (> ¢?) where m = (¢, ¢, ..., ¢p).
B’ has only finitely many non-real maximal ideals, say 01,02, ...,0x. Since they
are all principal, let [[_, 9; = (). Further, choose an element y € m?\ (UL_,0,).
Then consider the element z = x2(>_¢?) + ¢ This element clearly does not

belong to any real maximal ideal m’ other than m since
zem =2 eEm =gem =mCm.

Also the choice of y means that 2z ¢ 0;. Locally, 2 generates m? hence we have
m? = (22(>_ ¢?) + y?) which proves the lemma. O

This in turn gives us :

Lemma 4.2. Fvery non-real maximal ideal 0 of B’ is generated by a function
which is positive at all real points, i.e. 0 = (h) and h = hy/hy where hy, hy € B’

and both are sums of squares in B’.

Proof. Since 0 is principal, let 9 = (x). Then by (2.20), we know that there exist f
and g which are sums of squares such that (9NC) [Tm3(f) = [[m;(g). Hence, we
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get 0[] (m;B")%(f) =[] (m;B')*(g). Hence, by (4.1), we get that (z)(hy) = (hs)
where h; and hy are sums of squares in B’. This means there exists a unit u € B’

such that uxh,; = hy. Putting A = ux, we obtain the result. O

Remark 4.3. Since non-real points of B’ are principal, Pic(B') = Pic(R(B’)).

From (2.7), there exists a generator x of Qg (c)/m Which we fix through the rest
of the argument. We summarise the information in the commutative diagrams

below :

R(B)—— B' = 23;'C——R(C)

which along with the definition of elementary path gives us :

Y——— (Spec(B))(R) —— Maz(R(B)) (% * %2)
| T |
[P, Q]— (Spec(B’))(R)—— Max(B’)

| |

(Spec(C))(R)——— Maz(C)

Consider £*(P) and £*(Q) which are elements of Max(R(B)) — X(R) and let
M, and M; be the corresponding maximal ideals of R(A). Then M, is the
starting point of v and M is the endpoint. Let my, m; be the maximal ideals of
R(B) corresponding to M, and M;. Let mp and mg be the maximal ideals of
B’ corresponding to P and (@ respectively. Recall that (2.8) gave us a function
fro € R(C) with special properties.

Lemma 4.4. We can choose gpg in B' such that :

1. (gRQ) =mpM mg in B'.

2. if dgpg =1t x, then it has opposite orientations at both points, i.e.
sign(t(P)) = —1, sign(t(Q)) = 1.
3. gpg 18 positive at all points outside the closed interval | P, Q).
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Proof. Since R(C) = R(B’), using (2.8) there exists a function fpo € R(B’)
satisfying (fpg) = mpR(B’) N moR(B’) and sign(g(P)) = —1, sign(g(Q)) = 1
where dfpg = g x. Further, fpo was positive outside the closed interval [P, Q)].

Since R(B’) is a localisation of B’, we have fpg = f/u where u = 1+ a? and
f,u,a; € B'. Note that since u is a sum of squares, sign(fpgo(R)) = sign(f(R))
for all points R € (Spec B')(R). Let df = gi1x. Since fpo(P) = fro(Q) =0,
we have gy(P) = u(P)g(P) and g,(Q) — u(Q)g(Q) and hence, sign(g:(P)) = —1
and sign(g1(Q)) = 1 so they continue to have opposite orientations.

By (4.3), 3h € B’ such that mp N mg = (h). Denote the non-real maximal
ideals of B’ by 01,05,...,0;. By (4.2), 3f;,1 < i < k such that d; = (f;) where
fi is positive at all real points of B’. Then, f = w4 Hle fi*h where w; is a unit
in B'. Let gpg = uyh. Since w; is a unit, (gpg) = mp N mg. Moreover we have
f = TI5, P gpq. Hence, sign(f(R)) = sign(grq(R)VR € (Spec(B))(R). gnq
is positive at all points outside the closed interval |P,Q[. Also, if dgpg = tx,
then sign(t(P)) = sign(g1(P)) = —1 and sign(t(Q)) = sign(g1(Q)) = 1 as
argued previously. This completes the proof. O

Now we prove a lemma which says that if v contains only non-singular points
of (Spec(B))(R), then my N my is a complete intersection in R(B). In what
follows, for T € (Spec(B))(R), we denote the corresponding maximal ideal of
R(B) by my.

Lemma 4.5. Suppose v contains only non-singular points of (Spec(B))(R).
Then given a finite set {T, ..., T.} U{T}, ..., T.} of points in (Spec(B))(R) not
contained in vy, there exists g € R(B) such that

1. (g) =mogNmy

2. g—1¢€ J where J = (NI_jmp)N (ﬁjzlmT;) M ¢B//R(B)

3. sign(dg/x) = —1 at my and sign(dg/x) =1 at my.

Proof. Note that without loss of generality, we can assume that points 7; and Tj'
correspond to smooth maximal ideals of R(B), and hence T3, T} can be regarded
as points of (Spec(B’))(R) as well (since (£*)7(T;) and (£*)~'(T}) are singleton).
Consider the function gpg € B’ as in (4.4) and any point 7" € (Spec(B’))(R)

such that the corresponding maximal ideal my contains JB’. Then either it is 7T;
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or T]’ or it is in the support of the conductor ideal ¢p//r(p). Since none of these
points are contained in [P, Q] (since none of the images under £* are contained
in ), we have that gpgo(T)) > 0. Consider gpg € (B’/J)*. Then, applying
(2.18) (with I = +/J/J), we get g; € B’ such that ¢;> = gpg € (B'/J)* and
(g1) +J = B’. Hence, there exists a € B,z € J such that agy + x = 1 € B'.
Note that (g1, ) = B’. Consider u = g% + 22. Let m be a maximal ideal of B’.
If J C m, then x € m. Therefore, g; ¢ m and hence v € m. If J € m, then
¢ /r) € m and hence if n = m N R(B), then R(B)n = By,. As R(B) has
only real maximal ideals, we get that m is a real maximal ideal of B’. Hence,
u €Em = g, € m = 1 € m which is a contradiction. Therefore, u is a unit
in B" and since it is a sum of squares, it is positive at all real points. Consider

g =u"'gpg. Therefore, with bar denoting elements in B’/.J,
_ —_ 1 H—1_ 9 _
g=ulgpo =1 'gro =97 gro=a ‘Gi°=1€B'/J

Hence, g = 1+ y for some element y € J C c¢p//r(p). Hence, using (2.19), we get
mo Nmy = (g). Further, we see that at the points T;, 77, g(T;) = g(Tj) = 1 and

VR
g(T) =1 for each point T € (Spec(B))(R) which is a singular point.

Note that
OQr(B)/R ~ Qp/r

mOQR(B)/R mPQB’/R

and

Or(B)/R ~ Qp/r
mOryr M /R

Since g = u"'gpg in B', we have dg = u~'dgpg + gpod(u™") in Qg r. Hence,

(dg/x)(P) = u™ (P)(dgre/x)(P),  (dg/x)(Q) = v~ (Q)(dgre/X)(Q)-
Therefore, sign((dg/x)(P)) = —1 and sign((dg/x)(Q)) = 1. O

Let L be a projective A-module of rank 1. We prove the final lemma of this
section which shows that if 7 contains only non-singular points of R(B), then
there exists 3 : R(L) @ R(4)" ' - MoN M,.

We recall the set-up once again. Recall that B = A/p = 379" where 7 is an
elementary path in X (R) with starting point My and endpoint M. Let C be the
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normalisation of B, B’ be the normalisation of R(B) and hence R(B’) = R(C).
X is a generator of Qg )R = Qr(p)/r- Let cp/r(p) be the conductor ideal of B’
over R(B). Let € O pR(A) be the ideal of R(A) such that €/pR(A) = ¢p//r(B)-

Since A is smooth, pR(A)p = (a1, az, ..., a,1) with a; € R(A). Let By =
R(A)/(a1,az,...,a,-1). Note that (a1, as,...,a,-1) = pR(A) NI for some ideal
I of R(A) not contained in pR(A).

Hence onward we use the following convention. For a maximal ideal M of
R(A) containing pR(A), M denotes the corresponding maximal ideal of B; and
m will denote the corresponding maximal ideal of R(B), i.e. M = MB; and
m = MR(B). Since pR(A) + [ is of height n in R(A), there are finitely many
maximal ideals containing pR(A) + I. Let those be denoted by Ti,...,7T, in
X(R).

Lemma 4.6. Suppose, with the assumptions and notations as above, there exists
f € R(A) such that :

1. fecn(pR(A) + ).

2. Spec(R(A)/f) N~ =0.
Then, there exists a, € R(A) such that (a1,as,...,a,) = MogN My, a, — 1 €
(a1, a2, - an, f) and sign((d(a,)/x)(P)) = =1 and sign((d(an)/x)(Q)) = 1
where a, denotes the image of a,, under the map R(A) — R(C). Moreover, if
there exists T € L such that R(L); = TR(L)y, then there exists a surjection [3 :
R(L)®R(A)" 1 - MoNM; such that 3(1) = a1+ha, and B(e;) = a;; 2<i<n

where (e, -+ ,e,) denotes a basis of R(A)".
Proof. Since Spec(R(A)/f) N~ = 0, we have f & p.
Let T={T € X[R)[p+ feMr}=V(p+[R(A)),
{T1,.... T =T\ V(€N (pR(A) + 1)),
{Ty,....T,} = V(pR(A) + )\ V(€)  and
J = (pR(A) + 1) N &N (N M7) C R(A).
Then  VJ = (N, Mz,) NVEN (M Mg) = [ Mz = VpR(A) + ().

TeY
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Note that since pB; N I B; = 0, the above equality implies

Moreover, as v C V(pR(A)) and Spec(R(A)/(f)) N~y =0, yNT = . By (4.5),
there exists g € R(B) such that

e (9) =moNm

e g—1¢€/JR(B)=VJ/pR(A)

e as an element of R(C)(2 R(B)), sign(dg/x) = —1 at mp(= myR(C)) and

sign(dg/x) =1 at mg(= mR(C)).

Consider the ring B} = R(B)®R(A)/I. There is a natural surjection B} — R(B)
and through this, we have (mpNmy) @ R(A)/I = ((9,1)) in Bj. The natural
map B; — R(B) factors through as By — B} — R(B). Note that the conductor
CB//B; = pR(A) + I in B, maps bijectively to (pR(A)+1)/pR(A)® (pR(A)+1)/I
in Bj.

Since g — 1 € /JR(B) = VJ/pR(A), the equation Y2 — g has a solution
in R(B)/vJR(B). Hence, by (2.18), there exists ¢, € R(B) such that g? — g €
JR(B). As (g) + JR(B) = R(B), (¢1) + JR(B) = R(B). Let y € J such that
(g1) + (y) = R(B). Then, v = g7 + y? is a unit in R(B). Consider the element
go = v lg. Then, (go) = mgNm; and g, — 1 € JR(B). Further, since v is a sum

of squares and a unit, we get that
d d
sign(Z22(P)) = sign(2(P)) = =1  and
X X

sign(“2(@) = sign(“L(@) = 1.
X X

Note that since pR(A) & J C pR(A) + T and g — 1 € JR(B) = J/pR(A),
the element (go,1) — (1,1) of R(B) @ R(A)/I(= Bj) belongs to the conductor
ideal ¢pr/p, = (PR(A) +I)/pR(A) ® (pR(A) + I)/I C Bj. Hence, there exists
b € B, such that b+ (g, 1). We note that the hypothesis implies, MoNM; 2 I.
Hence, (MoNM;)B} = (mgNmy) @R(A)/I = (g, 1) B, and therefore, by (2.19),
(b) = Mo N M;. As above, we have

sign(%(P)) = szgn(al)‘i2 (P))=-1 and
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sign( %2 (@) = sign( 2 (Q)) 1
where b is the image of b in R(C).

Since f ¢ Mo N My, (f)B;y + (b)B; = By. Further,
b—1r (go—1,0) € /JR(B) ®R(A)/]

=b—1€IBNEB N (Nj_ ;M) € \/fBi.

Hence, the equation Y2 — b has a solution in B;/v/fB; and therefore, by (2.18),
we have a € By such that a®> —b € fB;. As b =1 mod\/fB, (a, f) = B, where f
is the image of f in B;. Therefore, u = a®>+ f? is a unit in B;. Consider ceR(A)
such that ¢ = u=tb. Then, ¢ —1 € (f). Hence, c — 1 = af + Z] L aja;. Let

an =c—y 0" ~ a;a;. Therefore,
a, — 1 =af = (a,, f) = R(A).

Further, (d,) = (¢) = My N M, where “bar” denotes the image in B; and hence
(a1,a9,...,0,_1,0,) = MoN My in R(A). Also,

sign(M)(P) = sign(ﬁ)(P) = sign(@(P)) =—1 and
X X
sign(M22)Q) = sign( Q) = sign("2 @) 1

where “tilde” are the images in R(C).

Now assume that there exists 7 € L such that R(L); = 7R(A);. Since
R(A)f +R(A)a, = R(A), we have R(L)/a,R(L) = R(L)¢/a,R(L). Therefore
as R(L)f =7R(A)f, R(L)/a,R(L) is a free R(A)/(a,)-module of rank 1 with 7
as a generator. Therefore, it is easy to see that there exists an R(A)-linear map
a:R(L) — MyN M;j such that a(7) = a1 + a,h with h € R(A).

Let

B:R(L) B R(A) ! — MoN M,

be an R(A)-linear map map defined as 3(I) = a(l) for | € R(L) and [(e;) =
a;; 2 < i < n where (eg,---,e,) is a basis of R(A)""!. Then, 3(1 — he,) =
aj + ha, — ha, = a;. Hence, as My N My = (ay,as,...,a,), [ is a surjection.
Thus, we obtain the result. O
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5 FElementary Paths in Z(R)

Let X = Spec(A) be a smooth affine variety over R of dimension n > 2. Assume
further that the set X (R) of real points is not empty, hence infinite. Let L be a
projective A-module of rank 1. We denote K4 = A"(Q24/r) by K.

Let £ = L®4 K. Let D = ®_ocico’. Let Z = Spec(D). Then there is
a natural map A <— D which gives rise to a natural surjection Z — X which
induces a natural map Z(R) — X (R) which we denote by II. Looked at in the
Euclidean topology, this gives an R*-bundle over X (R).

In what follows, we identify points of Z(R) (respectively X (R)) with the
corresponding real maximal ideals of D (respectively A). Recall that R(A)
denotes the ring obtained from A by inverting all elements of the type 1 +
S fAfie Aand R(L) = L ®4 R(A). Let

L . , M
L (W)}-
Recall that the Euler class group E(R(A),R(L)) is a quotient of the free abelian
group with generating set Y. We associate with Y the topological space Z(R) as

Y ={(M,wm)IM € X(R), wp:

follows :
Let M be a real maximal ideal. Let
L - M
— A (—5) ).
The differential map d : A — Q4/r induces A"(dpq) : AMM/M?) 5 K/ MK,
Composing wa with A"(daq), we get an isomorphism ¢,,,, : L/ ML = K/MK.
Note that

Y = {(M,wp)lwa :

R(&) _ R({) R(K)
MR(E)  MR(L) =~ MR(K)
and hence there is a natural map R(L)?/MR(L)? — R(E)/ MR(E) given by

L
Loy &1 =10, (I); 1€~

ML
Thus, we get :
R(L) . M e R(L) R(K) T R(L)? R(E)
Hom(MR(L)’/\ (MZ)) = Hom(MR(L)’MR(K)) = Hom(MR(L)Z’MR(c‘f))



Wpm /\n(dM) oW > 'idR(L) &® /\n(dM) O WA

By (2.6), R(L)? is free. Let k € L? be a generator of R(L)?. Let & denote
the image of x in R(L)?/MR(L)*>. Then T, (%) is a non-zero element of
R(E)/MR(E)(= £/ME) and hence Iy, (k) = €, where e € £\ ME. Then,
this gives a map O, : Y — II71H(M), sending (M, wpy) — (M, e — 1) where
e is defined as above. Now, every element of II"*(M) is of the form (M, e — 1)
where e € £\ ME. Hence, given e, we get an isomorphism sending % to € and
working backwards in the above diagram, we get a local orientation of M. Hence,
O is a bijection.

Note that there is a natural action of R* on Y, and II"'(M) and the above
diagram shows that the map © ,, is compatible with the action. Putting together
O for all M € X(R), we have © : Y = Z(R). Therefore, we get a set-theoretic
map Z(R) — E(R(A),R(L)).

In this section, using elementary paths in Z(R) we show that : image of a
component of Z(R) under the map Z(R) — E(R(A),R(L)) is singleton.

To show this we need to prove some auxiliary results. We first set up notations
required for these results.

Suppose f € A is such that L; ~ Ay ~ K. Let us fix generators 7 and p
of Ly and K respectively. Let Zy = Spec(Dy) and Xy = Spec(Ay). Then &y is
generated by 7 ® p and therefore

Di=D®s Ay = AT, T7Y; T =(1®0p).

With respect to the pair (7, p), we assign to every P € Z;(R), an element of the
group {1,—1} as follows :

Definition 5.1. Let ©(M,wx ) = P correspond to (M, e — 1) where e € £, ¢ #
0€&E/ME. Then if f ¢ M, we have

E=\T®7 :\cR"

Define
59147, (P) = 591(r,0) (M, ) = sign(A).
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Remark 5.2. Since Dy = A;[T, T, T = (t®p), we can consider T as a function
on Z;(R). Let (M,wr) € Y such that P = O((M,wr)) € Z¢(R). Then the
value of T at P is given by A" € R* where T = X\"'e = A"'T,, (%) € £/(ME).
This implies that

$g1(e) (M, 31) = sign(T(P).

This further implies that if wy, Waq are two local L-orientations of M, then

8GN (rp) (M, Wrr) = sign(a)sgnr,p) (M, wy)  where Oy = awag.

Since £y is free, Z;(R) ~ X;(R)xR*| | X{(R) xR~ where the maximal ideal
(M, T — 1) corresponds to (M, 1) € X¢(R) x R*. Note that P € X;(R) x Rt
if and only if sgn(. ) (P) = 1.

Recall that we have a (set-theoretic) map Z(R) — E(R(A),R(L)). For P €
Z(R), we denote its image in E(R(A),R(L)) by (P). Let ¥ be an elementary
path in Z(R) and let P be the starting point and Q be the endpoint of ¥. Our
first step is to show that under the map Z(R) — E(R(A),R(L)), (P) = (Q) in
E(R(A),R(L)).

Lemma 5.3. Let V be an elementary path in Z(R) such that under the canonical
map 11 : Z(R) - X(R), TI(V) is a singleton. Let P = O((My,wn,)) be the
starting point and Q = O((My,wn,)) be the end point of ¥. Then, (Mo, wpr,) =
(My,wpr,) in E(R(A),R(L)).

Proof. Since II(V) is singleton, Mo = M; and ¥ C II"}(M,). Choose f & M,
such that Ly ~ Ay ~ K;. Then, My, = M; and hence, wrq, = Awp,. Then,
choosing generators T and p for L; and K respectively, we can express II"!(M,)
as a union of its components [T (M) = My x RT| My x R™. Since ¥ is
semialgebraically connected, W lies in one of them. Hence, sgn ,(Mo,wpr,) =
sgn(rp(Mi,wp,) and hence, sign(A) > 0. But then by (2.15), this implies
(Mo, wr,) = (M1, wa,) in E(R(A),R(L)), i.e. (P)=(Q). O

Now we assume that v = II(¥) is not singleton and moreover that IT|y : ¥ —
is bijective. Therefore, by [8, Theorem 3.1], v is a nondegenerate elementary path

in X(R). We set up some notations and prove some results to deal with this case.
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Let U7 = Spec(D/q) and 77" = Spec(A/p). Then, as v is non-degenerate,
p=qnA.

In this context, we recall the notations used in the previous section : B =
A/pA. Let C be the normalisation of B and ¢ : B — C. Let B’ be the
normalisation of R(B) and hence R(B’) = R(C). x is a generator of Qgr(c)/r =
Qr(p)/r- Since v is an elementary path, we have an order preserving bijection
& [P,Q] = v where [P,Q] C (Spec(C))(R). Then, £*(P) and £*(Q) are the
start and end points of v respectively. Let M, and M; be the maximal ideals of
R(A) corresponding to £*(P) and £*(Q) respectively.

Let ¢z /r(p) be the conductor ideal of B’ over R(B). Let € be the ideal of
R(A) containing pR(A) such that €/pR(A) = c¢p//r(p). Since R(A) is regular,
pR(A)p = (a1,a9,...,an1),a; € pR(A). Then, (a1, aq,...,a,-1) = pR(A)NI for
some ideal I C R(A) not contained in pR(A). Let By = R(A)/(a1,az,...,an_1).

In what follows, we shall use the following convention. For a maximal ideal
M of R(A) containing pR(A), M will denote the corresponding maximal ideal of
B; and m will denote the corresponding maximal ideal of R(B), i.e. M = MB,
and m = MR(B).

Since I ¢ pR(A), pR(A)+1 is of height n in R(A), and hence (pR(A)+I1)NE
is an ideal of height n.

We now prove the following lemma :

Lemma 5.4. Let ¥ C Z(R) be a nondegenerate elementary path and v = I1(V).
Suppose 11 : W — ~ is a bijection. Let (Mg, wpry,) and (Mq,way,) be such that
O((Mo,wrr,)) = P and O((My,wa,)) = Q are initial and end points of W
respectively. Further, assume that, with notation as above, there exists f € R(A)
such that :

1. fecn(pR(A)+1I).
2. Ly ~ Ay ~ Ky.
3. Spec(R(A)/f) N~y = 0.
Then, (Mo, wpr,) = (My,wpa,) in E(R(A),R(L)), i.e. (P)=1(Q).

Proof. Let
T={TecXR)lp+fecMp}=V(p+fR(A)),
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{T],..., T} =T\ V(€N (pR(A) + I)).
Note that

VIB () E[((MimMzy) €V (f)Br.

Also, v € Xf(R). Further, R(B); = Bj since the conductor (¢p/r(s)); equals

the full ring B}. So, R(B)y is regular and hence, we have the short exact sequence,

(a1,as,...,an_1)R(A); _ QR(A)f/R

00—
plar,ag,...;an 1)R(A);  pOr),/R

— Qr(p);m — 0

Now, since R(B); = B}, B} has only real maximal ideals. Hence, B} = R(C);.
Hence,

Qr),/m = Uy/r = QR(o), /R

Hence Qr(p),/r is generated by x, and so the sequence is split exact. Let s
be a splitting. Then (Qra)/r/POQr(4)/R)f i a free R(B)-module with a basis
{d(ay),d(as),...,d(an_1),s(x)} where for a € R(A), we denote by d(a), the image
of d(a) in Qr(ay/r/POR(4)R- As a consequence, A 'da; As(x) = p is a generator
for (R(K)/pR(K));.

Let p € K and 7 € L be generators of Ky and Ly respectively. Then, T' = 7®p

is a generator for £;. As above, we can write Dy ~ A;[T, T~'] and we can consider
the action of 7' on P = ©(Mj,wp,) and Q = O(Mi,wpry, ). By (5.2),
sign(T(P)) = sgn(r.p (Mo, wamo),  sign(T(Q)) = sgn(zp) (M1, wa,)-

Since II : ¥ — « is bijective and v C X((R) we have ¥ C Z;(R). As T
defines a continuous and semialgebraic function on Z;(R), and P, Q € ¥ (which
is semialgebraically connected); sign(T(P)) = sign(T(Q)). Hence, changing p to

—p if necessary, we may assume without loss of generality that,

SgN(r.p) (Mo, waty) = 1 = 89070 (M1, wig,).

Now, as 7 € L is a generator of Ly by (4.6), there exists a, € R(A) and a

surjection

5:R(L) @ R(A)™ = My M,

such that
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o (aj,ag,...,a,) = MonN My,
e 3(1) = ay + ha, for some h € R(A),
e 3(e;) = a;; 2 <i<n where (ey,--- ,e,) is a basis of R(A)""L.
Moreover if @, denotes the image of a,, in R(B)(= R(A)/pR(A)) — R(C), then
e sign(d(a,)/x) = —1 at my and sign(d(a,)/x) =1 at my
Note that if d(d,)/x = w € R(C) C R(C); = R(B)y, then A7_ da; = wp'.
The surjection §: R(L) @ R(A)"! - MoNMi(= (a1, aq,...,a,)) gives rise

to local orientations wy and w; of My and M respectively as follows :

R~
Wi.m_)/\(

where 7/ denotes the image of 7 in R(L)/M;R(L) and a;; denotes the image of
a; in M;/ M.

Recall that k and 7 are generators for R(L)? and R(L); respectively. There-
fore k = u(7 @ 7) for some u € R(A)}. Since p is a generator of R(K) and p’ is a
generator of (R(K)/pR(K));, p = vp’ for some v € R(B)} where p is the image
of p in (R(K)/SR(K));.

Let u;, v;, w; denote images of u, v, w in R(A)/M, respectively. Note that as ~y
is a semialgebraically connected subset of Spec(Bf)(R) C X¢(R) and the points
of X(R) corresponding to My and M belong to ~,

sign(ug)sign(uy) = sign(vg)sign(vy) = 1.

On the other hand, by choice of w, sign(wy) = —1 and sign(w;) = 1. Now using

the equalities k = u(T ® 7), p = vp’ and /\?Zld&j — wp', we see that
891 r,0) (Mo, wo) 9Nz ) (M1, wn) = —1

But
Sgn(Tvp)(M()a WMO) =1= Sgn(r,p)(Mla w/\/h)-

Without loss of generality we assume that
S9N (r,p) (Mo, W) = 59N (r,p) (Mo, wo) = 1.
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59N (r,p) (M1, W, ) = =890 ¢rp) (M1, w1) = 1.
Hence,
(Mo, wm,y) = (Mo, wo), (M1, wam,) = —(My,wi)
in E(R(A),R(L)).
Since orientations wy and w; on My and M; are induced by the surjection
B:R(L) ®R(A)" - MyN M, we know that in E(R(A), R(L)),

(MQ,WQ) + (Ml,wl) =0.
Hence, in E(R(A),R(L)),
(Mo, wo) = —=(My,w1) = (My, —wi)

and so

<M07 wMo) = (Mlu W./Vh)
i.e. (P)=(Q). Thus, the lemma is proved. O

We make a few comments about the choice of f in the previous lemma (5.4).

Lemma 5.5. Let R be a reqular domain of dimension n and let p be a prime
ideal of height n — 1 such that the normalisation S of R/p is a finite module over
R/p. Let € be an ideal of R containing p such that €/p is the conductor ideal
of S over R/p. Let aj,as,...,a,_1 € R such that (a1, as,...,a,-1) = p NI with
I ¢ p. Let L be a projective R-module of rank 1. Then there exists f € R\ p
such that

1. fecdn(p+1)
2. LfZRf.

Proof. Since Ly ~ Rp, there exists g € R\ p such that L, ~ R,. Since p G
€N (p+ 1), there exists h € €N (p + I) \ p. Now taking f = gh, we are
through. O

Remark 5.6. Let U,v be as in the lemma (5.4) and %% = Spec(A/p) where p
is a prime ideal of A of height n — 1. Since R(A)pgr(4) is regular of dimension

n—1, we can always find ay, as, ..., a,_1 such that (aj, as,...,a,-1) = pR(A)NI
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with I ¢ pR(A). Then, (5.5) shows that there exists f € R(A) \ pR(A)
satisfying conditions (1) and (2) in the hypothesis of (5.4). Note that if moreover
v C X¢(R) = (Spec(Ay))(R) then for every maximal M of R(A) corresponding
to a point of v, (By)gy = R(B)m is a discrete valuation ring where B; =
R(A)/(a1,az,...,a,-1),R(B) = R(A)/pR(A), M = MB; and m = MR(B). In
particular every point of «y is a smooth point of Spec(A/p) (recall A/p = B). Since
an elementary path might contain non smooth points of the curve Spec(B), it is
not always possible to have f € R(A) satisfying condition (3) in the hypothesis
of (5.4). However, Spec(R(A)/f) N~ is a finite set, say, {Q1,Qs2,...,Q;}. Since
v is totally ordered we can assume that Q; < Q;11;1 <i <t —1.

Let P and ) be the initial and end point of v respectively. Then we have
P<@Q<Qy<...<Q;<Q and open intervals | P, Q1[,]Q;, Qiv1[,1 <i <t—1
and @y, Q[ are contained in X¢(R). Since II|y : ¥ — ~ is bijective and ordered
preserving we have I (P) = P < II_Psi (Q1) < II_ ¥ 1(Qy) < ... <
I U 4Q) < Q=T ¥ Q). Now let P',P” € ¥ be such that I1|;'(Q;) <
P < P" < U Y(Qiy1), then the previous lemma says that (P') = (P”) in
E(R(A),R(L)).

The next lemma essentially says that (I1|3'(Q;)) = (P') = (P") = (|3 (Qi11))
in E(R(A),R(L)).

Lemma 5.7. For every point P of Z(R), there ezists a semialgebraic neighbour-
hood Up such that if Py, Py € Up, then (P1) = (P2).

Before proving this lemma, we state a standard lemma which we will require.

Lemma 5.8. Let A be a smooth affine domain of dimension n over R and let
M be a real mazximal ideal of A. Let L be a rank 1 projective A-module. Assume
that A is a surjective image of R where RY denotes a polynomial algebra
in | variables. Then there exists a set of variables {Xi,---,X;} (i.e. Rl =
R[X1, -+, X)]) and f & M such that A is a finite module over R[ Xy, -+, X,
QAf/R[XI,...7Xn] =0 and Ly ~ Ay.

We now proceed to prove lemma (5.7).
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Proof. Let ©(M,wpr) = P. Let P € X(R) be the point corresponding to M,
i.e. II(P) = P. Since A is affine, we can assume that Spec(A) is a closed n-
dimensional subvariety of the affine space Ak. Hence, X(R) is a closed algebraic
subset of R'. Then, by (5.8), there exists a suitable choice of a coordinate system
of R!, such that the projection map 7 : R! — R™ when restricted to X (R) has
finite fibers. Moreover, there exists f € A such that f ¢ M, Ly ~ Ay and Q4,/r
is generated by dXi,...,dX,. Therefore, by the semialgebraic Inverse Function
Theorem, there exists a semialgebraic Euclidean neighbourhood U of P contained
in the Zariski neighbourhood Spec(Ay) such that the restriction of the projection
map 7 to U is a Nash isomorphism onto an open ball B in R" with center = (P).

We fix an element 7 € L such that it generates L;. Note that K is generated
by p = A!_,dX;. Note further that since f ¢ M, P € Z;(R). Let Dy =
AT, T7Y, T =7 ® p. Then,

Z;(R) = X;(R) x R*| | X;(R) xR".
Without loss of generality we may assume that sgn, ,(P) is positive, i.e.
PeUxR'"C X;(R)xR*.

Let Up = U x R*. By (2.15), (067'(M,T — 1)) = (067}(M,uT — 1)) in
E(R(A),R(L)) for u > 0. So we may assume that P corresponds to (M, T —1).
Again by (2.15), to prove the proposition it is enough to prove that, (©~1(M, T —
1)) = (0 Y(M', T - 1)) in E(R(A),R(L)) for every M' € U. Let P’ be the
element of Z(R) corresponding to (M', T —1).

Case 1. Suppose II(P') = II(P) = P. Then P’ = P and so (P) = (P’) in
E(R(A),R(L)).

Case 2. Suppose I[I(P') = P’ # P. Let W be a semialgebraic open subset of
R! such that W N X(R) = U. Since P # P 7(P) # n(P’). Without loss of
generality we assume that 7(P) = (0,...,0) and w(P’) = (d1,...,9,). Moreover,
without loss of generality, we assume that §,, > 0. The line £ joining the two

points 7(P) = (0,...,0) and 7(P’) = (1, --- ,0,) is given by n — 1 equations :
Hi: Xi — Xy, G=0;/6p, 1<i<n—1
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Let £, be the segment of £ contained in 7(U) = B. Then there exists an open
interval (a,b) D [0, d,] and a Nash isomorphism from (a, b) to £, given by :

t— (Cit, Coty -+, Cuont,y t).

Composing the above function with (7|;)~! we obtain a Nash embedding F(t) =
(fi(t), ..., fult), ..., i(1)) from (a,b) to (7|y)~1(L1) C U C RL Tt is easy to see
that fi(t) =Gt fori=1,...,n—1, f,(t) =t and f;(t) = g;(Cit,..., (-1t t) for
j=n+1,...,1. Note that F(0) = P and F(6,,) = P'.

Let v = F([0,6,]). Then, v C U C Spec(Ay). Moreover, since H; vanishes at
every point of v for 1 < i <mn—1, v C (Spec((A/(Hy, Ha,...,H,—1)A)s))(R).
Note that Qa,/rx, xs.. %) = 0;R[X1, Xo, .., X,]/(Hy, Hy, ..., Hy 1) ~ R[T).
Therefore, (A/(Hy, Hs, ..., H,_1)A)y is a regular ring. Hence onward we simply
write (Hy, Ho, ..., H, 1) for (Hy, Hy, ..., H,_1)A.

Consider

(Hi, Hy, .. Hoor) = (07000) ()05 00) ()(MFa0),

the primary decomposition of (Hy, Hs, ..., H,_1) in A where

f&Ulp, fe m§2:m+1pj

and q;, are primary but not prime ideals, which, as (A/(H;, Hy, H,—1)) is regular
implies that

Hence, (Hy, Hs, ..., Hp—1)f = N1, (p;)f- Then,

2

Spec((A/(Hy, Ha, ..., Hna))g) = |_| Spec((A/(pi))5)-

Since v C Spec((A/(Hy, Ha, ..., H,—1))s) = L1, Spec((A/p;)f), we have
7=y 0 (Spec((4/p))(R).

Since v N Spec((A/p;)f) is a closed semialgebraic subset of v and v is semial-
gebraically connected, there exists i such that v = v N Spec(A/p,) while the
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other intersections are empty. Without loss of generality let ¢ = 1 and let
us denote p; = p. Hence, v C Spec(A4/p) and hence, 729 = Spec(A/p). 7
inherits a natural order from [0,6,] and every point of 7 is a smooth point of
Spec(A/(Hy, Hs, ..., H,_1)) as well as of Spec(A/p). Hence, v is an elementary
path with II(P) = P = F'(0) as the initial point and II(P") = P’ = F'(¢,,) as the
endpoint.

Consider the map Dy — Ay given by 7'+ 1. This induces a section
s : Spec(Ay) — Spec(Dy) , M— (M, T —1); M € Max(Ay).

Then let ¥ = s(v). Then clearly ¥ is an elementary path in Z(R) with starting
point P and endpoint P’. Note that since it is a section, II(V) = ~ and the map
IIlg : ¥ — 7 is a bijection. Let

I = ((N2p) (2 410) (O 100) ) R(A).

Then
(Hl, HQ, ey anl) - pR(A) N [

Let B = A/p and By = A/(Hy,H,,...,H,—1). Then since By and (B;)s
are regular, f € /€N (pR(A)+ 1) where € is the conductor ideal of R(A)
with respect to its normalisation. By choice of f and v, Ly ~ Ay ~ Ky and
Spec(R(A)/f) Ny = 0. Therefore, we can apply (5.4) and hence we get that
(P) = (P"). B

Proposition 5.9. Let ¥ C Z(R) be an elementary path and let TI(¥) = 7.
Suppose Iy : U — ~ 1s bijective. Let P and Q be the initial and end points of V.
Then (P) = (Q) in E(R(A),R(L)).

Proof. If ¥ is singleton then there is nothing to prove. So we assume that U is
nondegenerate. Then, v is also a nondegenerate elementary path in X (R).

Let U7 = Spec(D/q) and 47" = Spec(A/p). Then p = ANg and p is a prime
ideal of height n — 1 of A. Since R(A) is regular ; there exist aj,as,...,a,_1 €
R(A) such that (ay,as,...,a,-1) = pPR(A) NI with I ¢ pR(A). Let B’ be the
normalisation of R(B)(= R(A)/pR(A)) and let € be an ideal of R(A) containing
pR(A) such that €/pR(A) = cp//r(p), the conductor ideal of B’ over R(B).
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Then, by (5.5), there exists f € R(A) \ p such that f € €N (pR(A) + I) and
R(L); ~R(A)s. Let T = {T € X(R)|pR(A) + (f) € My} where My denotes
the maximal ideal of R(A) corresponding to 7' and Y = T N~. Since f € pR(A)
(an ideal of height n — 1), T and hence Y’ are finite sets.

If Y = () then by lemma (5.4), (P) = (Q) in E(R(A), R(L)).

So we assume Y’ # (. Let Y; = II"Y(Y) N ¥. Then as M|y : ¥ — 7 is
bijective, Ty is a finite subset of ¥, say T = {Q1, Qa, ..., Q;}. Since V is totally
ordered, without loss of generality we assume that Q; < Q;,1;1 <i <t —1. Let
P=0Qpand Q= Q1. Then we have Qy < Q1 < Qy < ... < Q; < Qyyy.

Consider an interval [Q;, Q;11],1 < i <t — 1. Then, by (5.7), there exists
Uo, C Z(R) such that for any two points S,S’ in Ug,, we have (S) = (S§’). Note
that by [11, Proposition 7.5] Q; is contained in the closure of ]Q;, Q;+1[. There-
fore, Ug,N|Q;, Qi+1[# 0 (and hence is infinite). Choose S;1 € Ug,N|Q;, Qit].
Similarly, we can choose Sj10 € Ug,,,N|Si1, Qit1[. Then, [S;1,Sit1,0] is a sub-
interval of [Q;, Q;11]. Consider ¥; = [S;1,Si+10]- Then note that @izar is an
infinite closed subset of the irreducible curve Spec(D/q) and hence has to equal
it. Hence, U,”"" = Spec(D/q) and V; is actually an elementary path. Further,
m(U;) N YT = (. Then, by (5.4), (Si1) = (Sit10). Since S;0,Si1 € Ug,, we also
have (S;o) = (S;.1). Hence, we get that (S11) = (Sio). If Qo = Oy, let Sp1 = Si 1,
else consider [Sp1,S10]. Similarly, if Q; = Q;y1, let S;1 = Siy11, else consider
[St1, St10]- In all four cases, we get (Sp1) = (Si1,0). But since Sp1, Qo € Up
and S;110, Qi1 € Ug, we have (Sp1) = (Qo) and (Qir1) = (Siy1,0). Hence, we
get (Qp) = (Qps1) Le. (Mo, wag,) = (Miy,wpy,) in E(R(A), R(L)). O

Finally, we prove the main result of this section.

Theorem 5.10. Let A, L, K,E,D,X(R),Z(R),Y,0 : Y — Z(R) be as in the
beginning of this section. Let P = ©((Moy,wpq,)) and Q = O((My,wny,)) be two
distinct points of Z(R) lying in the same semialgebraically connected component

of Z(R). Then (Mo, wry) = (M1,wpn,) in E(R(A),R(L)).

Proof. Since P and Q lie in the same component of Z(R), we can join P and Q
by a semialgebraic path W. Then by (2.12), this path breaks into finitely many
non-degenerate elementary paths U;, 1 < i < r such that ¥; N ¥;,; = {S;} and
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S; is the starting point of ¥;,; and the endpoint of ¥,;. Moreover, P = & is the
starting point of Uy and Q = S, is the end point of W,. Therefore it is enough
to show that (S;) = (S;41),0 <i<r—1in E(R(A),R(L)).

Hence we can assume without loss of generality that ¥ is a nondegenerate
elementary path in Z(R), with initial point P and end point Q. If II(¥) (where
IT: Z(R) — X(R))) is singleton, then by (5.3) we are through. So we assume
that TI(W) is not singleton (and hence infinite).

In this case, by [8, Theorem 3.1|, there exists a sub-division P = Py <
P < ... < Py = Q such that if U; = [P;,P;4], then II|y, : [P;, Pjy1] —
II(V;) is order-preserving and bijective. Therefore, by (5.4) (P;) = (Piy1) in
E(R(A),R(L)) for 0 < j <t — 1. Therefore (P) = (Q) in E(R(A),R(L)). O

6 Structure theorem for E(R(A), R(L))

In this section, we prove the structure theorem Theorem B.

We recall the setup once again. Let X = Spec(A) be a smooth affine variety
over R of dimension n > 2. Assume further that the set X (R) of real points is
not empty, hence infinite. Let L be a projective A-module of rank 1. We denote
Ka=N'(Qur) by K.

Let £ = L®s K. Let D = @_ocical’. Let Z = Spec(D). Then there is
a natural map A <— D which gives rise to a natural surjection Z — X which
induces a natural map Z(R) — X (R) which we denote by II. Looked at in the
Euclidean topology, this gives an R*-bundle over X (R).

Let
L - M

ML /\n(ﬁ)}-
Then there is a natural bijection © : Y = Z(R). Recall that E(R(A), R(L)) is a
quotient of the free abelian group on the set Y.

Let C1,Cy,...,C.,Criq,...,C; be the closed and bounded components of
X(R).

Note that L, K,€ = L ®4 K correspond to semialgebraic line bundles on
X(R). Let L;, K;,&; be the restrictions of these line bundles to C;. Then

I1-1(C;) is the complement of the zero section of £;. Note that L; is isomorphic

Y ={Mum)M e X(R), wr:
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to K; as a semialgebraic line bundle (denoted by L; ~ K;) if and only if &; is a
semialgebraically trivial line bundle over C;.
Now suppose that L; ~ K; for 1 <i<rand L; 2 K; forr+1 <<t

Lemma 6.1. 2(M,wr) =0 in E(R(A), R(L)) where the point corresponding to
M lies in Cy,r+1<i<t.

Proof. Since II : Z(R) — X(R) is a continuous semialgebraic map, every com-
ponent of Z(R) is contained in II7'(C) for some component C' of X(R). In
particular, if ITI71(C) is semialgebraically connected then II7!(C) is a semialge-
braically connected component of Z(R). Note that by (2.5), if C' is a closed and
bounded component of X(R) then II7!(C') has two components if and only if £|¢
is trivial, otherwise II7!(C') is semialgebraically connected.

Note that since &; is not trivial for r + 1 < ¢ < ¢, by (2.5), II7}(C;) is
semialgebraically connected and hence is a component of Z(R). Now if M is a
maximal ideal of R(A) such that the point corresponding to it lies in C; then
O((M,wr)) and O((M, —wrq)) € TT7HC;). Since TI71H(C;) is semialgebraically
connected for r+1 <1 <t, by (5.10), (M, wpm) = (M, —wr) in E(R(A),R(L)).
Therefore, by (2.16), 2(M,wr) =0 in E(R(A), R(L)). O

Lemma 6.2. Let M be a mazimal ideal of R(A) corresponding to a point T" in
C, where C is an unbounded component of X (R). Let wyq be a local L-orientation

of M. Then (M,wpn) =0 in E(R(A),R(L).

Proof. Let X be the smooth projective completion of X = Spec(A). Then there
exists an affine open subset X; = Spec(A;) of X such that X;(R) = X(R). Then
if X' = X N Xy, we have X'(R) = X(R). Let A’ be the coordinate ring of X'.
Since X N X7 is an affine open subset of X; and Pic(R(A;)) is a 2-torsion group,
R(A’) is a localization of R(A;). Now since X N X is an open subset of X and
X'(R) = X(R), we have R(A") = R(A). Let L; be a rank 1 projective over
A; such that Ly and L define the same projective module over R(A). Note that
since X is projective, X;(R) = X(R) is closed and bounded.

Since X'(R) = X(R), we can regard C as a semialgebraically connected subset
of X1(R). Therefore there exists a component C' of X; (R) such that C' C C. Since
C is closed and bounded and C' is not closed and bounded, there exists 7 € C
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such that 7' ¢ C. Note that C' ¢ X(R) (otherwise C' being semialgebraically
connected, C' C C'). Therefore we can assume that 7' ¢ X (R.).

Let Mt denote the corresponding maximal ideal of R(A;). Since T ¢ X (R),
we have M7R(A) = R(A). Let wp, be a local Ly-orientation of My. Since
T,T" € C, by (5.10), either (Mrp,wpnmy) = (M, wpm) or (Mr,wp,) = (M, —wam)
in E(R(A;), R(Ly)). Since R(A) = R(A') is a localization of R(A;), there exists
a (surjective) group homomorphism from E(R(A;), R(L1)) to E(R(A),R(L)).
Since under this group homomorphism, (Mr,wr,.) — 0 in E(R(A),R(L)),
(M,wrp) =01in E(R(A),R(L)). O

Let T; € C;, 1 < i < tand let M; be the maximal ideal of R(A) corresponding
to T;. Let w; be a local L-orientation of M, for 1 < ¢ < t. Let F be a free
abelian group with a basis (e, -+ ,e;). Let A: ' — E(R(A), R(L)) be a group
homomorphism defined by A(e;) = (M;,w;); 1 <i <t.

Proposition 6.3. A is surjective. As a consequence Eo(R(A),R(L)) is a vector
space of rank <t over Z/(2).

Proof. Since E(R(A),R(L)) is generated by Y, it is enough to show that all
elements of Y are in the image of A. Let (M,wnr) € Y. Suppose the point
corresponding to M does not lie in C; for any i,1 < i < ¢t. Then, by (6.2),
(M,wrq) = 0 and hence, it trivially lies in the image of A. If the point corre-
sponding to M lies in C; for some i,1 < i < ¢, then, using (5.10), (M,wr) =
(M, w;) or (M,wp) = (M, —w;) = —(M;,w;). Hence, (M,wr) = A(e;) or
(M,wr) = —A(e;). Therefore, A is surjective.

By (2.16), Eo(R(A),R(L)) is a vector space over Z/(2) and E(R(A), R(L))
maps surjectively onto it. Hence, it is a vector space of rank < ¢ over Z/(2). O

Remark 6.4. By (6.1), the map A induces the surjection :
A
®iy Zei P i1 (Z/2)e; — E(R(A), R(L)).

We will prove that A is an isomorphism.
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Recall that there is a bijection © : Y = Z(R). Note that for 1 <4 < r, there

is a section C; — II7(C;) which induces the following commutative diagram :

R* 2 C; x R* 2~ Z(R)|,

S

Ci

Then, we have a map Z(R) — {—1,0, 1} sending

0 ifI(P) ¢ C,
P4 =1 ifTI(P) € C; and py(s;(P)) < 0
1 ifTI(P) € C; and pa(si(P)) > 0

Consider the composite map sign; : ¥ — {—1,0,1} and consider the induced
map on the free abelian group on Y to Z. Note that if (M,wy) and (M, w;) are
two local orientations of M (where M corresponds to a point in C;), then there
exists A € R* such that wyg = Aw;. Then, pa(s;(O(M,wp))) = Ap2(s:(O(M,w1)))
and hence, sign;((M,wy)) = sign(A)sign;(M,wy)).

Recall that E(R(A),R(L)) is a quotient of the free abelian group on Y. The
next lemma shows that sign; in fact factors through E(R(A), R(L)).

Lemma 6.5. Let I be a finite intersection of mazimal ideals of R(A) and let
B:R(L)® R(A) ! — I be a surjection. Let 1 <1 <r and let M},..., M be
all the mazimal ideals of R(A) such that :

1L ICM);1<;5<I,

2. the point corresponding to M; s contained in C;, 1 < j <.
Let w; be the local R(L)- orientation of M; induced by 3. Then

I
Z sign;((Mj,w;)) = 0.
=1

Proof. Let {fs, f3,++, fa} be a basis of R(A)""! and let B(f) = ax, 2 <k < n.
We can assume that if J = (G(R(L)),as,...,a,—1) then J is a prime ideal of
height n — 1 and Spec(A/J) is a smooth irreducible curve [14, Theorems 1.3 and
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1.4]. Let "tilde" denote reduction modulo the ideal J. Then we have the following

exact sequence

G—d(a) §2
J @de) SRR

— — Qi — 0.
J2? JQR(A)/R R(4)/R

Since R(A) is smooth, we can apply (2.7) and hence, Qgayr is a free R(A)-
module of rank one. Let 6 be a generator of QR(A)/R and let v be its preimage in
Qr(ayr/J (Qreayr). Let F'=R(L) SR(A)" 2. Then, since F(F) = J we get an
isomorphism 3 : F/JF =~ J/J% Hence Qriaym/JQryr ~ F/JF & Qpi)m
Since A" H(F) ~ R(L) and A"(Qr(ayr) = R(K), we get that

R(L) -~ F ~ g ~ Qr(ay/r R(K)
" B Qg s AL @® Qg 1 & =

— —_—

[ (LA (NS ) @60 (B0 A (NS:) © 60 — d(B(1) A (A dag) A v
This induces a natural map

R(A) . R(L) _R(L) ~ R(E)
JR(A)  JR(L) =~ JR(L)  JR(E)

Let x € R(E) be such that 1 — & +— x under the above map. This induces a
map R(D)/JR(D) - R(A)/JR(A) mapping x — 1. This gives another section
of the line bundle restricted to (V(J))(R) C X(R). Let “bar” denote reduction
modulo M. Let @; be the orientation sending [ — B(1) A (A=) A dy ( ) for
each j. Then, (M}, w;) = (Mj, x — 1) for each j.

Note that I = (a,). Since 6 is a generator of Qg 4 g, we have d(d,) = uf for
some u € R(A). Note that d(a,) is non-zero in Qg z)/r/M;Qg i), and hence

is a generator. Hence, u is a unit modulo /\/l;», leu; = u(M;) € R*. Therefore,
W) A (NZidag) AT = ur dBD) A (Nydar).

Hence,
B A (NS i) Ny, (0) = ui B A (Apai).
Hence, @; = u; 'w; for every j. Hence, sign;(M}, ;) = sign(u;)sign;(M}, w;))

and so, sign(u;)sign;(Mj,w;) = signi(Mj, w;).
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Since (V(J))(R) € X(R), any component of (V(J))(R) is disjoint from C;
or completely contained in it. Hence, C; N (V(J))(R) = UyW; where W, are
components of (V(J))(R). Then, we have

signi(Mj,w)) =Y > signi((Mj,wy)).

l
=1 k ]./\/I;GVVZ}C

J

Hence, it is enough to show that for each W, ijM;eWik signi((Mj,w;)) = 0.
We note that W;, are closed subsets of C; and hence are closed and bounded
components of (V(.J))(R) and hence components of its “completion”.

Fix Wy, = W. Since W is a closed and bounded component of (V(J))(R)
and hence a component of its “completion”, by [10, Theorem 3.3], we get that

Z sign(d(?)(/\/l;)): Z sign(uj) = 0.

j:M;EW j:M;EW

Now,
S sign((M ) = 3 sign(us)sign: (M), 2,)).
JMieW JMiEW

By definition, sign;((M},w;)) = sign(pa(si(©((Mj,w;))))). Since O((M}, w;)) =
(M, x — 1), the section induced by x on (V(J))(R) is given by the map M —
O((M),w)) = (M, x — 1). Hence, py(s;(O((Mj,w)))) is a continuous, semialge-
braic map on W which is semialgebraically connected. Hence, pa(s;(M, x — 1))
has the same sign for all M € W and so,

Z sign(u;)sign; (M}, w)) = + Z sign(uj) = 0.
jiMlEW jiMGEW
Hence, the lemma is proved.

O

Thus, the map sign; factors through E(R(A), R(L)). Without loss of gener-
ality we can assume that for the chosen generators (M;,w;) of E(R(A),R(L)),
sign;((M;,w;)) = 1 for 1 < i < r. Using this, we obtain the structure theorem
for E(R(A),R(L)).
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Theorem 6.6.
A
1 Zes ) Bl (Z/2)e: S BR(A), R(L))
18 an isomorphism.

Proof. We recall that there is a natural map from E(R(A),R(L)) - CHy(X)/G
where G = 7, (CHy(X)) and from (3.1), CHo(X)/G ~ (Z/(2))! where every point
of any component is a generator. Hence, for each i : r +1 < ¢ < ¢, there is a
natural surjection E(R(A), R(L)) — Z/(2) obtained by first taking the surjection
E(R(A),R(L)) - CHy(X)/G(=~ (Z/(2))!) followed by the projection to the i
factor of (Z/(2))". we denote it by sign; (slightly abusing notation). Then,
putting together these maps sign;, 1 <i <t, we get amap A’ : E(R(A),R(L)) —

P Zei @D, 1(Z)2)e;. sending (M,wpg) — Si_, signi((M,wa))e;. Since
Ao A =id, we get that A is an isomorphism. This finishes the proof. O
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