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tionLet X = Spec(A) be a smooth a�ne variety of dimension n ≥ 2 over a �eld k of
hara
teristi
 0 and let P be a proje
tive A-module of rank n. It is well-known1



that in general P may not split o� a free summand of rank 1 as Cn(P ) = 0 isa ne
essary 
ondition, where Cn(P ) denotes the nth Chern 
lass of P whi
h isan element of the group CH0(X) of zero 
y
les modulo rational equivalen
e. Aresult of Murthy [12, Theorem 3.8℄ says that when k is an algebrai
ally 
losed�eld, Cn(P ) = 0 is also su�
ient. However, if k is not algebrai
ally 
losed, then
Cn(P ) = 0 is not always a su�
ient 
ondition as eviden
ed by the example ofthe tangent bundle of the even dimensional real sphere. Hen
e, it is of interest toknow when Cn(P ) = 0 is a su�
ient 
ondition for P to split o� a free summand ofrank 1. In the 
ase k = R, this question was brought to a satisfa
tory 
on
lusionin [1℄. Subsequently, similar 
on
lusions were proved in [4℄ when the base �eldis Ar
himedean real 
losed. In this paper we extend these results to the 
asewhen the base �eld k is a real 
losed �eld. Before giving a pre
ise statementof our result, we would like to mention that the results in [4℄ used the existingtheorem for R in [1℄ and also indire
tly made use of Tarski's prin
iple. Further,the proofs in [1℄ used topologi
al te
hniques, whi
h 
ru
ially used the fa
t thatopen intervals in R are 
onne
ted (the only real 
losed �eld having this property).In fa
t, open intervals in real 
losed �elds other than R are totally dis
onne
ted.However, our proofs in this paper are 
ompletely algebrai
 (modulo the fa
t thatthe statement has a bit of topology), they work uniformly for any real 
losed �eldand do not invoke Tarski's prin
iple. Now we state our main result:Theorem A. Let R be a real 
losed �eld. Let X = Spec(A) be a smooth a�nevariety of dimension n ≥ 2 over R. Let X(R) denote the R-rational points of thevariety. Let K denote the module ∧n(ΩA/R). Let P be a proje
tive A-module ofrank n and let ∧n(P ) = L. Assume that Cn(P ) = 0 in CH0(X). Then P ≃ A⊕Qin the following 
ases:1. X(R) has no 
losed and bounded semialgebrai
ally 
onne
ted 
omponent.2. For every 
losed and bounded semialgebrai
ally 
onne
ted 
omponent W of

X(R), LW 6≃ KW where KW and LW denote restri
tion of (indu
ed) linebundles on X(R) to W .3. n is odd. 2



Moreover, if n is even and L is a rank 1 proje
tive A-module su
h that thereexists a 
losed and bounded semialgebrai
ally 
onne
ted 
omponent W of X(R)with the property that LW ≃ KW , then there exists a proje
tive A-module P ofrank n su
h that P ⊕A ≃ L⊕An−1 ⊕A (hen
e Cn(P ) = 0) but P does not havea free summand of rank 1.Let R, X, A, L be as in Theorem A. Let R(A) denote the ring of real regularfun
tions, i.e. the ring obtained by inverting all elements whi
h do not belong toany real maximal ideal and let R(L) = L ⊗A R(A).As in [1℄, one of the key ingredients in the proof of Theorem A is a stru
-ture theorem for the Euler 
lass group E(R(A),R(L)) :a notion due to Nori(see preliminaries for a de�nition). This stru
ture theorem is in terms of thesemialgebrai
ally 
onne
ted semialgebrai
 
omponents of the spa
e of real points
X(R) (see next se
tion for de�nitions).Theorem B. Let A, K, L,R(A) be as above. Let Ci, 1 ≤ i ≤ t be the 
losedand bounded semialgebrai
ally 
onne
ted semialgebrai
 
omponents of X(R). Let
Li and Ki be the restri
tion of the semialgebrai
 line bundles 
orresponding to
L and K respe
tively, to Ci.Let Li ≃ Ki, for 1 ≤ i ≤ r and Li 6≃ Ki, for
r+1 ≤ i ≤ t. Let xi ∈ Ci and let Mi be the 
orresponding maximal ideal of R(A).Let ωi be a lo
al R(L)-orientation of Mi. Then, ⊕r

i=1Zei

⊕⊕t
i=r+1(Z/2)ei

∼→
E(R(A),R(L)) sending ei 7→ (Mi, ωi) is an isomorphism.We begin this paper with some preliminaries in se
tion 2 whi
h we divide into3 subse
tions. The �rst subse
tion introdu
es real 
losed �elds and semialgebrai
sets, the se
ond one is about elementary paths and the �nal one de�nes the Euler
lass group and states lemmas whi
h will be required later on in the paper. Sin
ethe proof of Theorem A (assuming Theorem B) is similar to the ones alreadymentioned in [1℄ and [4℄, we sket
h the proof in se
tion 3. The proof of thestru
ture theorem Theorem B mainly involves the notion of an elementary pathas de�ned in [8, De�nition 3.1℄. In se
tion 4, we derive a result whi
h showsthat the ideal of all fun
tions vanishing at the initial point and endpoint of anelementary path in X(R) is a 
omplete interse
tion (we 
an prove somethingstronger but prove only whatever is ne
essary for the proof of the stru
ture3



theorem Theorem B). In se
tion 5, we relate the generators of E(R(A),R(L))with the total spa
e of a line bundle and prove that points of an elementary pathin the bundle are equal in E(R(A),R(L)). Using this we prove the stru
turetheorem Theorem B in se
tion 6.2 PreliminariesReal Closed Fields and semialgebrai
 setsThe �rst part 
an be looked upon as a qui
k referen
e guide to the theory of real
losed �elds and the topologi
al notions related to them. More details 
an befound in [5℄.De�nition 2.1. A �eld R is said to be real if it 
an be ordered in a way su
hthat addition and multipli
ation are 
ompatible with the ordering. An equivalentde�nition is that ∑n
i=1 a2

i = 0 ⇒ ai = 0∀i. A real 
losed �eld is a real �eld whi
hhas no algebrai
 extensions whi
h are real, equivalently atta
hing a root of −1makes it algebrai
ally 
losed.Su
h �elds 
ome with a natural topology based on intervals like in the 
ase of
R. However, under this topology, the �eld itself is not 
onne
ted (ex
ept in the
ase of R). We 
an extend this topology to R

l (produ
t topology). We 
all thistopology the Eu
lidean topology. Note that this topology 
omes from a �metri
�taking values in R, namely d(x, y) =
√∑l

i=1(xi − yi)2 where x = (x1, x2, . . . , xl)and y = (y1, y2, . . . , yl).Hen
e, a subset V ⊂ R
l inherits the Eu
lidean topology and the asso
iated�metri
�. Thus, one 
an talk of open, 
losed and bounded sets in V .De�nition 2.2.

• A subset V of R
l is 
alled a basi
 semialgebrai
 set if V is of the form

{x ∈ R
l|fi(x) = 0, gj(x) > 0, 1 ≤ i ≤ r, 1 ≤ j ≤ s},where fi(x), gj(x) ∈ R[X1, X2, . . . , Xl]. A subset W of R

l is 
alled asemialgebrai
 set if W is a �nite union of basi
 semialgebrai
 sets.4



• A semialgebrai
 subset W of R
l is semialgebrai
ally 
onne
ted if for everypair of disjoint, 
losed, semialgebrai
 subsets F1 and F2 of W satisfying

F1 ∪ F2 = W , either F1 = W or F2 = W .
• A map between two semialgebrai
 sets f : A → B is said to be semialgebrai
if its graph is a semialgebrai
 set.
• A semialgebrai
 path in a semialgebrai
 set V is the image of a 
ontinuous,semialgebrai
 map f : [0, 1] → V .Now we quote a result, the proof of whi
h 
an be found in [5, Theorem 2.4.4℄.Theorem 2.3. Every semialgebrai
 subset W of R

l is the disjoint union of a�nite number of semialgebrai
ally 
onne
ted semialgebrai
 subsets W1, W2, . . . , Wswhi
h are 
losed in W . The W1, W2, . . . , Ws are 
alled the semi-algebrai
ally 
onne
ted semialgebrai
 
omponents of W . By abuse ofnotation, we shall refer to them simply as 
omponents of W .Remark 2.4. When the �eld is R, the semialgebrai
ally 
onne
ted semialgebrai

omponents are same as the 
onne
ted 
omponents by [5, Theorem 2.4.5℄.Two points P and Q of a semialgebrai
 set W lie in the same 
omponent of
W if and only if they 
an be joined by a semialgebrai
 path in W .We refer to [5, 12.7.1℄ for the notion of a semialgebrai
 ve
tor bundle. If E1and E2 are two semialgebrai
 line bundles, we will denote E1 ≃ E2 to mean that
E1 and E2 are semialgebrai
ally isomorphi
 (i.e. the isomorphism between themis also semialgebrai
).With this ba
kground, we state a result for later use.Lemma 2.5. [4, Lemma 3.10℄ Let W be a semialgebrai
ally 
onne
ted semial-gebrai
 set and let π : E → W be a semialgebrai
 line bundle. Then, E∗ =

E \ {zero section} has 2 
omponents if and only if E is a semialgebrai
ally trivialline bundle.We set up some notation for the rest of the paper.A maximal ideal M of a ring A is 
alled a real maximal ideal if A/M is areal �eld. Note that if A is an a�ne algebra over a real 
losed �eld R, then5



every maximal ideal has residue �eld either R or its algebrai
 
losure R̄. The
R-rational points are real maximal ideals while we refer to R̄-rational points asnon-real maximal ideals (in some pla
es in the literature they are referred to as
omplex maximal ideals).Let A be an a�ne algebra over a real 
losed �eld R and X = Spec(A). Thenwe denote by R(A), the ring obtained by inverting all elements whi
h do notbelong to any real maximal ideal. This is same as the lo
alisation S−1A where
S = {1 +

∑n
i=1 f 2

i |fi ∈ A}. Note that maximal ideals of R(A) are in one-to-one 
orresponden
e with real maximal ideals of A. We denote by X(R) the setof all R-rational points of X. In this paper, very often we do not distinguishbetween R-rational points of X and the 
orresponding maximal ideals of R(A).For a module M over A, we denote the R(A)-module M ⊗A R(A) by R(M). Weremark that in literature the ring R(A) is sometimes referred to as R(X).Note that if A is an a�ne algebra over a real 
losed �eld R, then elementsof R(A) a
t as fun
tions on X(R) taking values in R (
anoni
ally). There is anatural map sign : R
∗ → {±1}; namely sign(λ) = 1 if λ > 0 and sign(λ) = −1if λ < 0. For a fun
tion f taking values in R

∗, we 
an then talk about sign(f(P ))for any point P in the domain. In this sense, we use sign(f(P )) where P ∈ X(R)and f ∈ R(A) does not belong to the maximal ideal of R(A) 
orresponding to
P .Elementary PathsWe start by quoting a few results and setting up notations ne
essary for de�ningan elementary path. The same proof as that of [4, Propn. 3.3℄ gives us the nextresult.Proposition 2.6. Let R be a real 
losed �eld and let B be an a�ne algebra over
R. Let E be a proje
tive module of rank 1 over R(B) generated by {e1, e2, . . . , en}.Then, ∑n

i=1 ei ⊗ ei generates E ⊗R(B) E
∼→ R(B). Thus, the group of rank oneproje
tive R(B)-modules is 2-torsion.Similarly, if B is the 
oordinate ring of a 
urve over R, then for any regularmaximal ideal m of R(B), if m = (a1, a2, . . . , an), then m2 = (

∑n
i=1 a2

i ).6



Now, we set up some notations. Let Z = Spec(C) be a smooth a�ne 
urveover a real 
losed �eld R. Let Z̄ be its smooth proje
tivisation. Then, we have anatural inje
tion Z →֒ Z̄. Note that Z is an open subset of Z̄. Hen
e, stalks willbe isomorphi
, and hen
e the lo
al rings OZ,z and OZ̄,z will be same for points
z ∈ Z. Hen
e, real points of Z 
ontinue to be real points of Z̄, i.e. Z(R) →֒ Z̄(R).Sin
e R is not algebrai
ally 
losed, all real points of Z̄ are a
tually 
ontainedin an a�ne, open subset of Z̄. Let this be Z ′ = Spec(C ′). Then, 
onsider
Z ∩ Z ′ = Z̃ whi
h is a�ne. Let C̃ be the 
oordinate ring of Z̃. Note that sin
e
Z ′(R) = Z̄(R), we have Z̃(R) = Z(R).Let K(Z̄) be the fun
tion �eld of Z̄. Then, OZ̄,z →֒ K(Z̄) and hen
e,

R(C ′) = ∩z∈Z′(R)OZ̄,z, R(C) = ∩z∈Z(R)OZ̄,z = ∩z∈Z̃(R)OZ̄,z = R(C̃).Thus, R(C ′) →֒ R(C̃) = R(C). Moreover, sin
e R(C ′) is a Dedekind domain,birational to R(C) and Pic(R(C ′)) is two-torsion, R(C) is a lo
alisation of R(C ′).Note that Z̄ is a smooth, 
omplete 
urve and Z ′ is an a�ne open subset 
ontainingall its real points. With this notation in mind, we quote some theorems from [10℄.Theorem 2.7. [10, Theorem 5.2℄ ΩR(C′)/R is a free module of rank 1 over R(C ′).Fix a generator of ΩR(C′)/R, say χ, whi
h is regarded as a global "orientation".This 
ontinues to be a generator for Ω
R(C̃)/R. With this notation in mind, weobtain the following :Theorem 2.8. [10, 4.5a-6.1-6.2℄ Given two points P, Q in the same 
omponentof Z ′(R), there is a fun
tion fP,Q ∈ R(C ′) with the following properties :1. (fP,Q) = mP ∩ mQ in R(C ′).2. if dfP,Q = g χ, then it has opposite orientations at both points, i.e.

sign(g(P )) = −1, sign(g(Q)) = 1.3. fP,Q is positive at all points outside the 
omponent 
ontaining P and Q.Remark 2.9. Note that if there are two fun
tions fP,Q and f ′
P,Q satisfying the aboveproperties, then fP,Q = uf ′

P,Q where u ∈ R(C ′)∗ is su
h that u(T ) > 0∀T ∈ Z ′(R)(Artin's Theorem then says that u is a sum of squares of rational fun
tions).7



The fun
tion fP,Q de�nes an open interval ]P, Q[= {T ∈ Z ′(R)|fP,Q(T ) < 0}.Let
[P, Q] = {T ∈ Z ′(R)|fP,Q(T ) ≤ 0} =]P, Q[∪{P} ∪ {Q}be the 
orresponding 
losed interval, whi
h is a
tually the 
losure of ]P, Q[ in theEu
lidean topology. By de�nition, these intervals are semialgebrai
 subsets of

Z ′(R). They lie in a 
omponent of Z ′(R) and are semialgebrai
ally 
onne
ted.Let R, S ∈]P, Q[ be distin
t points. Then, we 
an de�ne a total order on
]P, Q[ by de�ning R < S if [P, R] ⊆ [P, S]. This order naturally extends to [P, Q]by letting P < R < Q for all R ∈]P, Q[. We refer to [10, Se
tion 6℄ and [11℄ formore details.Note that sin
e Z(R) →֒ Z ′(R) and R(C ′) →֒ R(C) is a lo
alisation, we havethe following fa
ts:

• fP,Q ∈ R(C)

• ΩR(C)/R ≃ ΩR(C′)/R ⊗R(C) and hen
e is free
• the 
omponents of Z(R) are 
ontained in the 
omponents of Z ′(R)

• if z ∈ Z(R) ⊆ Z ′(R), then the 
orresponding maximal ideal mz ⊂ R(C ′)satis�es R(C ′)/mz ≃ R(C)/mzR(C)If [P, Q] ⊂ Z(R), then it is 
alled a 
losed interval of Z(R). In that 
ase,
fP,Q is positive at all points of Z(R) outside [P, Q], in parti
ular on all the pointsoutside the 
omponent 
ontaining P and Q.We now de�ne elementary paths.De�nition 2.10. Let X = Spec(A) be an a�ne variety over R. An elementarypath in X(R) is a totally ordered subset γ of X(R) whi
h either 
onsists only ofone point (�degenerate� elementary path) or has the following two properties :

• The Zariski 
losure of γ in Spec(A) is an irredu
ible 
urve Spec(B) ⊂
Spec(A).

• If Π : Z = Spec(C) ։ Spec(B) denotes the normalisation of Spec(B), thenafter a 
hoi
e of a suitable orientation on Z(R), there exists a bije
tive andorder preserving map from a 
losed interval [P, Q] ⊂ Z(R) onto γ.8



Remark 2.11. Elementary paths are essentially bije
tive images of 
losed intervalsin smooth 
urves onto X(R). We 
all Π(P ) the starting point or initial point of
γ and Π(Q) the endpoint of γ.Note that every elementary path is a bije
tive image of [0, 1] ⊆ R ([9, Theorem10.1℄). In parti
ular it implies that intervals as de�ned above for arbitrary smooth
urves are also bije
tive images of [0, 1].We now quote a theorem that will make it 
lear why the notion of elementarypaths is of importan
e to us.Theorem 2.12. [9, Theorem 10.2℄ Any semialgebrai
 path 
an be broken into�nitely many non-degenerate elementary paths γi, 1 ≤ i ≤ r su
h that γi ∩ γi+1 =

{Si} and Si is the initial point of γi+1 and the endpoint of γi.Some algebrai
 resultsTo make the paper self-
ontained, we de�ne the Euler Class Group. We give ade�nition only in the 
ase where the underlying ring is a smooth a�ne domainsin
e it will be the de�nition we use in this paper. More details 
an be obtainedin either [1℄ or [3℄.De�nition 2.13. De�nition of E(A, L) and E0(A, L)Let A be a smooth a�ne domain of dimension n ≥ 2 and let L be a proje
tive
A-module of rank 1. Let M be a maximal ideal of A of height n. Then, M/M2 isgenerated by n elements. An isomorphism ωM : L/ML

∼→ ∧n(M/M2) is 
alleda lo
al L-orientation of M. Let G be the free abelian group on the set of pairs
(M, ωM) where M is a maximal ideal of height n and ωM is a lo
al L-orientationof M.Let J = ∩k

i=1Mi be an interse
tion of �nitely many maximal ideals of height
n. Then, J/J2 is generated by n elements. An isomorphism L/JL

∼→ ∧n(J/J2) is
alled a lo
al L-orientation of J . A lo
al L-orientation of J gives rise to lo
alMi-orientations ωMi
, i = 1, 2, . . . , k. Then, we denote the element ∑k

i=1(Mi, ωMi
) in

G as (J, ωJ).A lo
al L-orientation ω : L/JL ։ ∧n(J/J2) is 
alled a global L-orientation ifthere exists a surje
tion θ : L⊕An−1
։ J , su
h that ω is the indu
ed isomorphism9



L/JL
α
∼→ ∧n(L/JL⊕ (A/J)n−1)

∧n(θ)
∼→ ∧n(J/J2) where α(ē) = ē∧ ē2∧ . . .∧ ēn (and

{e2, e3, . . . , en} is a basis of An−1).Let H be the subgroup of G generated by the set of pairs (J, ωJ), where J is a�nite interse
tion of maximal ideals of height n and ωJ is a global L-orientationof J . The Euler 
lass group of A with respe
t to L is E(A, L)
def
= G/H . We write

E(A) for E(A, A).Further, let G0 be the free abelian group on the set (M) whereM is a maximalideal of A. Let J = ∩k
i=1Mi be a �nite interse
tion of maximal ideals. Let (J)denote the element ∑
i(Mi) of G0. Let H0 be the subgroup of G0 generated byelements of the type (J), where J is a �nite interse
tion of maximal ideals su
hthat there exists a surje
tion α : L ⊕ An−1

։ J . Then, E0(A, L)
def
= G0/H0.From the de�nitions of E(A, L) and E0(A, L), it is 
lear that there is a 
anoni
alsurje
tion E(A, L) ։ E0(A, L).Now let P be a proje
tive A-module of rank n su
h that L ≃ ∧n(P ) and let

χ : L
∼→ ∧nP be an isomorphism. Let ϕ : P ։ J be a surje
tion where J is a�nite interse
tion of maximal ideals of height n. Therefore we obtain an indu
edisomorphism ϕ : P/JP → J/J2. Let ωJ be the lo
al L-orientation of J givenby ∧n(ϕ) ◦ χ. Let e(P, χ) be the image in E(A, L) of the element (J, ωJ) of G.The assignment sending the pair (P, χ) to the element e(P, χ) of E(A, L) is wellde�ned. The Euler 
lass of (P, χ) is de�ned to be e(P, χ).Remark 2.14. The Euler 
lass group 
an be de�ned for any Noetherian, 
ommu-tative ring A and �nitely generated proje
tive module L of rank 1, as done in [3℄and in the 
ase of a smooth, a�ne domain the two de�nitions 
oin
ide.Note that if ω0 and ω1 are two lo
al orientations of a redu
ed ideal J , then

ω0 = λω1 where λ ∈ (A/J)∗.We state a few theorems for later use. The next 
ouple of lemmas give ussome tools to make 
omputations in the Euler 
lass group.Lemma 2.15. [3, Lemma 5.4℄ Let A be a Noetherian ring of dimension n ≥ 2.Let J ⊂ A be an ideal of height n and ωJ be a lo
al L-orientation of J . Let
a ∈ A/J be a unit. Then (J, ωJ) = (J, a2ωJ) in E(A, L).10



Lemma 2.16. [1, Lemma 4.3℄ Let A be a smooth a�ne domain over R. Let L bea proje
tive A-module of rank 1. Let M be a maximal ideal of R(A) and ωM bea lo
al L-orientation of M. Then (M, ωM) + (M,−ωM) = 0 in E(R(A),R(L)).As a 
onsequen
e, E0(R(A),R(L))is a ve
tor spa
e over Z/(2). Moreover, if
ω̃M is another lo
al L-orientation of M then either (M, ω̃M) = (M, ωM) or
(M, ω̃M) = (M,−ωM) in E(R(A),R(L)).The next theorem is a 
ru
ial theorem whi
h illustrates the purpose behindde�ning the Euler 
lass group.Theorem 2.17. [3, Corollary 4.4℄ Let A be a ring of dimension n ≥ 2 
ontainingthe �eld Q of rationals. Let L be a proje
tive A-module of rank 1 and P bea proje
tive A-module of rank n with L ≃ ∧n(P ). Let χ : L

∼→ ∧nP be anisomorphism. Let J ⊂ A be an ideal of height n and ωJ be a lo
al L-orientationof J . Then,1. Suppose that (J, ωJ) is zero in E(A, L). Then there exists a surje
tion α :

L ⊕ An−1
։ J su
h that ωJ is indu
ed by α (in other words, ωJ is a global

L-orientation).2. P ≃ Q ⊕ A for some proje
tive A-module Q of rank n − 1 if and only if
e(P, χ) = 0 in E(A, L).We now prove a lemma whi
h allows us to analyse the natural map A/J ։

A/
√

J when ht(J) = dim(A).Lemma 2.18. Let k be a �eld with 
hara
teristi
 6= 2 and let B be a k-algebra.Let I be a nilpotent ideal of B. Let g ∈ B∗ be su
h that g has a square root modulo
I. Then, ∃g1 ∈ B su
h that g2

1 = g. In parti
ular, if g ≡ 1mod I, then g1 
an beso 
hosen that g1 ≡ 1mod I.Proof. Sin
e I is nilpotent, B is 
omplete w.r.t. the I-adi
 topology (whi
h isa
tually the dis
rete topology). We atta
h a variable Y to B. Let f(Y ) = Y 2−g.Let �bar� denote going modulo I. Let ḡ = h̄2, h ∈ B. Sin
e g is a unit, so is h.Then,
f̄(Y ) = Ȳ 2 − ḡ = Ȳ 2 − h̄2 = (Ȳ − h̄)(Ȳ + h̄)11



and sin
e 
hara
teristi
 of k is not equal to 2, Ȳ − h̄ and Ȳ + h̄ are 
o-maximalin B[Y ] and hen
e, applying Hensel's lemma, Y 2 − g has a solution in B, say g1su
h that g1 ≡ h̄mod I. If g ≡ 1mod I, then 
learly g1 ≡ ±1mod I and hen
e,we 
an 
hoose g1 so that g1 ≡ 1mod I.The next lemma allows us to analyse 
ondu
tor diagrams.Lemma 2.19. Suppose f : B → B′ is a monomorphism of rings and let cB′/B bethe 
ondu
tor ideal of B′ w.r.t. B. Let I be an ideal in B su
h that I +cB′/B = B.If ∃f ∈ B′ su
h that f ≡ 1modcB′/B and IB′ = fB′, then f ∈ B and I = fB.Proof. Sin
e f ≡ 1modcB′/B, f − 1 ∈ cB′/B. Let f − 1 = x ∈ cB′/B ⊆ B. Then,
f = x + 1 ∈ B. Futher, let y ∈ I. Then, y = fg, where g ∈ B′. Then,
y = (1 + x)g = g + xg. Now, x ∈ cB′/B ⇒ xg ∈ cB′/B ⊆ B. Sin
e y ∈ I ⊆ B, weget that g ∈ B. Hen
e, y = fg implies that y ∈ fB. Hen
e, I = fB.Finally, we prove another lemma whi
h will be used later.Lemma 2.20. Let R be a real 
losed �eld. Let Z = Spec(C) be a smooth a�ne
urve over R. If m is a non-real maximal ideal of C, then it always satis�es anequation of the form m

∏
m2

j(f) =
∏

m2
i (g) where f and g are sums of squares.In parti
ular, this implies that (m) ∈ 2 Pic(C).Proof. Let R̄ be the algebrai
 
losure of R. There is a natural norm map (whi
his only a multipli
ative homomorphism on the units) from R̄ ։ R given by

a + bi 7→ a2 + b2 whi
h extends to a natural map Norm : C ⊗R R̄ → C given by
f ⊗ (a + bi) 7→ (a2 + b2)f 2. Let m be a non-real maximal ideal of C. Then thereexists a maximal ideal n of C ⊗R R̄ su
h that n ∩ C = m. It is well-known that
Pic(C ⊗R R̄) is divisible. Hen
e,

(n) = 2

k1∑

i=1

si(ni) + 2

k2∑

i=k1+1

si(ni) − 2

k3∑

i=k2+1

si(ni) − 2

k4∑

i=k3+1

si(ni)where si > 0 and ni ∩ C = mi where
mi is a



real maximal ideal of C 1 ≤ i ≤ k1, k2 + 1 ≤ i ≤ k3non-real maximal ideal of C k1 + 1 ≤ i ≤ k2 and k3 + 1 ≤ i ≤ k412



Then, this means that there exist h1, h2 ∈ C ⊗R R̄ so that
(h1)n

k4∏

i=k2+1

n2si

i = (h2)

k2∏

i=1

n2si

i .Hen
e, applying the norm map, we get
Norm(h1)Norm(n)

k4∏

i=k2+1

Norm(n2si

i ) = Norm(h2)

k2∏

i=1

Norm(n2si

i )whi
h gives us
(Norm(h1))m

k3∏

i=k2+1

m4si

i

k4∏

i=k3+1

m2si

i = (Norm(h2))

k1∏

i=1

m4si

i

k2∏

i=k1+1

m2si

i .Note that Norm(h1) and Norm(h2) are both sums of squares. Hen
e, we get thedesired result.3 Vanishing of the top Chern 
lass : Theorem AIn this se
tion, we assume the stru
ture theorem Theorem B and give a qui
ksket
h of Theorem A.We re
all the setup on
e again. Let X = Spec(A) be a smooth a�ne varietyof dimension n ≥ 2 over a real 
losed �eld R. Assume further that the set X(R)of real points is not empty, hen
e in�nite. Let L be a proje
tive A-module ofrank 1. We denote KA = ∧n(ΩA/R) by K. Assume that X(R) has pre
isely t
losed and bounded 
omponents.Let R̄ denote the algebrai
 
losure of R.Let AR̄ = A⊗RR̄ and X̄ = Spec(AR̄).Let π : X̄ → X be the 
anoni
al map and π∗ : CH0(X̄) → CH0(X). Let
G = π∗(CH0(X̄)). Then, G is divisible and torsion-free (refer to [4, Se
tion 4℄and [1, Se
tion 4℄ for more details). Let ER̄(L) be the kernel of the surje
tion
E(A, L) ։ E(R(A),R(L)). Then, there is a natural surje
tive map ER̄(L) ։ G13



and hen
e we get the following 
ommutative diagram :
0 // ER̄(L) //

ΨL

����

E(A, L)
ΓL//

ΘL

����

E(R(A),R(L)) //

ΦL

����

0

0 // G // CH0(X) // CH0(X)/G // 0

(∗)

We quote two theorems pertaining to (*). The �rst theorem is due to Colliot-Thélène and S
heiderer about CH0(X)/G.Theorem 3.1. [6, Theorem 1.3(d)℄ Assume that X(R) has pre
isely t 
losed andbounded 
omponents. Then, CH0(X)/G is a ve
tor spa
e of dimension t over the�eld Z/(2).Theorem 3.2. [4, Theorem 3.1℄ ΨL is an isomorphism in diagram (*)As a 
onsequen
e, we obtain :Corollary 3.3.
E0(R(A),R(L))

∼→ CH0(X)/Gand hen
e
E0(A, L) ։ CH0(X)is an isomorphism.Proof. We know that E0(R(A),R(L)) is a ve
tor spa
e of rank ≤ t from thestru
ture theorem Theorem B and (2.16). But E0(R(A),R(L)) ։ CH0(X)/Gand by (3.1), CH0(X)/G is a ve
tor spa
e of rank t. Hen
e, so is E0(R(A),R(L))and

E0(R(A),R(L))
∼→ CH0(X)/G.So using this relation and (3.2) in the diagram (*), we get an indu
ed diagram

0 // E0
R̄(L) //

≀

��

E0(A, L) //

����

E0(R(A),R(L)) //

≀

��

0

0 // G // CH0(X) // CH0(X)/G // 0

(∗∗)

Therefore, using the 5-lemma, we get E0(A, L)
∼→ CH0(X).14



We now give a proof of Theorem A, whi
h we re
all below.Theorem 3.4. Let R be a real 
losed �eld. Let X = Spec(A) be a smooth a�nevariety of dimension n ≥ 2 over R. Let X(R) denote the R-rational points of thevariety. Let K denote the module ∧n(ΩA/R). Let P be a proje
tive A-module ofrank n and let ∧n(P ) = L. Assume that Cn(P ) = 0 in CH0(X). Then P ≃ A⊕Qin the following 
ases:1. X(R) has no 
losed and bounded semialgebrai
ally 
onne
ted 
omponent.2. For every 
losed and bounded semialgebrai
ally 
onne
ted 
omponent W of
X(R), LW 6≃saKW where KW and LW denote restri
tion of (indu
ed) linebundles on X(R) to W .3. n is odd.Moreover, if n is even and L is a rank 1 proje
tive A-module su
h that thereexists a 
losed and bounded semialgebrai
ally 
onne
ted 
omponent W of X(R)with the property that LW ≃ KW , then there exists a proje
tive A-module P ofrank n su
h that P ⊕A ≃ L⊕An−1 ⊕A (hen
e Cn(P ) = 0) but P does not havea free summand of rank 1.Proof. We note that due to (3.2), the diagram (*) 
an be re-written as:

ker(ΘL)
e //

��

ker(ΦL)

��

0 // ER̄(L) //

≀ΨL

��

E(A, L)
ΓL//

ΘL

����

E(R(A),R(L)) //

ΦL

����

0

0 // G // CH0(X) // CH0(X)/G // 0Hen
e, using (3.1) and the stru
ture theorem Theorem B, we get that
ker(ΦL) (≃ ker(ΘL)) is a free abelian group of rank r where r denotes the numberof 
losed and bounded 
omponents Ci of X(R) with the property that LCi

≃ KCi
.Let P be a proje
tive A-module of rank n with ∧n(P ) ≃ L and let

χ : L → ∧n(P ) be an L-orientation of P . Then, ΘL(e(P, χ)) = Cn(P ). In view of(2.17), to prove the theorem, it is enough to prove that Cn(P ) = 0 ⇒ e(P, χ) = 0.15



Proof in 
ases 1. and 2.Note that in this 
ase, by the stru
ture theorem of E(R(A),R(L)), ΦL is anisomorphism and hen
e, ΘL is an isomorphism.Proof in 
ase 3. When n is odd, there is an automorphism ∆ of P withdeterminant −1. Let α : P ։ I where I is a �nite interse
tion of maximal ideals.Let ωI be a lo
al L-orientation of I indu
ed by α. Using this and ∆, we get that
2e(P, χ) = (I, ωI) + (I,−ωI). Sin
e the 
anoni
al map E0(A, L) ։ CH0(X) is anisomorphism by (3.3) and (I) 7→ Cn(P ), we have (I) = 0 in E0(A, L). Therefore,by [1, Proposition 3.7℄, 2e(P, χ) = (I, ωI) + (I,−ωI) = 0. Sin
e Cn(P ) = 0,
e(P, χ) ∈ ker(ΘL), whi
h is a free abelian group. Hen
e, e(P, χ) = 0.Finally, let n be even, and LW ≃ KW for some 
losed and bounded semialge-brai
ally 
onne
ted 
omponent W . Then, using the stru
ture theorem TheoremB, ker(ΘL) ≃ ker(ΦL) 6= 0. Sin
e E0(A, L) → CH0(X) is an isomorphism, byabuse of notation, we denote the 
anoni
al map E(A, L) → E0(A, L) by ΘL.Then, as in [2, Lemma 3.3℄, there exists a redu
ed ideal J of height n su
h that Jis a surje
tive image of L⊕An−1 and a lo
al L-orientation ωJ whi
h is not a globalorientation, i.e. (J, ωJ) 6= 0 in E(A, L). Sin
e n is even, as in [2, Lemma 3.6℄, we
an get a rank n proje
tive module P , whi
h is stably isomorphi
 to L ⊕ An−1(i.e. P ⊕A ≃ L ⊕ An−1 ⊕ A) and χ : L

∼→ ∧n(P ) su
h that e(P, χ) = (I, ωI) 6= 0in E(A, L). Note that sin
e P is stably isomorphi
 to L ⊕ An−1, Cn(P ) = 0 but
e(P, χ) 6= 0 and hen
e, by (2.17), P 6≃ Q ⊕ A. This 
ompletes the proof.4 Elementary Paths in X(R): Te
hni
al LemmaLet X = Spec(A) be a smooth a�ne variety over R of dimension n ≥ 2. Assumethat the set X(R) of real points is not empty, hen
e in�nite. In this se
tion, weanalyse elementary paths in X(R).Let γ be a non-degenerate elementary path in X(R) as de�ned in (2.10).Then the Zariski 
losure γ̄ in X is an irredu
ible 
urve. Let p be the prime idealof A de�ning this 
urve and B = A/p. Let C be the normalisation of B. Then
Z = Spec(C) is a smooth 
urve. Let ΣB = {1 +

∑
f 2

i |fi ∈ B}. Then B′ = Σ−1
B Cis the normalisation of R(B) and B′ →֒ R(C). B′ 
ontains all the real maximal16



ideals of C and only �nitely many non-real maximal ideals (whi
h 
ontra
t to thesingularities of R(B)). In parti
ular, that means R(C) = R(B′).Using this, we get :Lemma 4.1. Let m be a maximal ideal of B′. If m is non-real, then m is prin
ipal.If m is real, then m2 is a prin
ipal ideal, generated by a sum of squares.Proof. Let c = cB′/R(B) be the 
ondu
tor of B′ over R(B). Now 
onsider theMayer-Vietoris sequen
e 
orresponding to the 
ondu
tor,
U(

B′

c
) → Pic(R(B)) → Pic(B′) ⊕ Pic(

R(B)

c
) → Pic(

B′

c
).Sin
e c has height 1, Pic(R(B)/c) = Pic(B′/c) = 0. Hen
e, we get Pic(R(B)) ։

Pic(B′). Sin
e R(B) 
ontains only real maximal ideals, by (2.6) Pic(R(B)) is
2-torsion. Hen
e, Pic(B′) is also 2-torsion. Putting this together with (2.20), weget that every non-real maximal ideal of B′ is prin
ipal.Let m be a real maximal ideal of B′. Sin
e B′ is a lo
alisation of a smooth,a�ne 
urve over R, (2.6) gives us m2

R(B′) = (
∑

c2
i ) where m = (c1, c2, . . . , cn).

B′ has only �nitely many non-real maximal ideals, say d1, d2, . . . , dk. Sin
e theyare all prin
ipal, let ∏k
i=1 di = (x). Further, 
hoose an element y ∈ m2\(∪k

i=1di).Then 
onsider the element z = x2(
∑

c2
i ) + y2. This element 
learly does notbelong to any real maximal ideal m′ other than m sin
e

z ∈ m′ ⇒ xci ∈ m′ ⇒ ci ∈ m′ ⇒ m ⊆ m′.Also the 
hoi
e of y means that z /∈ di. Lo
ally, z generates m2 hen
e we have
m2 = (x2(

∑
c2
i ) + y2) whi
h proves the lemma.This in turn gives us :Lemma 4.2. Every non-real maximal ideal d of B′ is generated by a fun
tionwhi
h is positive at all real points, i.e. d = (h) and h = h2/h1 where h1, h2 ∈ B′and both are sums of squares in B′.Proof. Sin
e d is prin
ipal, let d = (x). Then by (2.20), we know that there exist fand g whi
h are sums of squares su
h that (d∩C)

∏
m2

j (f) =
∏

m2
i (g). Hen
e, we17



get d
∏

(mjB
′)2(f) =

∏
(miB

′)2(g). Hen
e, by (4.1), we get that (x)(h1) = (h2)where h1 and h2 are sums of squares in B′. This means there exists a unit u ∈ B′su
h that uxh1 = h2. Putting h = ux, we obtain the result.Remark 4.3. Sin
e non-real points of B′ are prin
ipal, Pic(B′)
∼→ Pic(R(B′)).From (2.7), there exists a generator χ of ΩR(C)/R whi
h we �x through the restof the argument. We summarise the information in the 
ommutative diagramsbelow :

B
� � ξ

//
� _

��

C� _

��

R(B) � � // B′ = Σ−1
B C

� � // R(C)

(∗ ∗ ∗1)

whi
h along with the de�nition of elementary path gives us :
γ � � // (Spec(B))(R)

∼ // Max(R(B))

[P, Q] �
�

//

≀

OO

(Spec(B′))(R) � � //

OO

≀

��

Max(B′)

ξ∗

OO

� _

��

(Spec(C))(R) � � // Max(C)

(∗ ∗ ∗2)

Consider ξ∗(P ) and ξ∗(Q) whi
h are elements of Max(R(B)) →֒ X(R) and let
M0 and M1 be the 
orresponding maximal ideals of R(A). Then M0 is thestarting point of γ and M1 is the endpoint. Let m0, m1 be the maximal ideals of
R(B) 
orresponding to M0 and M1. Let mP and mQ be the maximal ideals of
B′ 
orresponding to P and Q respe
tively. Re
all that (2.8) gave us a fun
tion
fP,Q ∈ R(C) with spe
ial properties.Lemma 4.4. We 
an 
hoose gP,Q in B′ su
h that :1. (gP,Q) = mP ∩ mQ in B′.2. if dgP,Q = t χ, then it has opposite orientations at both points, i.e.

sign(t(P )) = −1, sign(t(Q)) = 1.3. gP,Q is positive at all points outside the 
losed interval ]P, Q[.18



Proof. Sin
e R(C)
∼→ R(B′), using (2.8) there exists a fun
tion fP,Q ∈ R(B′)satisfying (fP,Q) = mPR(B′) ∩ mQR(B′) and sign(g(P )) = −1, sign(g(Q)) = 1where dfP,Q = g χ. Further, fP,Q was positive outside the 
losed interval [P, Q].Sin
e R(B′) is a lo
alisation of B′, we have fP,Q = f/u where u = 1+

∑
a2

i and
f, u, ai ∈ B′. Note that sin
e u is a sum of squares, sign(fP,Q(R)) = sign(f(R))for all points R ∈ (Spec B′)(R). Let df = g1χ. Sin
e fP,Q(P ) = fP,Q(Q) = 0,we have g1(P ) = u(P )g(P ) and g1(Q) = u(Q)g(Q) and hen
e, sign(g1(P )) = −1and sign(g1(Q)) = 1 so they 
ontinue to have opposite orientations.By (4.3), ∃h ∈ B′ su
h that mP ∩ mQ = (h). Denote the non-real maximalideals of B′ by d1, d2, . . . , dk. By (4.2), ∃fi, 1 ≤ i ≤ k su
h that di = (fi) where
fi is positive at all real points of B′. Then, f = u1

∏k
i=1 f ri

i h where u1 is a unitin B′. Let gP,Q = u1h. Sin
e u1 is a unit, (gP,Q) = mP ∩ mQ. Moreover we have
f =

∏k
i=1 f ri

i gP,Q. Hen
e, sign(f(R)) = sign(gP,Q(R))∀R ∈ (Spec(B′))(R). gP,Qis positive at all points outside the 
losed interval ]P, Q[. Also, if dgP,Q = tχ,then sign(t(P )) = sign(g1(P )) = −1 and sign(t(Q)) = sign(g1(Q)) = 1 asargued previously. This 
ompletes the proof.Now we prove a lemma whi
h says that if γ 
ontains only non-singular pointsof (Spec(B))(R), then m0 ∩ m1 is a 
omplete interse
tion in R(B). In whatfollows, for T ∈ (Spec(B))(R), we denote the 
orresponding maximal ideal of
R(B) by mT .Lemma 4.5. Suppose γ 
ontains only non-singular points of (Spec(B))(R).Then given a �nite set {T1, . . . , Tr}

⋃{T ′
1, . . . , T

′
s} of points in (Spec(B))(R) not
ontained in γ, there exists g ∈ R(B) su
h that1. (g) = m0 ∩ m12. g − 1 ∈ J where J = (∩r

i=1mTi
) ∩ (∩s

j=1mT ′

j
) ∩ cB′/R(B)3. sign(dg/χ) = −1 at m0 and sign(dg/χ) = 1 at m1.Proof. Note that without loss of generality, we 
an assume that points Ti and T ′

j
orrespond to smooth maximal ideals of R(B), and hen
e Ti, T
′
j 
an be regardedas points of (Spec(B′))(R) as well (sin
e (ξ∗)−1(Ti) and (ξ∗)−1(T ′
j) are singleton).Consider the fun
tion gP,Q ∈ B′ as in (4.4) and any point T ∈ (Spec(B′))(R)su
h that the 
orresponding maximal ideal mT 
ontains JB′. Then either it is Ti19



or T ′
j or it is in the support of the 
ondu
tor ideal cB′/R(B). Sin
e none of thesepoints are 
ontained in [P, Q] (sin
e none of the images under ξ∗ are 
ontainedin γ), we have that gP,Q(T ) > 0. Consider ḡP,Q ∈ (B′/J)∗. Then, applying(2.18) (with I =

√
J/J), we get g1 ∈ B′ su
h that ḡ1

2 = ḡP,Q ∈ (B′/J)∗ and
(g1) + J = B′. Hen
e, there exists a ∈ B′, x ∈ J su
h that ag1 + x = 1 ∈ B′.Note that (g1, x) = B′. Consider u = g2

1 + x2. Let m be a maximal ideal of B′.If J ⊆ m, then x ∈ m. Therefore, g1 6∈ m and hen
e u 6∈ m. If J 6⊆ m, then
cB′/R(B) 6⊆ m and hen
e if n = m ∩ R(B), then R(B)n = B′

m. As R(B) hasonly real maximal ideals, we get that m is a real maximal ideal of B′. Hen
e,
u ∈ m ⇒ g1, x ∈ m ⇒ 1 ∈ m whi
h is a 
ontradi
tion. Therefore, u is a unitin B′ and sin
e it is a sum of squares, it is positive at all real points. Consider
g = u−1gP,Q. Therefore, with bar denoting elements in B′/J ,

ḡ = u−1ḡP,Q = ū−1ḡP,Q = ḡ2
1

−1
ḡP,Q = ḡ1

−2ḡ1
2 = 1 ∈ B′/J.Hen
e, g = 1 + y for some element y ∈ J ⊆ cB′/R(B). Hen
e, using (2.19), we get

m0 ∩ m1 = (g). Further, we see that at the points Ti, T
′
j , g(Ti) = g(T ′

j) = 1 and
g(T ) = 1 for ea
h point T ∈ (Spec(B))(R) whi
h is a singular point.Note that

ΩR(B)/R

m0ΩR(B)/R

∼→ ΩB′/R

mP ΩB′/Rand
ΩR(B)/R

m1ΩR(B)/R

∼→ ΩB′/R

mQΩB′/RSin
e g = u−1gP,Q in B′, we have dg = u−1dgP,Q + gP,Qd(u−1) in ΩB′/R. Hen
e,
(dg/χ)(P ) = u−1(P )(dgP,Q/χ)(P ), (dg/χ)(Q) = u−1(Q)(dgP,Q/χ)(Q).Therefore, sign((dg/χ)(P )) = −1 and sign((dg/χ)(Q)) = 1.Let L be a proje
tive A-module of rank 1. We prove the �nal lemma of thisse
tion whi
h shows that if γ 
ontains only non-singular points of R(B), thenthere exists β : R(L) ⊕R(A)n−1

։ M0 ∩M1.We re
all the set-up on
e again. Re
all that B = A/p = γ̄Zar where γ is anelementary path in X(R) with starting pointM0 and endpointM1. Let C be the20



normalisation of B, B′ be the normalisation of R(B) and hen
e R(B′) = R(C).
χ is a generator of ΩR(C)/R = ΩR(B′)/R. Let cB′/R(B) be the 
ondu
tor ideal of B′over R(B). Let C ⊇ pR(A) be the ideal of R(A) su
h that C/pR(A) = cB′/R(B).Sin
e A is smooth, pR(A)p = (a1, a2, . . . , an−1) with ai ∈ R(A). Let B1 =

R(A)/(a1, a2, . . . , an−1). Note that (a1, a2, . . . , an−1) = pR(A) ∩ I for some ideal
I of R(A) not 
ontained in pR(A).Hen
e onward we use the following 
onvention. For a maximal ideal M of
R(A) 
ontaining pR(A), M denotes the 
orresponding maximal ideal of B1 and
m will denote the 
orresponding maximal ideal of R(B), i.e. M = MB1 and
m = MR(B). Sin
e pR(A) + I is of height n in R(A), there are �nitely manymaximal ideals 
ontaining pR(A) + I. Let those be denoted by T1, . . . , Tr in
X(R).Lemma 4.6. Suppose, with the assumptions and notations as above, there exists
f ∈ R(A) su
h that :1. f ∈ C ∩ (pR(A) + I).2. Spec(R(A)/f) ∩ γ = ∅.Then, there exists an ∈ R(A) su
h that (a1, a2, . . . , an) = M0 ∩ M1, an − 1 ∈
(a1, a2, . . . , an−1, f) and sign((d(ān)/χ)(P )) = −1 and sign((d(ān)/χ)(Q)) = 1where ān denotes the image of an under the map R(A) → R(C). Moreover, ifthere exists τ ∈ L su
h that R(L)f = τR(L)f , then there exists a surje
tion β :

R(L)⊕R(A)n−1
։ M0∩M1 su
h that β(τ) = a1+han and β(ei) = ai; 2 ≤ i ≤ nwhere (e2, · · · , en) denotes a basis of R(A)n−1.Proof. Sin
e Spec(R(A)/f) ∩ γ = ∅, we have f 6∈ p.

Let Υ = {T ∈ X(R)|p + f ∈ MT} = V ((p + f)R(A)),

{T ′
1, . . . , T

′
s} = Υ \ V (C ∩ (pR(A) + I)),

{T1, . . . , Tr} = V (pR(A) + I) \ V (C) and

J = (pR(A) + I) ∩ C ∩ (∩s
j=1MT ′

j
) ⊂ R(A).

Then
√

J = (∩r
i=1MTi

) ∩
√

C ∩ (∩s
j=1MT ′

j
) =

⋂

T∈Υ

MT =
√

pR(A) + (f).21



Note that sin
e pB1 ∩ IB1 = 0, the above equality implies
√

IB1 ∩
√

CB1 ∩ (∩s
j=1MT ′

j
) ⊆

√
(f)B1.Moreover, as γ ⊂ V (pR(A)) and Spec(R(A)/(f)) ∩ γ = ∅, γ ∩ Υ = ∅. By (4.5),there exists g ∈ R(B) su
h that

• (g) = m0 ∩ m1

• g − 1 ∈
√

JR(B) =
√

J/pR(A)

• as an element of R(C)(⊇ R(B)), sign(dg/χ) = −1 at mP (= m0R(C)) and
sign(dg/χ) = 1 at mQ(= m1R(C)).Consider the ring B′

1 = R(B)⊕R(A)/I. There is a natural surje
tion B′
1 ։ R(B)and through this, we have (m0 ∩ m1) ⊕ R(A)/I = ((g, 1)) in B′

1. The naturalmap B1 ։ R(B) fa
tors through as B1 →֒ B′
1 ։ R(B). Note that the 
ondu
tor

cB′

1
/B1

= pR(A) + I in B1 maps bije
tively to (pR(A)+I)/pR(A)⊕(pR(A)+I)/Iin B′
1.Sin
e g − 1 ∈

√
JR(B) =

√
J/pR(A), the equation Y 2 − g has a solutionin R(B)/

√
JR(B). Hen
e, by (2.18), there exists g1 ∈ R(B) su
h that g2

1 − g ∈
JR(B). As (g) + JR(B) = R(B), (g1) + JR(B) = R(B). Let y ∈ J su
h that
(g1) + (y) = R(B). Then, v = g2

1 + y2 is a unit in R(B). Consider the element
g2 = v−1g. Then, (g2) = m0 ∩ m1 and g2 − 1 ∈ JR(B). Further, sin
e v is a sumof squares and a unit, we get that

sign(
dg2

χ
(P )) = sign(

dg

χ
(P )) = −1 and

sign(
dg2

χ
(Q)) = sign(

dg

χ
(Q)) = 1.Note that sin
e pR(A) $ J ⊆ pR(A) + I and g2 − 1 ∈ JR(B) = J/pR(A),the element (g2, 1) − (1, 1) of R(B) ⊕ R(A)/I(= B′

1) belongs to the 
ondu
torideal cB′

1
/B1

= (pR(A) + I)/pR(A) ⊕ (pR(A) + I)/I ⊆ B′
1. Hen
e, there exists

b ∈ B1 su
h that b 7→ (g2, 1). We note that the hypothesis implies,M0∩M1 6⊇ Ī.Hen
e, (M0∩M1)B
′
1 = (m0∩m1)⊕R(A)/I = (g2, 1)B′

1 and therefore, by (2.19),
(b) = M0 ∩M1. As above, we have

sign(
d(b̃)

χ
(P )) = sign(

dg2

χ
(P )) = −1 and22



sign(
d(b̃)

χ
(Q)) = sign(

dg2

χ
(Q)) = 1where b̃ is the image of b in R(C).Sin
e f̄ /∈ M0 ∩M1, (f̄)B1 + (b)B1 = B1. Further,

b − 1 7→ (g2 − 1, 0) ∈
√

JR(B) ⊕ R(A)/I

⇒ b − 1 ∈
√

IB1 ∩ CB1 ∩ (∩s
j=1MT ′

j
) ⊆

√
fB1.Hen
e, the equation Y 2 − b has a solution in B1/

√
fB1 and therefore, by (2.18),we have a ∈ B1 su
h that a2− b ∈ fB1. As b ≡ 1 mod
√

fB1, (a, f̄) = B1 where f̄is the image of f in B1. Therefore, u = a2 + f̄ 2 is a unit in B1. Consider c ∈ R(A)su
h that c̄ = u−1b. Then, c̄ − 1 ∈ (f̄). Hen
e, c − 1 = αf +
∑n−1

j=1 αjaj. Let
an = c − ∑n−1

j=1 αjaj. Therefore,
an − 1 = αf ⇒ (an, f) = R(A).Further, (ān) = (c̄) = M0 ∩M1 where �bar� denotes the image in B1 and hen
e

(a1, a2, . . . , an−1, an) = M0 ∩M1 in R(A). Also,
sign(

d(ãn)

χ
)(P ) = sign(

d(c̃)

χ
)(P ) = sign(

d(b̃)

χ
(P )) = −1 and

sign(
d(ãn)

χ
)(Q) = sign(

d(c̃)

χ
)(Q) = sign(

d(b̃)

χ
(Q)) = 1where �tilde� are the images in R(C).Now assume that there exists τ ∈ L su
h that R(L)f = τR(A)f . Sin
e

R(A)f + R(A)an = R(A), we have R(L)/anR(L) = R(L)f/anR(L)f . Thereforeas R(L)f = τR(A)f , R(L)/anR(L) is a free R(A)/(an)-module of rank 1 with τ̄as a generator. Therefore, it is easy to see that there exists an R(A)-linear map
α : R(L) → M0 ∩M1 su
h that α(τ) = a1 + anh with h ∈ R(A).Let

β : R(L) ⊕R(A)n−1 → M0 ∩M1be an R(A)-linear map map de�ned as β(l) = α(l) for l ∈ R(L) and β(ei) =

ai; 2 ≤ i ≤ n where (e2, · · · , en) is a basis of R(A)n−1. Then, β(τ − hen) =

a1 + han − han = a1. Hen
e, as M0 ∩ M1 = (a1, a2, . . . , an), β is a surje
tion.Thus, we obtain the result. 23



5 Elementary Paths in Z(R)Let X = Spec(A) be a smooth a�ne variety over R of dimension n ≥ 2. Assumefurther that the set X(R) of real points is not empty, hen
e in�nite. Let L be aproje
tive A-module of rank 1. We denote KA = ∧n(ΩA/R) by K.Let E = L ⊗A K. Let D = ⊕−∞<i<∞E i. Let Z = Spec(D). Then there isa natural map A →֒ D whi
h gives rise to a natural surje
tion Z ։ X whi
hindu
es a natural map Z(R) ։ X(R) whi
h we denote by Π. Looked at in theEu
lidean topology, this gives an R
∗-bundle over X(R).In what follows, we identify points of Z(R) (respe
tively X(R)) with the
orresponding real maximal ideals of D (respe
tively A). Re
all that R(A)denotes the ring obtained from A by inverting all elements of the type 1 +∑l

i=1 f 2
i ; fi ∈ A and R(L) = L ⊗A R(A). Let

Y = {(M, ωM)|M ∈ X(R), ωM :
L

ML
∼→ ∧n(

M
M2 )}.Re
all that the Euler 
lass group E(R(A),R(L)) is a quotient of the free abeliangroup with generating set Y . We asso
iate with Y the topologi
al spa
e Z(R) asfollows :Let M be a real maximal ideal. Let

YM = {(M, ωM)|ωM :
L

ML

∼→ ∧n(
M
M2 )}.The di�erential map d : A → ΩA/R indu
es ∧n(dM) : ∧n(M/M2)

∼→ K/MK.Composing ωM with ∧n(dM), we get an isomorphism φωM
: L/ML

∼→ K/MK.Note that
R(E)

MR(E)
=

R(L)

MR(L)
⊗ R(K)

MR(K)and hen
e there is a natural map R(L)2/MR(L)2 → R(E)/MR(E) given by
ΓωM

(l ⊗ l′) = l ⊗ φωM
(l′); l, l′ ∈ L

ML
.Thus, we get :

Hom(
R(L)

MR(L)
,∧n(

M
M2 ))

∧n(dM)◦
∼→ Hom(

R(L)

MR(L)
,

R(K)

MR(K)
)

Γ
∼→ Hom(

R(L)2

MR(L)2
,

R(E)

MR(E)
)24



ωM 7→ ∧n(dM) ◦ ωM 7→ idR(L) ⊗∧n(dM) ◦ ωM.By (2.6), R(L)2 is free. Let κ ∈ L2 be a generator of R(L)2. Let κ denotethe image of κ in R(L)2/MR(L)2. Then ΓωM
(κ) is a non-zero element of

R(E)/MR(E)(= E/ME) and hen
e ΓωM
(κ) = ē, where e ∈ E \ ME . Then,this gives a map ΘM : YM → Π−1(M), sending (M, ωM) 7→ (M, e − 1) where

e is de�ned as above. Now, every element of Π−1(M) is of the form (M, e − 1)where e ∈ E \ ME . Hen
e, given e, we get an isomorphism sending κ̄ to ē andworking ba
kwards in the above diagram, we get a lo
al orientation ofM. Hen
e,
ΘM is a bije
tion.Note that there is a natural a
tion of R

∗ on YM and Π−1(M) and the abovediagram shows that the map ΘM is 
ompatible with the a
tion. Putting together
ΘM for all M ∈ X(R), we have Θ : Y

∼→ Z(R). Therefore, we get a set-theoreti
map Z(R) → E(R(A),R(L)).In this se
tion, using elementary paths in Z(R) we show that : image of a
omponent of Z(R) under the map Z(R) → E(R(A),R(L)) is singleton.To show this we need to prove some auxiliary results. We �rst set up notationsrequired for these results.Suppose f ∈ A is su
h that Lf ≃ Af ≃ Kf . Let us �x generators τ and ρof Lf and Kf respe
tively. Let Zf = Spec(Df) and Xf = Spec(Af ). Then Ef isgenerated by τ ⊗ ρ and therefore
Df = D ⊗A Af = Af [T, T−1]; T = (τ ⊗ ρ).With respe
t to the pair (τ, ρ), we assign to every P ∈ Zf(R), an element of thegroup {1,−1} as follows :De�nition 5.1. Let Θ(M, ωM) = P 
orrespond to (M, e − 1) where e ∈ E , ē 6=

0 ∈ E/ME . Then if f /∈ M , we have
ē = λτ ⊗ ρ : λ ∈ R

∗.De�ne
sgn(τ,ρ)(P) = sgn(τ,ρ)(M, ωM) = sign(λ).25



Remark 5.2. Sin
e Df = Af [T, T−1], T = (τ⊗ρ), we 
an 
onsider T as a fun
tionon Zf(R). Let (M, ωM) ∈ Y su
h that P = Θ((M, ωM)) ∈ Zf(R). Then thevalue of T at P is given by λ−1 ∈ R
∗ where T̄ = λ−1ē = λ−1ΓωM

(κ) ∈ E/(ME).This implies that
sgn(τ,ρ)(M, ωM) = sign(T (P)).This further implies that if ωM, ω̃M are two lo
al L-orientations of M, then

sgn(τ,ρ)(M, ω̃M) = sign(α)sgn(τ,ρ)(M, ωM) where ω̃M = αωM.Sin
e Ef is free, Zf(R) ≃ Xf(R)×R
+

⊔
Xf(R)×R

− where the maximal ideal
(M, T − 1) 
orresponds to (M, 1) ∈ Xf(R) × R

+. Note that P ∈ Xf(R) × R
+if and only if sgn(τ,ρ)(P) = 1.Re
all that we have a (set-theoreti
) map Z(R) → E(R(A),R(L)). For P ∈

Z(R), we denote its image in E(R(A),R(L)) by (P). Let Ψ be an elementarypath in Z(R) and let P be the starting point and Q be the endpoint of Ψ. Our�rst step is to show that under the map Z(R) → E(R(A),R(L)), (P) = (Q) in
E(R(A),R(L)).Lemma 5.3. Let Ψ be an elementary path in Z(R) su
h that under the 
anoni
almap Π : Z(R) ։ X(R), Π(Ψ) is a singleton. Let P = Θ((M0, ωM0

)) be thestarting point and Q = Θ((M1, ωM1
)) be the end point of Ψ. Then, (M0, ωM0

) =

(M1, ωM1
) in E(R(A),R(L)).Proof. Sin
e Π(Ψ) is singleton, M0 = M1 and Ψ ⊂ Π−1(M0). Choose f 6∈ M0su
h that Lf ≃ Af ≃ Kf . Then, M0 = M1 and hen
e, ωM0

= λωM1
. Then,
hoosing generators τ and ρ for Lf and Kf respe
tively, we 
an express Π−1(M0)as a union of its 
omponents Π−1(M0) = M0 × R

+
⊔M0 × R

−. Sin
e Ψ issemialgebrai
ally 
onne
ted, Ψ lies in one of them. Hen
e, sgn(τ,ρ)(M0, ωM0
) =

sgn(τ,ρ)(M1, ωM1
) and hen
e, sign(λ) > 0. But then by (2.15), this implies

(M0, ωM0
) = (M1, ωM1

) in E(R(A),R(L)), i.e. (P) = (Q).Now we assume that γ = Π(Ψ) is not singleton and moreover that Π|Ψ : Ψ → γis bije
tive. Therefore, by [8, Theorem 3.1℄, γ is a nondegenerate elementary pathin X(R). We set up some notations and prove some results to deal with this 
ase.26



Let Ψ
Zar

= Spec(D/q) and γ̄Zar = Spec(A/p). Then, as γ is non-degenerate,
p = q ∩ A.In this 
ontext, we re
all the notations used in the previous se
tion : B =

A/pA. Let C be the normalisation of B and ξ : B →֒ C. Let B′ be thenormalisation of R(B) and hen
e R(B′) = R(C). χ is a generator of ΩR(C)/R =

ΩR(B′)/R. Sin
e γ is an elementary path, we have an order preserving bije
tion
ξ∗ : [P, Q]

∼→ γ where [P, Q] ⊂ (Spec(C))(R). Then, ξ∗(P ) and ξ∗(Q) are thestart and end points of γ respe
tively. Let M0 and M1 be the maximal ideals of
R(A) 
orresponding to ξ∗(P ) and ξ∗(Q) respe
tively.Let cB′/R(B) be the 
ondu
tor ideal of B′ over R(B). Let C be the ideal of
R(A) 
ontaining pR(A) su
h that C/pR(A) = cB′/R(B). Sin
e R(A) is regular,
pR(A)p = (a1, a2, . . . , an−1), ai ∈ pR(A). Then, (a1, a2, . . . , an−1) = pR(A)∩I forsome ideal I ⊂ R(A) not 
ontained in pR(A). Let B1 = R(A)/(a1, a2, . . . , an−1).In what follows, we shall use the following 
onvention. For a maximal ideal
M of R(A) 
ontaining pR(A), M will denote the 
orresponding maximal ideal of
B1 and m will denote the 
orresponding maximal ideal of R(B), i.e. M = MB1and m = MR(B).Sin
e I 6⊂ pR(A), pR(A)+I is of height n in R(A), and hen
e (pR(A)+I)∩Cis an ideal of height n.We now prove the following lemma :Lemma 5.4. Let Ψ ⊆ Z(R) be a nondegenerate elementary path and γ = Π(Ψ).Suppose Π : Ψ → γ is a bije
tion. Let (M0, ωM0

) and (M1, ωM1
) be su
h that

Θ((M0, ωM0
)) = P and Θ((M1, ωM1

)) = Q are initial and end points of Ψrespe
tively. Further, assume that, with notation as above, there exists f ∈ R(A)su
h that :1. f ∈ C ∩ (pR(A) + I).2. Lf ≃ Af ≃ Kf .3. Spec(R(A)/f) ∩ γ = ∅.Then, (M0, ωM0
) = (M1, ωM1

) in E(R(A),R(L)), i.e. (P) = (Q).Proof. Let
Υ = {T ∈ X(R)|p + f ∈ MT} = V ((p + f)R(A)),27



{T ′
1, . . . , T

′
s} = Υ \ V (C ∩ (pR(A) + I)).Note that √

IB1

⋂
C

⋂
(∩s

j=1MT ′

j
) ⊆

√
(f)B1.Also, γ ⊆ Xf (R). Further, R(B)f

∼→ B′
f sin
e the 
ondu
tor (cB′/R(B))f equalsthe full ring B′

f . So, R(B)f is regular and hen
e, we have the short exa
t sequen
e,
0 → (a1, a2, . . . , an−1)R(A)f

p(a1, a2, . . . , an−1)R(A)f

→ ΩR(A)f /R

pΩR(A)f /R

→ ΩR(B)f /R → 0Now, sin
e R(B)f
∼→ B′

f , B′
f has only real maximal ideals. Hen
e, B′

f
∼→ R(C)f .Hen
e,

ΩR(B)f /R
∼→ ΩB′

f
/R

∼→ ΩR(C)f /R.Hen
e ΩR(B)f /R is generated by χ, and so the sequen
e is split exa
t. Let sbe a splitting. Then (ΩR(A)/R/pΩR(A)/R)f is a free R(B)f -module with a basis
{d(a1), d(a2), . . . , d(an−1), s(χ)} where for a ∈ R(A), we denote by d(a), the imageof d(a) in ΩR(A)/R/pΩR(A)/R. As a 
onsequen
e, ∧n−1

i=1 dai∧s(χ) = ρ′ is a generatorfor (R(K)/pR(K))f .Let ρ ∈ K and τ ∈ L be generators of Kf and Lf respe
tively. Then, T = τ⊗ρis a generator for Ef . As above, we 
an write Df ≃ Af [T, T−1] and we 
an 
onsiderthe a
tion of T on P = Θ(M0, ωM0
) and Q = Θ(M1, ωM1

). By (5.2),
sign(T (P)) = sgn(τ,ρ)(M0, ωM0

), sign(T (Q)) = sgn(τ,ρ)(M1, ωM1
).Sin
e Π : Ψ → γ is bije
tive and γ ⊆ Xf (R) we have Ψ ⊆ Zf(R). As Tde�nes a 
ontinuous and semialgebrai
 fun
tion on Zf (R), and P,Q ∈ Ψ (whi
his semialgebrai
ally 
onne
ted); sign(T (P)) = sign(T (Q)). Hen
e, 
hanging ρ to

−ρ if ne
essary, we may assume without loss of generality that,
sgn(τ,ρ)(M0, ωM0

) = 1 = sgn(τ,ρ)(M1, ωM1
).Now, as τ ∈ L is a generator of Lf by (4.6), there exists an ∈ R(A) and asurje
tion

β : R(L) ⊕R(A)n−1
։ M0 ∩M1su
h that 28



• (a1, a2, . . . , an) = M0 ∩M1,
• β(τ) = a1 + han for some h ∈ R(A),
• β(ei) = ai; 2 ≤ i ≤ n where (e2, · · · , en) is a basis of R(A)n−1.Moreover if ān denotes the image of an in R(B)(= R(A)/pR(A)) →֒ R(C), then
• sign(d(ān)/χ) = −1 at m0 and sign(d(ān)/χ) = 1 at m1Note that if d(ān)/χ = w ∈ R(C) ⊂ R(C)f = R(B)f , then ∧n

j=1
¯daj = wρ′.The surje
tion β : R(L)⊕R(A)n−1

։ M0 ∩M1(= (a1, a2, . . . , an)) gives riseto lo
al orientations ω0 and ω1 of M0 and M1 respe
tively as follows :
ωi :

R(L)

MiR(L)

∼→ ∧n(
Mi

M2
i

) , ωi(τ
′
i) = ai1 ∧ ai2 ∧ . . . ∧ ain i = 0, 1where τ ′

i denotes the image of τ in R(L)/MiR(L) and aij denotes the image of
aj in Mi/M2

i .Re
all that κ and τ are generators for R(L)2 and R(L)f respe
tively. There-fore κ = u(τ ⊗ τ) for some u ∈ R(A)∗f . Sin
e ρ is a generator of R(K) and ρ′ is agenerator of (R(K)/pR(K))f , ρ̄ = vρ′ for some v ∈ R(B)∗f where ρ̄ is the imageof ρ in (R(K)/pR(K))f .Let ui, vi, wi denote images of u, v, w in R(A)/Mi respe
tively. Note that as γis a semialgebrai
ally 
onne
ted subset of Spec(Bf)(R) ⊆ Xf(R) and the pointsof X(R) 
orresponding to M0 and M1 belong to γ,
sign(u0)sign(u1) = sign(v0)sign(v1) = 1.On the other hand, by 
hoi
e of w, sign(w0) = −1 and sign(w1) = 1. Now usingthe equalities κ = u(τ ⊗ τ), ρ̄ = vρ′ and ∧n

j=1
¯daj = wρ′, we see that

sgn(τ,ρ)(M0, ω0)sgn(τ,ρ)(M1, ω1) = −1But
sgn(τ,ρ)(M0, ωM0

) = 1 = sgn(τ,ρ)(M1, ωM1
).Without loss of generality we assume that

sgn(τ,ρ)(M0, ωM0
) = sgn(τ,ρ)(M0, ω0) = 1.29



sgn(τ,ρ)(M1, ωM1
) = −sgn(τ,ρ)(M1, ω1) = 1.Hen
e,

(M0, ωM0
) = (M0, ω0), (M1, ωM1

) = −(M1, ω1)in E(R(A),R(L)).Sin
e orientations ω0 and ω1 on M0 and M1 are indu
ed by the surje
tion
β : R(L) ⊕ R(A)n−1

։ M0 ∩M1, we know that in E(R(A),R(L)),
(M0, ω0) + (M1, ω1) = 0.Hen
e, in E(R(A),R(L)),

(M0, ω0) = −(M1, ω1) = (M1,−ω1)and so
(M0, ωM0

) = (M1, ωM1
)i.e. (P) = (Q). Thus, the lemma is proved.We make a few 
omments about the 
hoi
e of f in the previous lemma (5.4).Lemma 5.5. Let R be a regular domain of dimension n and let p be a primeideal of height n− 1 su
h that the normalisation S of R/p is a �nite module over

R/p. Let C be an ideal of R 
ontaining p su
h that C/p is the 
ondu
tor idealof S over R/p. Let a1, a2, . . . , an−1 ∈ R su
h that (a1, a2, . . . , an−1) = p ∩ I with
I 6⊂ p. Let L be a proje
tive R-module of rank 1. Then there exists f ∈ R \ psu
h that1. f ∈ C ∩ (p + I)2. Lf ≃ Rf .Proof. Sin
e Lp ≃ Rp, there exists g ∈ R \ p su
h that Lg ≃ Rg. Sin
e p $
C ∩ (p + I), there exists h ∈ C ∩ (p + I) \ p. Now taking f = gh, we arethrough.Remark 5.6. Let Ψ, γ be as in the lemma (5.4) and γ̄Zar = Spec(A/p) where pis a prime ideal of A of height n − 1. Sin
e R(A)pR(A) is regular of dimension
n−1, we 
an always �nd a1, a2, . . . , an−1 su
h that (a1, a2, . . . , an−1) = pR(A)∩I30



with I 6⊂ pR(A). Then, (5.5) shows that there exists f ∈ R(A) \ pR(A)satisfying 
onditions (1) and (2) in the hypothesis of (5.4). Note that if moreover
γ ⊂ Xf (R) = (Spec(Af ))(R) then for every maximal M of R(A) 
orrespondingto a point of γ, (B1)M̄ = R(B)m is a dis
rete valuation ring where B1 =

R(A)/(a1, a2, . . . , an−1),R(B) = R(A)/pR(A),M = MB1 and m = MR(B). Inparti
ular every point of γ is a smooth point of Spec(A/p) (re
all A/p = B). Sin
ean elementary path might 
ontain non smooth points of the 
urve Spec(B), it isnot always possible to have f ∈ R(A) satisfying 
ondition (3) in the hypothesisof (5.4). However, Spec(R(A)/f) ∩ γ is a �nite set, say, {Q1, Q2, . . . , Qt}. Sin
e
γ is totally ordered we 
an assume that Qi < Qi+1; 1 ≤ i ≤ t − 1.Let P and Q be the initial and end point of γ respe
tively. Then we have
P ≤ Q1 < Q2 < . . . < Qt ≤ Q and open intervals ]P, Q1[, ]Qi, Qi+1[, 1 ≤ i ≤ t− 1and ]Qt, Q[ are 
ontained in Xf(R). Sin
e Π|Ψ : Ψ ։ γ is bije
tive and orderedpreserving we have Π−1

Ψ (P ) = P ≤ Π_Psi−1(Q1) < Π_Ψ−1(Q2) < . . . <

Π_Ψ−1(Qt) ≤ Q = Π_Ψ−1(Q). Now let P ′,P ′′ ∈ Ψ be su
h that Π|−1
Ψ (Qi) <

P ′ < P ′′ < Π−1
Ψ (Qi+1), then the previous lemma says that (P ′) = (P ′′) in

E(R(A),R(L)).The next lemma essentially says that (Π|−1
Ψ (Qi)) = (P ′) = (P ′′) = (Π|−1

Ψ (Qi+1))in E(R(A),R(L)).Lemma 5.7. For every point P of Z(R), there exists a semialgebrai
 neighbour-hood UP su
h that if P1,P2 ∈ UP , then (P1) = (P2).Before proving this lemma, we state a standard lemma whi
h we will require.Lemma 5.8. Let A be a smooth a�ne domain of dimension n over R and let
M be a real maximal ideal of A. Let L be a rank 1 proje
tive A-module. Assumethat A is a surje
tive image of R

[l] where R
[l] denotes a polynomial algebrain l variables. Then there exists a set of variables {X1, · · · , Xl} (i.e. R

[l] =

R[X1, · · · , Xl]) and f 6∈ M su
h that A is a �nite module over R[X1, · · · , Xn],
ΩAf /R[X1,··· ,Xn] = 0 and Lf ≃ Af .We now pro
eed to prove lemma (5.7).31



Proof. Let Θ(M, ωM) = P. Let P ∈ X(R) be the point 
orresponding to M,i.e. Π(P) = P . Sin
e A is a�ne, we 
an assume that Spec(A) is a 
losed n-dimensional subvariety of the a�ne spa
e Al
R
. Hen
e, X(R) is a 
losed algebrai
subset of Rl. Then, by (5.8), there exists a suitable 
hoi
e of a 
oordinate systemof R

l, su
h that the proje
tion map π : R
l → R

n when restri
ted to X(R) has�nite �bers. Moreover, there exists f ∈ A su
h that f 6∈ M, Lf ≃ Af and ΩAf /Ris generated by dX1, . . . , dXn. Therefore, by the semialgebrai
 Inverse Fun
tionTheorem, there exists a semialgebrai
 Eu
lidean neighbourhood U of P 
ontainedin the Zariski neighbourhood Spec(Af ) su
h that the restri
tion of the proje
tionmap π to U is a Nash isomorphism onto an open ball B in R
n with 
enter π(P ).We �x an element τ ∈ L su
h that it generates Lf . Note that Kf is generatedby ρ = ∧n

i=1dXi. Note further that sin
e f /∈ M, P ∈ Zf(R). Let Df =

Af [T, T−1], T = τ ⊗ ρ. Then,
Zf (R) = Xf (R) × R

+
⊔

Xf (R) × R
−.Without loss of generality we may assume that sgn(τ,ρ)(P) is positive, i.e.

P ∈ U × R
+ ⊆ Xf(R) × R

+.Let UP = U × R
+. By (2.15), (Θ−1(M, T − 1)) = (Θ−1(M, uT − 1)) in

E(R(A),R(L)) for u > 0. So we may assume that P 
orresponds to (M, T − 1).Again by (2.15), to prove the proposition it is enough to prove that, (Θ−1(M, T −
1)) = (Θ−1(M′, T − 1)) in E(R(A),R(L)) for every M′ ∈ U . Let P ′ be theelement of Z(R) 
orresponding to (M′, T − 1).Case 1. Suppose Π(P ′) = Π(P) = P . Then P ′ = P and so (P) = (P ′) in
E(R(A),R(L)).Case 2. Suppose Π(P ′) = P ′ 6= P . Let W be a semialgebrai
 open subset of
R

l su
h that W ∩ X(R) = U . Sin
e P 6= P ′, π(P ) 6= π(P ′). Without loss ofgenerality we assume that π(P ) = (0, . . . , 0) and π(P ′) = (δ1, . . . , δn). Moreover,without loss of generality, we assume that δn > 0. The line L joining the twopoints π(P ) = (0, . . . , 0) and π(P ′) = (δ1, · · · , δn) is given by n − 1 equations :
Hi : Xi − ζiXn, ζi = δi/δn, 1 ≤ i ≤ n − 1.32



Let L1 be the segment of L 
ontained in π(U) = B. Then there exists an openinterval (a, b) ⊃ [0, δn] and a Nash isomorphism from (a, b) to L1 given by :
t 7→ (ζ1t, ζ2t, · · · , ζn−1t, t).Composing the above fun
tion with (π|U)−1 we obtain a Nash embedding F (t) =

(f1(t), . . . , fn(t), . . . , fl(t)) from (a, b) to (π|U)−1(L1) ⊂ U ⊂ R
l. It is easy to seethat fi(t) = ζit for i = 1, . . . , n − 1, fn(t) = t and fj(t) = gj(ζ1t, . . . , ζn−1t, t) for

j = n + 1, . . . , l. Note that F (0) = P and F (δn) = P ′.Let γ = F ([0, δn]). Then, γ ⊆ U ⊆ Spec(Af ). Moreover, sin
e Hi vanishes atevery point of γ for 1 ≤ i ≤ n − 1, γ ⊂ (Spec((A/(H1, H2, . . . , Hn−1)A)f ))(R).Note that ΩAf /R[X1,X2,...,Xn] = 0;R[X1, X2, . . . , Xn]/(H1, H2, . . . , Hn−1) ≃ R[T ].Therefore, (A/(H1, H2, . . . , Hn−1)A)f is a regular ring. Hen
e onward we simplywrite (H1, H2, . . . , Hn−1) for (H1, H2, . . . , Hn−1)A.Consider
(H1, H2, . . . , Hn−1) = (∩r1

i=1pi)
⋂

(∩r2

j=r1+1pj)
⋂

(∩r3

k=1qk),the primary de
omposition of (H1, H2, . . . , Hn−1) in A where
f /∈ ∪r1

i=1pi, f ∈ ∩r2

j=r1+1pjand qk are primary but not prime ideals, whi
h, as (A/(H1, H2, Hn−1))f is regularimplies that
fm ∈ ∩r3

k=1qk, m ∈ N.Hen
e, (H1, H2, . . . , Hn−1)f = ∩r1

i=1(pi)f . Then,
Spec((A/(H1, H2, . . . , Hn−1))f) =

r1⊔

i=1

Spec((A/(pi))f).Sin
e γ ⊂ Spec((A/(H1, H2, . . . , Hn−1))f) = ⊔r1

i=1 Spec((A/pi)f), we have
γ =

r1⊔

i=1

γ ∩ (Spec((A/pi)f))(R).Sin
e γ ∩ Spec((A/pi)f) is a 
losed semialgebrai
 subset of γ and γ is semial-gebrai
ally 
onne
ted, there exists i su
h that γ = γ ∩ Spec(A/pi) while the33



other interse
tions are empty. Without loss of generality let i = 1 and letus denote p1 = p. Hen
e, γ ⊂ Spec(A/p) and hen
e, γ̄Zar = Spec(A/p). γinherits a natural order from [0, δn] and every point of γ is a smooth point of
Spec(A/(H1, H2, . . . , Hn−1)) as well as of Spec(A/p). Hen
e, γ is an elementarypath with Π(P) = P = F (0) as the initial point and Π(P ′) = P ′ = F (δn) as theendpoint.Consider the map Df → Af given by T 7→ 1. This indu
es a se
tion

s : Spec(Af) → Spec(Df) , M 7→ (M, T − 1);M ∈ Max(Af ).Then let Ψ = s(γ). Then 
learly Ψ is an elementary path in Z(R) with startingpoint P and endpoint P ′. Note that sin
e it is a se
tion, Π(Ψ) = γ and the map
Π|Ψ : Ψ → γ is a bije
tion. Let

I = ((∩r1

i=2pi)
⋂

(∩r2

j=r1+1pj)
⋂

(∩r3

k=1qk))R(A).Then
(H1, H2, . . . , Hn−1) = pR(A) ∩ I.Let B = A/p and B1 = A/(H1, H2, . . . , Hn−1). Then sin
e Bf and (B1)fare regular, f ∈

√
C ∩ (pR(A) + I) where C is the 
ondu
tor ideal of R(A)with respe
t to its normalisation. By 
hoi
e of f and γ, Lf ≃ Af ≃ Kf and

Spec(R(A)/f) ∩ γ = ∅. Therefore, we 
an apply (5.4) and hen
e we get that
(P) = (P ′).Proposition 5.9. Let Ψ ⊂ Z(R) be an elementary path and let Π(Ψ) = γ.Suppose ΠΨ : Ψ → γ is bije
tive. Let P and Q be the initial and end points of Ψ.Then (P) = (Q) in E(R(A),R(L)).Proof. If Ψ is singleton then there is nothing to prove. So we assume that Ψ isnondegenerate. Then, γ is also a nondegenerate elementary path in X(R).Let Ψ̄Zar = Spec(D/q) and γ̄Zar = Spec(A/p). Then p = A∩q and p is a primeideal of height n − 1 of A. Sin
e R(A) is regular ; there exist a1, a2, . . . , an−1 ∈
R(A) su
h that (a1, a2, . . . , an−1) = pR(A) ∩ I with I 6⊂ pR(A). Let B′ be thenormalisation of R(B)(= R(A)/pR(A)) and let C be an ideal of R(A) 
ontaining
pR(A) su
h that C/pR(A) = cB′/R(B), the 
ondu
tor ideal of B′ over R(B).34



Then, by (5.5), there exists f ∈ R(A) \ p su
h that f ∈ C ∩ (pR(A) + I) and
R(L)f ≃ R(A)f . Let Υ = {T ∈ X(R)|pR(A) + (f) ⊆ MT} where MT denotesthe maximal ideal of R(A) 
orresponding to T and Υ′ = Υ∩γ. Sin
e f 6∈ pR(A)(an ideal of height n − 1), Υ and hen
e Υ′ are �nite sets.If Υ′ = ∅ then by lemma (5.4), (P) = (Q) in E(R(A),R(L)).So we assume Υ′ 6= ∅. Let Υ1 = Π−1(Υ′) ∩ Ψ. Then as Π|Ψ : Ψ ։ γ isbije
tive, Υ1 is a �nite subset of Ψ, say Υ1 = {Q1,Q2, . . . ,Qt}. Sin
e Ψ is totallyordered, without loss of generality we assume that Qi < Qi+1; 1 ≤ i ≤ t− 1. Let
P = Q0 and Q = Qt+1. Then we have Q0 ≤ Q1 < Q2 < . . . < Qt ≤ Qt+1.Consider an interval [Qi,Qi+1], 1 ≤ i ≤ t − 1. Then, by (5.7), there exists
UQi

⊂ Z(R) su
h that for any two points S,S ′ in UQi
, we have (S) = (S ′). Notethat by [11, Proposition 7.5℄ Qi is 
ontained in the 
losure of ]Qi,Qi+1[. There-fore, UQi

∩]Qi,Qi+1[6= ∅ (and hen
e is in�nite). Choose Si,1 ∈ UQi
∩]Qi,Qi+1[.Similarly, we 
an 
hoose Si+1,0 ∈ UQi+1

∩]Si,1,Qi+1[. Then, [Si,1,Si+1,0] is a sub-interval of [Qi,Qi+1]. Consider Ψi = [Si,1,Si+1,0]. Then note that Ψ̄i
Zar is anin�nite 
losed subset of the irredu
ible 
urve Spec(D/q) and hen
e has to equalit. Hen
e, Ψ̄i

Zar
= Spec(D/q) and Ψi is a
tually an elementary path. Further,

π(Ψi) ∩ Υ = ∅. Then, by (5.4), (Si,1) = (Si+1,0). Sin
e Si,0,Si,1 ∈ UQi
, we alsohave (Si,0) = (Si,1). Hen
e, we get that (S1,1) = (St,0). If Q0 = Q1, let S0,1 = S1,1,else 
onsider [S0,1,S1,0]. Similarly, if Qt = Qt+1, let St,1 = St+1,1, else 
onsider

[St,1,St+1,0]. In all four 
ases, we get (S0,1) = (St+1,0). But sin
e S0,1,Q0 ∈ UPand St+1,0,Qt+1 ∈ UQ, we have (S0,1) = (Q0) and (Qt+1) = (St+1,0). Hen
e, weget (Q0) = (Qt+1) i.e. (M0, ωM0
) = (M1, ωM1

) in E(R(A),R(L)).Finally, we prove the main result of this se
tion.Theorem 5.10. Let A, L, K, E , D, X(R), Z(R), Y, Θ : Y → Z(R) be as in thebeginning of this se
tion. Let P = Θ((M0, ωM0
)) and Q = Θ((M1, ωM1

)) be twodistin
t points of Z(R) lying in the same semialgebrai
ally 
onne
ted 
omponentof Z(R). Then (M0, ωM0
) = (M1, ωM1

) in E(R(A),R(L)).Proof. Sin
e P and Q lie in the same 
omponent of Z(R), we 
an join P and Qby a semialgebrai
 path Ψ. Then by (2.12), this path breaks into �nitely manynon-degenerate elementary paths Ψi, 1 ≤ i ≤ r su
h that Ψi ∩ Ψi+1 = {Si} and35



Si is the starting point of Ψi+1 and the endpoint of Ψi. Moreover, P = S0 is thestarting point of Ψ1 and Q = Sr is the end point of Ψr. Therefore it is enoughto show that (Si) = (Si+1), 0 ≤ i ≤ r − 1 in E(R(A),R(L)).Hen
e we 
an assume without loss of generality that Ψ is a nondegenerateelementary path in Z(R), with initial point P and end point Q. If Π(Ψ) (where
Π : Z(R) → X(R))) is singleton, then by (5.3) we are through. So we assumethat Π(Ψ) is not singleton (and hen
e in�nite).In this 
ase, by [8, Theorem 3.1℄, there exists a sub-division P = P0 <

P1 < . . . < Pt = Q su
h that if Ψj = [Pj ,Pj+1], then Π|Ψj
: [Pj ,Pj+1] →

Π(Ψj) is order-preserving and bije
tive. Therefore, by (5.4) (Pi) = (Pi+1) in
E(R(A),R(L)) for 0 ≤ j ≤ t − 1. Therefore (P) = (Q) in E(R(A),R(L)).6 Stru
ture theorem for E(R(A),R(L))In this se
tion, we prove the stru
ture theorem Theorem B.We re
all the setup on
e again. Let X = Spec(A) be a smooth a�ne varietyover R of dimension n ≥ 2. Assume further that the set X(R) of real points isnot empty, hen
e in�nite. Let L be a proje
tive A-module of rank 1. We denote
KA = ∧n(ΩA/R) by K.Let E = L ⊗A K. Let D = ⊕−∞<i<∞E i. Let Z = Spec(D). Then there isa natural map A →֒ D whi
h gives rise to a natural surje
tion Z ։ X whi
hindu
es a natural map Z(R) ։ X(R) whi
h we denote by Π. Looked at in theEu
lidean topology, this gives an R

∗-bundle over X(R).Let
Y = {(M, ωM)|M ∈ X(R), ωM :

L

ML

∼→ ∧n(
M
M2 )}.Then there is a natural bije
tion Θ : Y

∼→ Z(R). Re
all that E(R(A),R(L)) is aquotient of the free abelian group on the set Y .Let C1, C2, . . . , Cr, Cr+1, . . . , Ct be the 
losed and bounded 
omponents of
X(R).Note that L, K, E = L ⊗A K 
orrespond to semialgebrai
 line bundles on
X(R). Let Li, Ki, E i be the restri
tions of these line bundles to Ci. Then
Π−1(Ci) is the 
omplement of the zero se
tion of E i. Note that Li is isomorphi
36



to Ki as a semialgebrai
 line bundle (denoted by Li ≃ Ki) if and only if E i is asemialgebrai
ally trivial line bundle over Ci.Now suppose that Li ≃ Ki for 1 ≤ i ≤ r and Li 6≃ Ki for r + 1 ≤ i ≤ t.Lemma 6.1. 2(M, ωM) = 0 in E(R(A),R(L)) where the point 
orresponding to
M lies in Ci, r + 1 ≤ i ≤ t.Proof. Sin
e Π : Z(R) → X(R) is a 
ontinuous semialgebrai
 map, every 
om-ponent of Z(R) is 
ontained in Π−1(C) for some 
omponent C of X(R). Inparti
ular, if Π−1(C) is semialgebrai
ally 
onne
ted then Π−1(C) is a semialge-brai
ally 
onne
ted 
omponent of Z(R). Note that by (2.5), if C is a 
losed andbounded 
omponent of X(R) then Π−1(C) has two 
omponents if and only if E|Cis trivial, otherwise Π−1(C) is semialgebrai
ally 
onne
ted.Note that sin
e E i is not trivial for r + 1 ≤ i ≤ t, by (2.5), Π−1(Ci) issemialgebrai
ally 
onne
ted and hen
e is a 
omponent of Z(R). Now if M is amaximal ideal of R(A) su
h that the point 
orresponding to it lies in Ci then
Θ((M, ωM)) and Θ((M,−ωM)) ∈ Π−1(Ci). Sin
e Π−1(Ci) is semialgebrai
ally
onne
ted for r +1 ≤ i ≤ t, by (5.10), (M, ωM) = (M,−ωM) in E(R(A),R(L)).Therefore, by (2.16), 2(M, ωM) = 0 in E(R(A),R(L)).Lemma 6.2. Let M be a maximal ideal of R(A) 
orresponding to a point T ′ in
C, where C is an unbounded 
omponent of X(R). Let ωM be a lo
al L-orientationof M. Then (M, ωM) = 0 in E(R(A),R(L).Proof. Let X̄ be the smooth proje
tive 
ompletion of X = Spec(A). Then thereexists an a�ne open subset X1 = Spec(A1) of X̃ su
h that X1(R) = X̄(R). Thenif X ′ = X ∩ X1, we have X ′(R) = X(R). Let A′ be the 
oordinate ring of X ′.Sin
e X ∩X1 is an a�ne open subset of X1 and Pic(R(A1)) is a 2-torsion group,
R(A′) is a lo
alization of R(A1). Now sin
e X ∩ X1 is an open subset of X and
X ′(R) = X(R), we have R(A′) = R(A). Let L1 be a rank 1 proje
tive over
A1 su
h that L1 and L de�ne the same proje
tive module over R(A). Note thatsin
e X̃ is proje
tive, X1(R) = X̃(R) is 
losed and bounded.Sin
e X ′(R) = X(R), we 
an regard C as a semialgebrai
ally 
onne
ted subsetof X1(R). Therefore there exists a 
omponent C̃ ofX1(R) su
h that C ⊂ C̃. Sin
e
C̃ is 
losed and bounded and C is not 
losed and bounded, there exists T ∈ C̃37



su
h that T 6∈ C. Note that C̃ 6⊂ X(R) (otherwise C̃ being semialgebrai
ally
onne
ted, C̃ ⊂ C). Therefore we 
an assume that T 6∈ X(R).Let MT denote the 
orresponding maximal ideal of R(A1). Sin
e T /∈ X(R),we have MTR(A) = R(A). Let ωMT
be a lo
al L1-orientation of MT . Sin
e

T, T ′ ∈ C̃, by (5.10), either (MT , ωMT
) = (M, ωM) or (MT , ωMT

) = (M,−ωM)in E(R(A1),R(L1)). Sin
e R(A) = R(A′) is a lo
alization of R(A1), there existsa (surje
tive) group homomorphism from E(R(A1),R(L1)) to E(R(A),R(L)).Sin
e under this group homomorphism, (MT , ωMT
) 7→ 0 in E(R(A),R(L)),

(M, ωM) = 0 in E(R(A),R(L)).Let Ti ∈ Ci, 1 ≤ i ≤ t and letMi be the maximal ideal of R(A) 
orrespondingto Ti. Let ωi be a lo
al L-orientation of Mi for 1 ≤ i ≤ t. Let F be a freeabelian group with a basis (e1, · · · , et). Let ∆ : F → E(R(A),R(L)) be a grouphomomorphism de�ned by ∆(ei) = (Mi, ωi); 1 ≤ i ≤ t.Proposition 6.3. ∆ is surje
tive. As a 
onsequen
e E0(R(A),R(L)) is a ve
torspa
e of rank ≤ t over Z/(2).Proof. Sin
e E(R(A),R(L)) is generated by Y , it is enough to show that allelements of Y are in the image of ∆. Let (M, ωM) ∈ Y . Suppose the point
orresponding to M does not lie in Ci for any i, 1 ≤ i ≤ t. Then, by (6.2),
(M, ωM) = 0 and hen
e, it trivially lies in the image of ∆. If the point 
orre-sponding to M lies in Ci for some i, 1 ≤ i ≤ t, then, using (5.10), (M, ωM) =

(Mi, ωi) or (M, ωM) = (Mi,−ωi) = −(Mi, ωi). Hen
e, (M, ωM) = ∆(ei) or
(M, ωM) = −∆(ei). Therefore, ∆ is surje
tive.By (2.16), E0(R(A),R(L)) is a ve
tor spa
e over Z/(2) and E(R(A),R(L))maps surje
tively onto it. Hen
e, it is a ve
tor spa
e of rank ≤ t over Z/(2).Remark 6.4. By (6.1), the map ∆ indu
es the surje
tion :

⊕r
i=1Zei

⊕
⊕t

i=r+1(Z/2)ei

∆̄
։ E(R(A),R(L)).We will prove that ∆̄ is an isomorphism.38



Re
all that there is a bije
tion Θ : Y
∼→ Z(R). Note that for 1 ≤ i ≤ r, thereis a se
tion Ci → Π−1(Ci) whi
h indu
es the following 
ommutative diagram :

R
∗ Ci × R

∗

p1

&&M

M

M

M

M

M

M

M

M

M

M

M

p2
oo Z(R)|Ci

Π
��

∼

sioo

CiThen, we have a map Z(R) → {−1, 0, 1} sending
P 7→





0 if Π(P) /∈ Ci

−1 if Π(P) ∈ Ci and p2(si(P)) < 0

1 if Π(P) ∈ Ci and p2(si(P)) > 0Consider the 
omposite map signi : Y → {−1, 0, 1} and 
onsider the indu
edmap on the free abelian group on Y to Z. Note that if (M, ω0) and (M, ω1) aretwo lo
al orientations of M (where M 
orresponds to a point in Ci), then thereexists λ ∈ R
∗ su
h that ω0 = λω1. Then, p2(si(Θ(M, ω0))) = λp2(si(Θ(M, ω1)))and hen
e, signi((M, ω0)) = sign(λ)signi((M, ω1)).Re
all that E(R(A),R(L)) is a quotient of the free abelian group on Y . Thenext lemma shows that signi in fa
t fa
tors through E(R(A),R(L)).Lemma 6.5. Let I be a �nite interse
tion of maximal ideals of R(A) and let

β : R(L) ⊕ R(A)n−1
։ I be a surje
tion. Let 1 ≤ i ≤ r and let M′

1, . . . ,M′
l beall the maximal ideals of R(A) su
h that :1. I ⊆ M′

j, 1 ≤ j ≤ l.2. the point 
orresponding to M′
j is 
ontained in Ci, 1 ≤ j ≤ l.Let ωj be the lo
al R(L)- orientation of M′

j indu
ed by β. Then
l∑

j=1

signi((M′
j , ωj)) = 0.Proof. Let {f2, f3, · · · , fn} be a basis of R(A)n−1 and let β(fk) = ak, 2 ≤ k ≤ n.We 
an assume that if J = (β(R(L)), a2, . . . , an−1) then J is a prime ideal ofheight n− 1 and Spec(A/J) is a smooth irredu
ible 
urve [14, Theorems 1.3 and39



1.4℄. Let "tilde" denote redu
tion modulo the ideal J . Then we have the followingexa
t sequen
e
0 −→ J

J2

ea 7→ gd(a)−→ ΩR(A)/R

JΩR(A)/R

−→ Ω
R(Ã)/R −→ 0.Sin
e R(Ã) is smooth, we 
an apply (2.7) and hen
e, Ω

R(Ã)/R is a free R(Ã)-module of rank one. Let θ be a generator of Ω
R(Ã)/R and let v be its preimage in

ΩR(A)/R/J(ΩR(A)/R). Let F = R(L)⊕R(A)n−2. Then, sin
e β(F ) = J we get anisomorphism β̃ : F/JF ≃ J/J2. Hen
e ΩR(A)/R/JΩR(A)/R ≃ F/JF ⊕ Ω
R(Ã)/R.Sin
e ∧n−1(F ) ≃ R(L) and ∧n(ΩR(A)/R) = R(K), we get that

R(L)

JR(L)

∼→ ∧n(
F

JF
⊕Ω

R(Ã)/R)
∼→ ∧n(

J

J2
⊕Ω

R(Ã)/R)
∼→ ∧n(

ΩR(A)/R

JΩR(A)/R

) =
R(K)

JR(K)

l̃ 7→ (l̃ ∧ (∧n−1
i=2 f̃i)) ⊗ θ 7→ (β̃(l) ∧ (∧n−1

i=2 ãi)) ⊗ θ 7→ d̃(β(l)) ∧ (∧n−1
i=2 d̃ai) ∧ v.This indu
es a natural map

R(A)

JR(A)
∼→ R(L)

JR(L)
⊗ R(L)

JR(L)
∼→ R(E)

JR(E)
.Let χ ∈ R(E) be su
h that 1 7→ κ̃ 7→ χ̃ under the above map. This indu
es amap R(D)/JR(D) ։ R(A)/JR(A) mapping χ̃ 7→ 1. This gives another se
tionof the line bundle restri
ted to (V (J))(R) ⊂ X(R). Let �bar� denote redu
tionmodulo M′

j. Let ω̄j be the orientation sending l̄ 7→ ¯β(l) ∧ (∧n−1
i=2 āi) ∧ d−1

M′

j
(v̄) forea
h j. Then, Θ(M′

j , ω̄j) = (M′
j , χ − 1) for ea
h j.Note that Ĩ = (ãn). Sin
e θ is a generator of Ω

R(Ã)/R, we have d(ãn) = uθ forsome u ∈ ˜R(A). Note that d(ãn) is non-zero in Ω
R(Ã)/R/M′

jΩR(Ã)/R and hen
eis a generator. Hen
e, u is a unit modulo M′
j , i.e uj = u(M′

j) ∈ R
∗. Therefore,

d(β(l)) ∧ (∧n−1
i=2 d̄ai) ∧ v̄ = u−1

j d(β(l)) ∧ (∧n
i=2d̄ai).Hen
e,

β(l) ∧ (∧n−1
i=2 āi) ∧ d−1

M′

j
(v̄) = u−1

j β(l) ∧ (∧n
i=2āi).Hen
e, ω̄j = u−1

j ωj for every j. Hen
e, signi(M′
j, ω̄j) = sign(uj)signi(M′

j, ωj)and so, sign(uj)signi(M′
j, ω̄j) = signi(M′

j, ωj).40



Sin
e (V (J))(R) ⊂ X(R), any 
omponent of (V (J))(R) is disjoint from Cior 
ompletely 
ontained in it. Hen
e, Ci ∩ (V (J))(R) = ⊔kWik where Wik are
omponents of (V (J))(R). Then, we have
l∑

j=1

signi((M′
j, ωj)) =

∑

k

∑

j:M′

j∈Wik

signi((M′
j , ωj)).Hen
e, it is enough to show that for ea
h Wik, ∑

j:M′

j∈Wik
signi((M′

j, ωj)) = 0.We note that Wik are 
losed subsets of Ci and hen
e are 
losed and bounded
omponents of (V (J))(R) and hen
e 
omponents of its �
ompletion�.Fix Wik = W . Sin
e W is a 
losed and bounded 
omponent of (V (J))(R)and hen
e a 
omponent of its �
ompletion�, by [10, Theorem 3.3℄, we get that
∑

j:M′

j∈W

sign(
d(ãn)

θ
(M′

j)) =
∑

j:M′

j∈W

sign(uj) = 0.Now, ∑

j:M′

j∈W

signi((M′
j , ωj)) =

∑

j:M′

j∈W

sign(uj)signi((M′
j , ω̄j)).By de�nition, signi((M′

j, ω̄j)) = sign(p2(si(Θ((M′
j, ω̄j))))). Sin
eΘ((M′

j, ω̄j)) =

(M, χ − 1), the se
tion indu
ed by χ on (V (J))(R) is given by the map M 7→
Θ((M′

j , ω)) = (M, χ − 1). Hen
e, p2(si(Θ((M′
j, ω)))) is a 
ontinuous, semialge-brai
 map on W whi
h is semialgebrai
ally 
onne
ted. Hen
e, p2(si(M, χ − 1))has the same sign for all M ∈ W and so,

∑

j:M′

j∈W

sign(uj)signi((M′
j, ω)) = ±

∑

j:M′

j∈W

sign(uj) = 0.Hen
e, the lemma is proved.Thus, the map signi fa
tors through E(R(A),R(L)). Without loss of gener-ality we 
an assume that for the 
hosen generators (Mi, ωi) of E(R(A),R(L)),
signi((Mi, ωi)) = 1 for 1 ≤ i ≤ r. Using this, we obtain the stru
ture theoremfor E(R(A),R(L)). 41



Theorem 6.6.
⊕r

i=1Zei

⊕
⊕t

i=r+1(Z/2)ei

∆̄
։ E(R(A),R(L))is an isomorphism.Proof. We re
all that there is a natural map from E(R(A),R(L)) ։ CH0(X)/Gwhere G = π∗(CH0(X̄)) and from (3.1), CH0(X)/G ≃ (Z/(2))t where every pointof any 
omponent is a generator. Hen
e, for ea
h i : r + 1 ≤ i ≤ t, there is anatural surje
tion E(R(A),R(L)) ։ Z/(2) obtained by �rst taking the surje
tion

E(R(A),R(L)) ։ CH0(X)/G(≃ (Z/(2))t) followed by the proje
tion to the ithfa
tor of (Z/(2))t. we denote it by signi (slightly abusing notation). Then,putting together these maps signi, 1 ≤ i ≤ t, we get a map ∆′ : E(R(A),R(L)) →
⊕r

i=1Zei

⊕⊕t
i=r+1(Z/2)ei. sending (M, ωM) 7→ ∑t

i=1 signi((M, ωM))ei. Sin
e
∆′ ◦ ∆̄ = id, we get that ∆̄ is an isomorphism. This �nishes the proof.
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